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PURE AND APPLIED MATHEMATICS. 


MULTIPLE POINTS ON SURFACES. 
By A. B. Basset, M.A., F.R.S. 


ty [8 a former communication I expressed the opinion 
that the conic node and the binode are the only 
simple point singularities that an algebraic surface can possess 5 
and that every other singularity 1s a compound one which, 
so far as its point constituents are concerned, is formed by the 
union of two or more conic nodes or binodes. I also ‘pointed 
out that Segre has shown that every multiple point of order 
p, at which there is an anautotomic tangent cone, reduces 
the class of the surface by p(p—1)’; and I gave reasons for 
thinking that the point constituents.of such a multiple point 
are half the above number of conic nodes, I have not suc- 
ceeded in obtaining a rigorous proof of this theorem, but 
I shall assume its truth; and on this hypothesis shall proceed 
to investigate the point constituents of a multiple point, the 
tangent cone at which is autotomic or improper. 

Lhe investigation of the point constituents of any multiple 
point involves the solution of two distinct problems. In the 
first place, the class m of the surface is determined by the 
equation 


m=n(n—1)—20—3B.......ccc00eee(1), 


where C and B are the number of constituent conic nodes and 
binodes. 

In the second place the above number is given by an 
equation of the form 


accordingly, when the numerical values of m and. have been 
found, the solution of the problem is known 

When the tangent cone at a multiple point of order p is 
anautotomic, a p(p—1)’; and Segre’s theorem, which 
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is explained* in S.S. § 13, enables us to ascertain whether any 
change in the character of a multiple point is produced by the 
conversion of conic nodes into binodes, or by the union of 
additional conic nodes or binodes with the multiple point. 
The value of > can therefore be usually obtained without 
much trouble; but the principal difficulty is to determine the 
class of the surface. ; 

The most direct way of obtaining the class of a surface is 
to eliminate two of the coordinates between the equations of 
the surface and its first polars with respect to two arbitrary 
points; for the eliminant is a binary quantic of the remaining 
two coordinates, whose degree is equal to the class of the 
surface. But since the elimination of two variables between 
three quarternary quantics is an operation of considerable 
difficulty, recourse will be had to various indirect methods 
which will be explained hereafter. When the values of the 
coefficients are not.material, I shall frequently denote a quantic 


by the symbol (a, 8, y, ...)”. 


The First Method. 


2. The first method, which I shall explain, for finding the 
reduction of class produced by a multiple point of order p is 
of a simple character. Let us first consider the surfaces 


AU + Un p= Orersseresecesoeees (3), 
th Upya= On seersenereennenes (4). 


In. both surfaces the lines of closest contact are the. 
common generators of the cones u, and w,,,; but in the first 
surface these lines lie wholly upon it, whilst in the second 
they have (p + 2)-tactic contact with it at A and consequently 
intersect the surface nowhere else. ‘This shows that a line of 
closest contact may be regarded as a line which has (p+ 2)- 
tactic contact with the surface at the multiple point. 

The first polars of (3) with respect to C and J, which may. 


be any arbitrary points, are 


and. au, + aU, 


OU UO casessssacnateenen »(5), 


* References to my former paper “On the Singularities of Surfaces,” Vol. 
XXXVIII., pp. 63 and 159, will be denoted by the letters S.S.; whilst similar 
references to my paper on the ‘Compound Singularities of Curves,” Vol. XXXVI... 
p. 313, will be denoted by the letters S.C. 
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where the single and double accents denote differentations 
with respect to y and 6 respectively; whence, eliminating 
a between (3), (5), and (6), we obtain 


‘ 7 
UW ny Uy UW prereecscncscecsonsens (4), 


WW gy Ups Wh pereeee Re SHR (8). 


p+ 
Liquations (7) and (8) represent two cones of degree 2p, 
and their 4p” common generators intersect the surface (3) at 
the points where it is intersected by (5) and (6); but these 
generators include the p(p+1) lines of closest contact, 
which do not give rise to ordinary points of intersectioh. 
Hence there are only 


4p'—p (p+ 1)=8p"— p 
ordinary points of intersection of (3) and its first polars with 
respect to two arbitrary points; accordingly, 


m = 3p'—p=(p+1) p’— p(p—1)’, 
showing that the reduction of class produced by a multiple 
point of order p, the tangent cone at which igs anautotomic, is 


Rip— 1). 


3. We shall now prove a more general theorem :— 

When the nodal cone at a multiple point of order p has 
6 nodal and « cuspidal generators, all of which are distinct, 
the reduction of class ts 


p(p—1)?+6+4+2«, 
and the potnt constituents of the singularity are 
C=1p(p—1)’-6—24, B=8+2k«. 


/? 


If we temporarily regard the cones w,, u’,, w'',, as curves 
lying in the plane BCD, the last two will be the first polars 
of u, with respect to ihe points C and D; accordingly, ihe 
follows from the theory of plane curves, that if AB is 
a singular generator of w,, this line must he repeated one or 
more times on the cones uw’, and wu’. If, therefore, AB is 
repeated s times on these cones, and s or more times on the 
cone w,, the number of ordinary common generators will be 
diminished by s, and the total reduction of the class of the 
surface will be p (p—1)*+s. 


(i) Let AB be a nodal generator on w,; then AB 18 
a peeerle generator of w, and an ordinary penerator of wv’, and 
smubence $1. 
B2 
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(ii) Let AB be a cuspidal generator on w,; then since the 
first polar of every point has tritactic contact with a curve 
at a cusp, and bitactic contact with the first polar of any 
other point, s=2. 

Combining these results we obtain the preceding expression 
for the reduction of class; also since the singular generator 
is not produced by the union of ae additional double points 
with the multiple point, C+ B=4p (p-—1,’, which proves the 
second part of the theorem. 


4. In a former paper,* I have drawn a distinction between 
multiple points and singular points on curves; and I have 
defined the latter as follows: “If an arbitrary straight line 
drawn through a point P, which is not a multiple point of 
order 7, intersect the curve in r coincident points at P, then P 
will be called a singular point of order 7.” We shall now 
prove that :— 

Lf the nodal cone at a multiple point of order p possesses 
a singular generator of order 2, whose constituents are 6 nodal 
and « cuspidal generators which move up to coincidence along 
a continuous curve, the total reduction of class ts 


p(p—-1)?+204+3K-1, 


It will be sufficient to verify this theorem for the four 
singular generators of order two, which a quartic cone can 
possess. ‘lhe object of the investigation is to find the value 
of s, which is equal to. the order of contact at B of the first 
polars of C and D, when JB is a tacnode, a rhamphoid cusp, 
an oscnode and a tacnode cusp on a quartic curve. 


(1) Let B be a tacnode; then the equation of the quartic: 
curve referred to the triangle BCD is 


B?v,? + 2[3v,v, + 20,=0...0ecceees Part ti 8 


and we may, without loss of generality, write v,=y+t 6. 
‘Fhe first polars of C and D are 


Bo, + Ft ue) by = 0. cence ee 


3’v, + B (v, + v,0",) + oF a: 
and the eliminant of (10) and (11) is 


(v',—v",) {v,(v',—v'") +2, (ov —v"v,)f=(v,-v",)*...(12) 


* “Compound Singularities of Quintic Curves,” Quart. Jour., Vol. XXXVL., p. 363; 
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Equation (12) is a binary sextic, which shows that (10) 
and (11) intersect one another in three coincident points at B; 
hence s=8. 


(ii) Let B be a rhamphoid cusp; then the equation of the 

quartic is 
(Bv-+ v,)? + 20, Vi=0... 00000 faetcia), 
whence v,= 0, +0,V,. 

Substituting this value of v, in (12), it will be found that 
the term which is independent of v, vanishes; hence », is 
a factor of (12), and the polars intersect one another in four 
coincident points at B; accordingly s= 4. 

(ii) Let B be an oscnode; then the equation of the 
quartic is 


(Bv, + Vi)? +207 (kB + V,) HO..cseseeeee (14), 
so that v,= V, +k’, 


2 
Pp al be Pare 3 
v,=sV, + Y, Ae 


Substituting in (12) it will be found that the term involving 
v, vanishes; hence s = 5. 


(iv) Let B be a tacnode cusp; then &=0, and we shall 
find that s=6, 

Since the constituents of these four singular lines are = 2, 
eo — 1c — bo o= 35,4 = 0. sand. O— 2, «= lL respectively, 
the theorem is verified for the special generators considered ; 
and its truth as a general theorem is sufficiently obvious. 
Also, as long as none of the generators of the cone w ,, pass 
through Ab, the reduction of class is produced by the 
conversion of conic nodes into binodes; hence 


C+B=sp(p-1), 
accordingly the constituents of the multiple point are 
C=1p(p—1)’— 26—8«41, B=264+38K-1. 


5. If the nodal cone at a multiple point of order p possesses 
a multiple generator of order q, such that r of the tangent planes 
are coincident, the constituents of the singularity are 


C=1p(p-1)-(q-))’-r4+1, B=(q-1)4+r-1. 


(i) Let all the tangent planes along the multiple generator 
AB be distinct; then since a multiple point of order g on 
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a curve gives rise to a multiple point of order g—1 on the 
first polar, it follows that the first polars of two arbitrary 
points intersect in (¢-—1)’ coincident points at 6B; hence 
s=(q-1)’. 

(ii) Let 7 of the tangent planes along AB coincide; then 
AB is a multiple point of order g —1 on the first polar, having 
* —1 coincident tangent planes; accordingly AB will be 
repeated 7 — 1 additional times on the first polars of two arbitrary 
points, so that s=(q—1)’+r—-1. This gives 


20+3B=p(p—1)'+ (¢—-1)'4+7-]1, 
also C+B=3p(p-1)’, 


which proves the theorem. 

It does not appear to make any difference whether the 
preceding compound singularities occur on a proper or an 
improper cone. Putting g=3, r=1, it follows that the 
additional reduction of class produced by a triple generator on 
the nodal cone is 4; and it will hereafter be shown, by an 
independent investigation, that the additional reduction of 
class produced by a triple generator when the nodal cone is 
a quartic cone is the same, whether the cone is (i) a proper 
one, (ii) a nodal cubic cone and a plane through the nodal 
generator, (iii) two planes and a quadric cone passing through 
their-lines of intersection. 


6. We have shown in §3 that a nodal generator AB on 
the nodal cone u, produces an additional reduction of class 
equal to 1, and converts a conic node into a binode; but it 
follows from S.S. § 13, that if AB is also an ordinary generator 
of the cone wu ,,, an additional reduction of class equal to 2 is 
produced, and an additional conic node is added to the con- 
stituents of the multiple point. We shall now show that:— 


(i) Lf AB ts a singular generator of order 2 on the nodal 
cone u,, which produces a reduction of class equal to s; then 
when AB is an ordinary generator of the cone u,,,, the con- 


i = 2 +1? 
stituents of the multiple point are 


C=3p(p—-1)*-s+2, B=s-1. 


It will be sufficient to establish the theorem for a cuspidal 
generator, since the method of proof is the same for any other 
singular generator. Consider the surface 

an? (BP y+ BP *v, +s.) Fa”? ? (BP™w, + BP, +...) 


n~p-2 a 
+a Up»... =0. 
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By §3, the constituents of the singularity are given by the 
equations 


204+3B=p(p—1)’+2, 
C+ B=tp(p-), 


also AB has (p+ 1)-tactic contact with the surface at A, and 
(p+ 2)-tactic contact with the first polar of any point; but, 
if w,=0, AB has (+ 2)-tactic contact with the surface at A, 
hence the surface and its first polar intersect at an additional 
point which lieson AB. Also it can be shown asin S.S. § 18, 
that this reduction of class is produced by the union of an 
additional double point with the multiple point; hence the 
constituents of the singularity are given by 


20+ 3B=p(p-1)’+8, 
C+ B=3p(p-1)'+1, 
giving C=ip(p—1)’?, B=1. 


When the singular line AB is such that the additional 
reduction of class produced by it is s, it follows by parity of 
reasoning that when AB is an ordinary generator of w,,,, the 


R +1? 
equations are 


204 3B=p(p—-1)'+sH41, 
C+ B=tp(p-1)'+1. 


The following theorem is an extension of this result :— 


(ii) If the nodal cone at a multiple point of order p possesses 
8 nodal generators, which are ordinary generators of the cone 
u,.,3 then when all coincide the constituents of the singularity 
are 


To prove the theorem it will be sufficient to consider the 
case of a tacnodal generator on a quartic nodal cone. 

When the cone w,, passes through two distinct nodal 
generators AB and AZ’ on the cone u,, the effect is to add 
two conic nodes to the constituents of the singularity, so that 
‘in the case of a quartic node 20+ 3B=36+4+2+42=40, and 
we shall show that when AB and AB’ coincide, the effect is 
to produce a further reduction of class equal to 2. Consider 
the surface 


a (87v,’ + 23v,v,+ 2v,) + kB'v, + Bw, +...w,=0...(15), 
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where v,=y+6 and /isa constant. Equation (7) now become 
(3’v,? + 23v,v, + 2v,) (AB*+ BPw, +...w,) 
ou 2 (kB*v, + 3°, +...2,) {B’v, + B (v,+ v,v,) + v,}...(16), 
4 kB°v,? + B’v, (2kv,v, + 2w,— kv,w,) +...= 0...(17). 


Now write down the equation corresponding to (8) and 
subtract, and it will be found that we shall obtain an equation 
of the form 


Ay 10,4. 60.0, 4 = Ose (17.4), 


from. which it is not difficult to show that (17) and (174) 
intersect in 54 ordinary generators, and in 10 coincident 
generators along AL. But, since AB is four times repeated 
amongst the lines of closest contact of (15), the total number 
of ordinary lines of intersection of (17) and (17 A) are 


64 — 10 — (20 — 4) = 38. 
Whence m= 38 = 80 -—2C—- 3B, 
giving 20+ 3B=42=36+46. 


From this it follows that the coincidence of the two 
generators AB, AB’ produces a further reduction of class 
equal to 2; and by taking a third generator AB”, which is 
a nodal generator on w, and an ordinary generator on w,,,,'and 
making it coincide with AJ, it can be shown that the 
additional reduction of class is 2+2=4. Generalizing, it 
follows that when there are 6 coincident nodal generators 


20+3B=p(p—1)?+46—-2, 
also C+ B=1p(p-—1)'+6, 
which proves the theorem. 
Multiple Points in which the Cone consists of Planes 
entersecting in the same Straight Line. 


7. We shall now discuss multiple points in which the 
cone degrades into p planes intersecting in the same straight 
line, and shall commence with the following theorem. ' 

When a multiple point of order p consists of p distinet 
planes intersecting in a point, the reduction of class is 


3p (p—1) (2p—1), 


r 
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and the point constituents of the singularity are 
C=3p(p—1)(p—-2), B= pp (p—)). 


But when the planes intersect in the same straight line, the 
reduction of class is (p+1)(p—1)*, and the point constituents 
of the singularity are 

C=3(p—-l)'(p—2), B=(p—1y. 

By means of the theorem S.S. §13, it can be shown in 
both cases that the reduction of class does not arise from the 
union of any additional conic nodes or binodes with the 
multiple point; hence the reduction is caused by the con- 
version of conic nodes into binodes. 

In the first case, when the planes intersect in the same 


point, the number of their lines of intersection is dp (p— 1); 
hence 


20+3B=p(p-1)'+3p(p—}); 
also C+ B=ip(p-—ly, 


whence C=3p(p—1)(p-2), B=sp(p-—1)...(18). 


To prove the second case, we may proceed as in S.S. § 23, 
and employ a surface of degree p +1, which is 


Vb Ugg Oeeerrerscnvecsseeeeees (19), 
where Uy, = Bw, + Bw, +...20 


pti 
The first polars of C and D are 


/ 


, Nd vt / ¢ 
AV + U = 9, AY LU HO. eceee foo ci 


Multiplying the first of (20) by y and the second by 8 and 
adding, we obtain 


pav, + B?w, + 28° "w,+...(p +1) w,,,=0.....(21). 
Eliminating a between (19) and (21), we obtain 
pBP ww, + (p—1) BPw, +... w,,, = Oeererees (22), 


Eliminating a between (20), we obtain 
(BP, + 8? 2, +...) v, = (8?w," + Bw, +...) 0, ...(23). 


Equations (22) and (23) represent two cones of degrees 
p+i1 and 2p—1, which possess (+1) (2p—1) common 
generators; and this number is equal to the number of 
ordinary points of intersection of (19) and the first polars of 
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two arbitrary points. Hence 


m= (p+1)(2p—1)=(p+1) p’- 20—3B, 


accordingly  20+3B=(p+1)(p—1)ree vee (24), 
also C +- B=tp(p-—-1), 
whence C=1(p—1)'(p—2), B=(p—1)......(25). 


8. When s tangent planes coincide, the reduction of cluss 1s 


Cp) Cred) aS coe 


In this case v,= d'v, ,; hence 


yee Saal "Ss ” : 
= OU aa aa 0 ae OUR mee as Dea 


p-s 
accordingly (23) contains 6°’ as a factor which must be 
rejected, and the resulting cone is of degree 2p—s. Whence 


mn =(pt+1) (2p —s)=(pt+1)p’—2C-3B, 
giving 20+ 38B=(p+1){(p—1)?+s—1}...... ..(26), 


from which it follows that each successive coincident plane 
produces an additional reduction of class equal to p+1. 
When all the planes coincide, » =s, and the reduction becomes 
p(p’—1), a result which is known to be true when p=2 
and p= 3, 


9. We shall now explain a method for determining the 
number of constituent conic nodes and binodes, when some 
of the planes coincide, which depends upon the theorem of 
Bu. QE s 

Two cones of degree » which have a common vertex 
possess n’ common generators; and a pair of such cones may 
be regarded as an improper cone of degree 2n which has n’? 
nodal generators. If the two cones have an additional 
common generator they must coincide; hence a cone of degree 
n twice repeated may be regarded as an improper cone of 
degree 2n which has n*+1 nodal generators. From this it 
follows that a pair of coincident planes may be regarded as 
a binodal quadric cone, the positions of whose nodal generators 
are indeterminate. Similarly three coincident planes may be 
regarded as an improper cubic cone having 2+2+42=6 
common generators; and generally if ¢ be the number of 
nodal generators when there are s coincident planes, 


L=Kat 2 (s x 1), 
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the solution of which is #=s(s—1). Accordingly s coin- 
cident planes may be regarded as a cone of degree s which 
has s(s—1) nodal generators, the positions of which are 
indeterminate. 


10. When s coincident planes coincide, the constituents 
of the singularity are* 


C=3(p —1)'(p—2)—(p +1) (8-4); 
B=(p-1)'+(p+1)(s—3); when p+1<+s(s- 1), 
and 
C=4(p —1)'(p—2) + (s—1) 8s—p— 1), 
B=(p-—1)’—(s—1) (28s—p-1); when p+1 $s (s—1). 
Lhe equation of the surface is 


ies 0.0 Ee et: ay, ee, = VUssevee sere (27). 


n 


In the first case, each of the p +1 lines of intersection of 
the cone w,,, with the plane 6 may be regarded as nodal 
generators of the cone 6; hence the number of additional 
nodes is p+ 1, and 


C+ Ba=dp (p—-1ly t+ pt lscccccoeee (28). 


Combining this with (26) we obtain the first result. But 
in the second case there are only s(s—1) additional nodes, 
whence 


C+ B=¥ p( p= 1)5 + {9 —1)..000005-<.(29), 


which by virtue of (26) gives the second result. 

When p=s, p+1<p(p-—1) except when p =1 and p=2; 
-and in the latter case the singularity is an ordinary unode, 
and the second result gives C=3, L=0, which is right. But 
when p=s> 2, the proper formule are the first ones, and we 
obtain 


C=}(p-1)"(p-2)—(pt1)(p-4), B=(p—1)'+(p+1)(p-8)...(30), 
where p>2. For acubic node of the fifth kind, p=3, s=2, 
so that the second formule are the proper ones, which give 
C=4, B=4; but for a cubic node of the sixth kind p=s=3, 
so that we must use (30) which give C=6, b=4, 


* The symbols < and > for “less than” and “greater than” are well known 3 
but there does not appear to be any established notation for the phrases “not less 
than” and “not greater than.” I shall therefore employ the symbols < and > 
for these phrases, and venture to recommend their use to mathematicians. 
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Tangents drawn from a Multiple or Singular Point to a Curve. 


11. Before explaining the second method it will be 
necessary to consider a few preliminary theorems connected 
with the number of tangents which can be drawn to a plane 
curve from a multiple or singular point on it. 


(i) Let r tangents at a multiple point of order p coincide ; 
then, of t be the number of tangents which can be drawn from the 
point, and m the class of the curve, 


t=m—2p+r—1, 
The equation of the curve may be taken to be 
Oty" g 420M, + tag =O patna seem (31), 


and the equation of the tangents which can be drawn from A 
to the curve is 


3 ny 
u pts: iz U nrlnss y] 


whence $= 2p + Qicesveiscvacseeae neem (32). 
Also S=lp(p—1)-r+1, «=r-1, 
accordingly 
m=(p+2)(p+1)-—p(p—1) +2 (r—1) —3(r -1) 
= AD 9 4 Bite a deoedguenaestetas: caeate lie cares eee (33) ; 


whence, by (32), 
i= — 20: 4% 1 sot (34). 
When all the tangents are distinct > =1, and 


t= Mm — 20. acres lavee ee (384A). 


(ii) If the point possesses s pairs of tacnodal branches, r of 
which are coincident, 


t=m — 2p + 27 — 2. 
Let the equation of the curve be 
ary ut 2 
then, by S.C. §5, 
S=4n (p—-1)+s-274+2, K=2r-23 


8 - oe 26 Ti 2ay" U,_,t - boast ae PTY hire 0, 


whence m=4p—2s—2r4+4, 
and t=m—2p+ 2r—-2. 
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When r=1, all the pairs of tacnodal branches are distinct, 
and 
t=m— 2p. 


(iii) Zf the potnt possesses r patrs of coincident tacnodal 
branches and o ordinary branches, which coincide with the 
tacnodal branches, 


=m— 29+ 2r+a— 2, 


Let the equation of the curve be 


2. arto 


One ee t aay Ue 


p-r+l 


+uU,.= 0. 


In S. C. §5, we must put s=73; so that, if all the ordinary 
branches were distinct, we should have 6=4p (p—1)—r+2; 
but, by S.C. § 4, every ordinary branch which coincides with the 
tacnodal branches changes a node into a cusp; whence 


d6=tp(p—1t)—-r—o+2, c=Wr+a-2. 
_ Accordingly 


m=1p—4r—a+4, t=m—2p 4 2r+a—2, 


Multiple Points. The Second Method. 


12. Let A be a multiple point of order p on a surface + 
then the tangent cone at A will be called the nodal cone. 
With A as vertex a second cone can be described, every 
generator of which touches the surface at some other point P. 
This cone will be called the tangent cone from the node, and 
I shall denote it by the letter V. ‘The equation of the cone NV 
ean be obtained by writing the equation of the surface in the 
binary form 


(Lae rare UO Li Ft — Oars sete ave (35), 


and equating its discriminant to zero. 

Let D be any point in space; then, with D as vertex, 
a third cone can be described, every generator of which 
touches the surface. ‘This cone will be called the tangent cone 
from D, and will be denoted by the letter 7. 

The class of the cone 7’ is in general equal to that of the 
surface; but, if D is a conic node, it follows that the class 
of 7 is equal to the number of tangent planes which can be 
drawn to the surface through a line passing through a conic 
node. Let / be any arbitrary point, D a conic node on the 
surface; then LD will be a nodal generator of the tangent 
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cone from £. Hence, by the theory of plane curves, the 
number of tangent planes which can be drawn through the 
line HD to the tangent cone from £, and therefore to the 
surface, is m—4, where m is the class of the surface; and, 
since this is equal to the number of tangent planes which can 
be drawn through any line through D to the tangent cone 
from D,m—4 is the class of the cone Z’ when its vertex is 
a conic node. 

We thus obtain the first of the following theorems, and the 
remaining four can be proved in a similar manner. 


(i) Zhe number of ordinary tangent planes which can be 
drawn to a surface through a line passing through a conic node 
as m—4. 


(ii) When the line passes through two conic nodes the number 
as m—8. 


(iti) When the line passes through a binode the number ts 
m— 3. 


(iv) When the line passes through two binodes, the number 
as m— 6. 


(v) When the line passes through a conic node and a binode 
the number is m—7. 


13. We shall now prove a more general theorem :— 


When a surface of degree n has a multiple point of order p, 
at which there 1s an anautotomic tangent cone, the degree of the 
tangent cone from the multiple point is n(n—1)—p(p+1); 
and tts class 1s m— 2p (p —1), wherem=n(n—1)’—p (p—])’. 

Let A be the multiple point; then any plane section of the 
surface through A has a multiple point of order p at A; and 
the degree of the tangent cone from A is equal to the number 
of tangent lines which can be drawn from A to the section. 
Now the class of the section is » (x—1)—p(p—1); and, by 
§ 11, (i), the number of tangent lines which can be drawn 
from A to the section is 


m(n—1)- p(p—1)—2p=n(n-1)—p (pt 1). 


In the next place let D be any point in space, 7’ the 
tangent cone from D to the surface; then DA is a generator 
of the cone 7} and the class of 7 is the same as that of the 
surface. Since the nodal cone at A is anautotomic, its class Is 
p(p—1); hence p (p—1) planes can be drawn through DA, 
which are tangent planes to the nodal cone, and also to the 
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surface and the cone 7. Accordingly DA is a multiple 
generator on the cone 7 through which p(p—1) distinct 
tangent planes can be drawn to the cone; and, by §11, (i), 
the number of ordinary tangent planes which can be drawn 
through DA to the cone 7’ and also the surface, is m —2p {p—1). 
But every ordinary tangent plane, which can be drawn through 
DA to the surface, is a tangent plane to the tangent cone from 
the multiple point A and vice versd; hence the class of this 
cone is m—2p(p—1). 


14. It remains to find the value of m. The surface 
a [B?" (Py + Gd)-+ BP *v, +... v,} + B? (Ry + Sd) +...w,,, =0 


vs 


has a multiple point of order p at A, and AB is one of the 
lines of closest contact which, in the case of a multiple point 
of order p ona surface of degree p +1, is a line lying alto- 
pether in the sur‘ace. Let the plane a=A( cut AB in D’; 
then the equation of the section is 


{d (Py + QS) + fy + So} B? + (Av, + w,) BP" +...= 05 


hence, if X= —-S/Q, the tangent plane to the surface at B’ 
will pass through AD. Hence one point exists on each line of 
closest contact, the tangent plane at which passes through AD; 
aecordingly the number of tangent planes which can be drawn 
through AD to the surface is p(p+1). Whenee ‘ 


m—2p(p-1)=p(p+}), 
which gives m=(pt+1)p’-p(p-1)’. 


The first term is the class of an anautotomic surface of 
degree +1, whilst the second term gives the reduction of 
elass produced by a multiple point of order p. We thus 
obtain another proof of Segre’s theorem. 


15. We shall now apply this method to prove the theorem: 
of § 3.. 

If BCD: is any plane passing through D, the section of the 
nodal cone by this plane will be a curve of degree p having & 
nodes and « cusps; hence by the theory of plane curves, the 
number of tangent lines which can be drawn through D to: 
the section is p(j—1)-— 26—3x, and this is consequently the 
number of distinct tangent planes which can be drawn through 
DA to the nodal cone. But every plane through DA and 
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a nodal generator is equivalent to two coincident tangent 
planes, and every such plane through a cuspidal generator is 
equivalent to three coincident tangent planes. Hence DA is 
a singular generator of the tangent cone from D (or the cone 
T=0) of order p (p—1), having é pairs of coincident tangent 
planes, corresponding to each nodal generator on the nodal 
cone, and « planes consisting of three coincident tangent 
planes which correspond to each cuspidal generator. From 
this it follows from §11, (i), that the number of ordinary 
tangent planes which can be drawn through DA and the 
cone Z' is m—2p(p—1)+6+2«3 and the above expression 
is equal to the number of tangent planes which can be drawn 
through DA to the surface. 

Now the nodal and cuspidal generators of the nodal cone 
will not in general coincide with the lines of closest contact ; 
hence, as in § 14, the number of tangent planes which can be 
drawn through DA to the surface is equal to the number of 
lines of closet contact, which is p (p+1): accordingly 


m —-2p(p—1)+0+2«=p (p+ 1), 
or m=(p+1)p’—p (p—1)*-—6—2k, 


which shows that the reduction of class is p (p — 1)? +6 +4 2k. 

To prove the remaining portion of the theorem, it can 
easily be shown from §.S. §13, that the reduction of class 
arises from the conversion of conic nodes into binodes, and not 
from the union of any additional double points with the 
multiple point ; whence 


C4 B= $6 (p 1) 5c ere (Sie 
also, since the reduction of class is 20+ 3B, we obtain 
204 3B=p (p- 1P +8 + We .ceccevecses (38). 


Solving (37) and (38), we obtain the required result. 


Unodes. 


16. The equation of a surface having a unode at A and 
the plane ABC as the uniplane is 


a *S* 4 a"? (SV, + 8° V4 8V,4V,) + ou, +... = 0....(80), 


where V, = (3, y)"; from which it follows that the section of 
the surface by the uniplane is a curve of the n™ degree having 
a triple point at A, the tangents at which are given by the 
equation V,=0. There are accordingly three primary species 
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of unodes, according as the triple point is of the first, second 
or third kinds. Now Salmon has stated without proof that, in 
the case of a cubic surface, these three species of unodes 
respectively reduce the class by 6, 7, and 83; and that their 
fective constituents} are *C—3, b=—0:> OC=2)- b=, ; 
C=1, B=2. ‘There is, however, a distinction between 
a unode on a cubic surface and one in any other surface; for 
in the former case, the section by the uniplane consists of 
three straight lines intersecting at the unode; whereas, in the 
latter case, the three tangents at the triple point do not lie in 
the surface but have quadritactic contact with it at the unode. 
We shall therefore enquire whether Salmon’s results for cubic 
surfaces are special ones, or whether they are generally 
applicable to all surfaces. 

Since the characteristics of a unode on a quartic are the 
same as on any other surface, we shall employ the surface 


8° (aVi+ W,) 4+ 38 (a’+aV,+ W,)+ 36(aV,+ W,)+aV,+W,=0 
fot .+5(40), 


in which A is the unode and ABC the uniplane; and we 
shall make use of the second method explained in § 13. 

Writing down the discriminant of (40), regarded as 
a binary cubic (0, 1)*=0, it follows that the tangent cone 
from D is of the 10" degree, and that the term containing the 
highest power of a@ is a’ V,, which shows that DA is a triple 
generator of the first kind on the cone. Accordingly the 
number of the tangent planes which can be drawn through 
DA to the surface is m—6. 

The tangent cone from A is 


(8°, + 38°V, +380, + V)?= 128 (8° W, + 38° W,4-35W,+ W,) 
e233 WHE 


which is of the 6” degree and has three nodal generators 
which are the lines of intersection of the planes d=0, V,=03 

hence this cone is of the 24 class; and therefore 24 tangent 
planes can be drawn to it through DA. But each of these 24 
planes is a tangent plane of the surface; accordingly m—6 =24, 
giving m= 30, which is right. See SS. § 14. 

When two of the tangents at the triple point on the section 
by the uniplane coincide, we may take V,=[3’y. In this case 
AB is a nodal and AC a tacnodal gener ator of the cone (41), 
so that its class is still equal to 24. But the line’ DA now 
becomes a triple generator of the second kind on the tangent 
cone from D; hence the number of tangent planes which can 
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be drawn through it is m—5, Accordingly m—5=24, 
giving m=29. The coincidence of two of the tangents 
therefore reduces the class by 7, and changes one of the three 
constituent conic nodes into a binode. 

In the same way it can be shown that when all three 
tangents at the triple point coincide, the reduction of class is 
8 and the constituents of the singularity are C=1, BD=2. 
We have thus shown that Salmon’s results for a cubic surface 
ave of general application. 


Binodes. 


17. In SS. §§13 and 14 I have explained the theory of 
the binode whose constituents are two. conic: nodes; and have 
pointed out that when the surface is a cubic this becomes 
Salmon’s binode B,. By means of the theory of the Birational . 
Transformation of Surfaces, which I shall not attempt to. 
discuss on the present occasion, it can be shown that the 
equation of a surface having at A a singularity formed by the 
union of a conic node and a binode is 


a” * (av, + WB") (aw,+ We’) + a? * (Bw, + w,) 
+a" *(3°W,+ BW,4+ BW,+ W,) + a" °u,+...u,=0...(42), 


where the wv’s, w’s, and W’s are binary quantics of (ry, 8) s: 
and a similar result can be obtained when the singularity at 
A is formed by the union of a multiple point of the first kind: 
and a binode.. ‘The section of (42) by the plane v,=, Is. 
a curve having a rhamphoid cusp at 4; and when »n=3 the 
result fails, as might be expected, since the properties of the 
binode on (42) are different from those of Salmon’s binode B, 
on a cubie surface, although the constituents of the latter can 
be shown to be C=1, B=1. 

Salmon’s binode B, is a peculiar one. I have shown in. 
S.S. §37 that when a fired plane osculates a surface along 
a straight line, there are in general 2 —- 1 ordinary binodes on: 
the line. Let 2=3, AB be the line, A one of the binodes 
upon it, and ABC the fixed osculating plane; then the 
equation of the cubic surface is 


ad ( pd+qy +78) + 3S + dw, + w,=0......(48).. 


Let the plane B’=B—Aac=0-cut AB in A’, and change- 
the tetrahedron of reference to A’BCD; then (43) becomes 


a5 {(Aa+ 3’) pt+ay 4rd} + (da+ B’)?S + (Aa+ B’) 8:0, + w,= 0 
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accordingly, if 7-+p=0, A’ will be the other binode; and, if 
p=0, the latter will coincide with A. In this case (43) 
becomes 


ad (gy +179) + Bd + Bow, + w,= 0, 


and the singularity at A is Salmon’s binode B,. 

As Salmon states without proof that the constituents of 
B, on a cubic surface are B=2,1 have given the foregoing 
investigation; since, for all that Salmon has proved to the 
contrary, B, might be composed of three conic nodes which 
move up to coincidence along a continuous curve. 

The special features of compound singularities on cubic 
surfaces are due to the fact that a proper cubic surface, 
unlike a proper cubic curve, can possess more than one double 
point; but, since any plane section through the compound 
singularity must necessarily be an improper cubic curve, in 
which the corresponding singularity in plane geometry 
appears in a degraded form, the properties of the compound 
singularity will be different from what they would be when 
the degree of the surface is such that the plane section is 
& proper curve. 


Quartic Nodes. 


18. I have stated in §5 that as long as the tangent planes 
are distinct, it does not appear to make any difference to the 
reduction of class whether a multiple line occurs on a proper 
or an improper cone. ‘To illustrate this, let us consider the 
sextic surfaces 

a” (8’v, + dv, + By) (My + Nb) 6 
+a(V,+460°V,+ 60°V,+ 46V,+ V,) + 0W,+...W,=0...(44)- 
and 
a” (8°+0°u,4+ dyw,tpby’)d+a(d'Vi+...)+6°W+...W,=0.. (45) 

Both surfaces have conic nodes at D; but in (44) the nodal 
cone at A consists of a pair of planes and a quadric cone passing 
through their line of intersection, whilst in (45) it consists of 
a nodal cubic cone and a plane passing through the nodal 
generator. 

(i) In (44) the plane 6 intersects the quadric cone in the 
lines AB and AC, whilst the plane A/y + N6 intersects the 
eone in the line AB and another line AL. Hence, according 
to the preceding theory 

m=100—36—-1—1—4—2=106. 
C2 
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To verify this result, write (44) in the binary form 


(a, b, ¢, d, eX. 0, 1)7=0....c eco sore 405 
then 
a= Nv,o’+aV,+ W, 
b.=1(Moy+ Nv) a +aV,+ W, 
c= 4 (Mv,+ NB) ay +aVi+ W, }..-(4T)- 
d=1 Ma’By’+aV,+ W, 
e=aV.+W, 


The equation of the tangent cone from D is 


Y A ie a pire pen ce ivy lhe) ~ 
where 


F=ae—4bd'+ 3c’ 
ae 
J =ace+ 2bcd—ad’—b’e-.c° 


Substituting the above values of a, d, c, d, ¢ from (47) in 
the discriminantal equation (48), it will be found to be of the 
form 

ay Bo Tay rt OTs +. .6T,,= 0..-5-.( 90), 


where o,=0 is the equation of the plane DAF, and 7, =(8, y)”. 
Hence DA is a multiple line on the cone (50), having three 
pairs of coincident tacnodal sheets and two pairs of coincident 
ordinary sheets. Regarding (50) temporarily as a curve, it 
follows from S.C. §5 that if the ordinary branches (which. 
correspond to the sheets of the cone) were distinct, the 
constituents of the multiple point at A would be 6=65, 
K=4; but the coincidence of the two pairs of ordinary 
branches converts two nodes into two cusps, whence the 
constituents of the multiple point are 6=63, «=6. Hence, 
if w be the class* of (50), it can be shown as in §11 that the 
number of tangents which ean be drawn from A to the cone 
is #—18. Now if m be the class ef the surface ~=m — 4, so- 
that the number of tangent planes which can be drawn 
through the line DA to the cone (50), and therefore to the 
surface, 1s m— 22, 

Each of these m— 22 tangent planes is a tangent plane to 
the tangent cone to the surface from A; also this cone is of 


* ‘The reason why p is not equal to 24 x 23—126—18=408 is that the cone (50), 
possesses nodal and cuspidal generators, which arise from a certain number of its. 
generators being double and stationary tangents to the surface. 
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the 10° degree and AD is the only nodal generator it 
possesses; hence its class is 99—2=88, and the number of 
tangent planes which can be drawn to it, and therefore to 
the surface, through AD is 88—4=84. Accordingly 
m—22 = 84, giving m=106, which agrees. 


(i) In (45), AB is the nodal generator of the cubic cone, 
and the plane 6 intersects the cone in AB and AQ; hence, 
according to the preceding theery, 


m=150-386—1—4—2=107. 


To verify this, proceed as before and it will be found that 
the equation of the tangent cone from D is of the form 


Cay Cte: Oa yatat Peer 0 rec ane sree (51), 


from which it can be shown that the number of tangent planes 
which can be drawn through DA to the surface is m— 23. 
Hence, as in (i), we obtain m—23=84, giving m=107, 
which agrees. 

The following additional cases could be worked out with- 
out difficulty: (iii) the plane 6 coincides with one of the nodal 
tangent planes; (iv) the cubic cone is cuspidal, whilst 6 is an 
arbitrary plane through the cuspidal generator; (v) the plane 
d is the cuspidal tangent plane. 


19. When the nodal cone consists of a quadric cone and 
two coincident planes, its point constituents are C= 12, B=8. 

Let the coincident planes cut the quadric cone in A/S and 
AC. Then, from the foregoing theory, we should anticipate 
that each of the triple lines AB and AC would produce 
a reduction of class equal to 4; also the union of the two planes 
gives rise to two additional conic nodes. Hence the total 
reduction of class ought to be 36+4+4+2 +42 =48, giving 


20+ 3B=48, 
C+ B=20, 


from which we obtain C=12, B=8. But, since the two 
planes coincide, the lines AS and AC are of the nature of 
triple lines of the second kind, and we are consequently not at 
liberty to assume that the reduction of class produced by each 
of them ig equal to 4. I shall therefore give an analytical 
investigation by means of the sextic surface 


a’ (0° + dv,t By) P+ a (8V,+40°V,4 68° V,4 45,4 V,) 
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The values of a, 0, c, d, e are 
a=a'+aV,+W,, 
b=1a'v,+aV,+4 W,, 
c= ja’'Py+aV,+ W,, 
d=44V,+ W,, 
=aV.+ W.. 


Writing down the discriminantal equation of the tangent 
cone from D, it will be found that the highest power of «@ is 
a", and the term involving it is 27c’e (3ac — 2b’); and that its 
coefficient (rejecting constant factors) is B’y’V,(By—42,*)5 
also the coefficient of a'° does not involve (3 or y as a factor. 
From this it follows that if w be the class of the cone, the 
number of tangent planes which can be drawn through DA 
to the surface is 4 — 22 =m — 26, since w=m-— 4, 

The tangent cone from A has five nodal generators, which 
are the lines of intersection of the plane 6 and the cone V,; 
also AD is another nodal generator of the tangent cone; 
hence its class is 90-10—2=78. ‘The number of tangent 
planes which can be drawn to this cone, and therefore to the 
surface, through AD is accordingly 783—4=74; and we thus 
obtain m—26=74, giving m=100. 

Let « be the reduction of class produced by each of the 
lines AB and AD, then , 


m= 100= 150 — 36 — 2~a—2—2 — 2, 
giving o=4, 


which verifies the correctness of our conclusions. 


20. When the nodal cone at a quartic node consists of 
a guadric cone twice repeated, the constituents of the singularity 
are C=15, B=. 

Consider the surface 


Cu aa ie ties Sues Sa theme (53), 


then, proceeding according to the first method, the two cones 
whose common generators determine the class are the sextic 


cones 
Ud , 
UU, =U, Us, 


’ 1 eS (az 
u, b. ro u, Us) 


> 
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which possess 36 common generators; but, since 10 of these 
commen generators are the 10 lines of closest contact, which 
are the commen generators of the cones wu, and w,, the total 
number of ordinary generators is 26. Hence 


m=26=80—2C—3B, 
whence ONG ey ae Od ee a tcc + ares peti (54), 


Now, from § 9, it appears that a quadric cone twice repeated 
may be regarded as a quinquenodal quartic cone whose nodal 
generators lie on the quadric cone u,, but are otherwise inde- 
terminate; also these five nodal generators may be regarded 
as coinciding with five of the lines of closest contact. Hence 


C+ B=18+5=23, 
giving C=15, B=8. 


The foregoing result is capable of extension to multiple 
points whose nodal cones are of the form w,*u,. 


Cuspidal Conices. 


21. It is not my intention to discuss the properties of 
singular curves on surfaces, but I shall conclude by a revision 
and extension of S.S. §§49 and 50. 

The-equation of a quintic surface which has a nodal conic is 


a (aU, +a°U.+aU,+ U,) + 2aQu, + Q’'u=0...(55), 


in which U, = (GB, y, 8)"; Q@ and u, are quadric cones whose 
vertex is A, and zw is the plane through A which cuts the 
plane @ in the residual line. In the second of equations SS. 
(46), @’ ought to be written for 2; and the forms of these 
equations show that the cones u,, Q’, and U, pass through the 
points where the residual line cuts the cuspidal conic. Hence, 
if v and w be arbitrary planes through A, we may take 


w,=uv + PQ, 
QO! =uw + QQ, 
where P and Q are constants, accordingly 
u,? — 2.2! = uv’ + 2PQuo + P?Q? — Qu — QO’...(56), 


and, since the right-hand side of (56) has to be equal to U,u, 
it follows that P?= Q, and 


U,= uv’ + 2PQv— Qu. 


24 Mr. Basset, Multiple points on surfaces. 


Substituting these values of w, and U, in (55) and writing 
U,' = U,+ vw, we obtain 7 


a (aU, +aU,+ UY) + (avt Q) {(av+ Q) u + 2PQa- a’w} =0 


cate (57), 


which shows that the quadrie av +Q=0 osculates the quintic 
along the cuspidal conic. 

Since the points ‘Bb, C, and D may be any points on the 
cuspidal conic, let them be three of the points of intersection 
of a, U', and QO. Then it follows from (57) that the coeffi- 
cients of 3° and [3” have a common factor, hence B is a tacnodal 
point; accordingly the cuspidal conic has four tacnodal points. 
We may now write (57) in the form 


a’ (a? U +aU, + U,) + (av + Q) {(av + Q) w+ ao’w} =0... (58), 


where v and w are arbitrary planes passing through 4; and w 
is an arbitrary plane passing through the residual line. Also 
the tacnodal points are the intersections of the plane « with 
the cones U, and Q. 


22. Ifthe quintic has a tacnodal conic, every point on the 
conic (a, 2) must be a tacnodal point, which requires that 
U, = QQ, and (58) may be reduced to the form 


Pele it oie iye tare ek tole Wane VERA ee oe (59), 


where S is an arbitrary quadric and w, v, w arbitrary planes. 
This result will be obtained by a different method later on. 


23. The form of (58) suggests that the general equation 
of a surface of the 7 degree, which has a cuspidal conic, is 


aU j+(av+ 2) {(av+ 2) V,_,4+ 0 W,_,} =0...(60), 


n—4) ~— 
where v is an arbitrary plane and U_,, V,_,, W,_, are arbitrary 


quarternary quantics. ‘his result may be verified as follows: 
let | 
v= patgB+ry + 36, 


QO =A7d + LEB + VBy, 
Ue Br StS eer al 
V7, ,= "0,4 BMD, toe 
W(t ete 


n—-4) 
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where vu, =v, = w, = (a, y, 6)”; then the highest power of 
is 3" *, and its coefficient is (ga+ mo + vy)’, which shows that 
(60) has a cuspidal conic. 

Let & be one of the points of intersection of U__, with the 
cuspidal conic; then u,=0, and B isa tacnodal point. Hence:— 
A cuspidal conic on a surface of the n* degree has 2n— 6 tacnodal 
points, which are the points of intersection of the surface U_, 
with the cuspidal conic. 

The curve a=0, V,_,=0 is the residual curve; let B be 
one of the points in which it cuts the cuspidal conic, then 
v,=0, and the highest power of (3 is the (x— 3)" and its 
coefficient is 


ou, + (gat md + vy) v, + (qa+ pd + vy) a,, 


which shows that B is a cubic node on the cuspidal conic, at 
which there is a cuspidal cubic cone. The cuspidal tangent 
plane is 


qat po +vy=0, 


and the line in which it cuts the plane a is the tangent at B 
to the cuspidal conic. Jé therefore follows that a cuspidal conic 
ona surface of the n™ degree has 2n- 8 points of the kind which 
Cayley calls “ close points.” 


Tacnodal Conics. 
24, ‘The equation 
Bel as ae oe Na Oe. oo ke. (61), 


where S, 8S’ are quadric surfaces and U, V, W quarternary 
quantics of degree m— 4, represents a surface of the 7" degree 
having a twisted nodal quartic, which is the curve of inter- 
section of the quadrics S, 8S’. When the quadrics have 
a common generator, the nodal curve becomes a twisted cubic 
and a straight line; I shall not, however, stop to examine 
these special curves, but proceed to consider the case in 
which S’ consists of two coincident planes. Putting S’ =o’, 
(61) becomes 


S7 UES Va Wor Ors tecaeenste x. (62), 


which represents a surface having a tacnodal conic. 
The plane a cuts the surface in the tacnodal conic twice 
repeated, and in a residual curve of degree n—4. Let BD be 
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one of their points of intersection; then, if 
S= fv, +, . 
= Bye ex oh eae 
V= Sep 8 ™ vata ee 
W= B"~w,+ B"°w, +... w 


n—-4? 
where the suffixed letters denote ternary quantics of (a, y, 8): 
the coefficient of the highest power of 8 is 


- 
=~ 


v, (vu, + a’r,), 


so that Bis a cubic node, whose nodal cone consists of a quadric 
cone and a plane touching the cone. In other words the nodal 
cone is an tmproper cubic cone having a tacnodal generator. 
These are the singular points which correspond to what 
Cayley calls “close points” on a cuspidal conic; and it is 
remarkable that the singular generator on the nedal cone is of 
the same character as the singular curve on the surface. The 
fact that this is the case when the singular curve is a cuspidal 
or a tacnodal conic suggests far-reaching analogies. The 
number of these singular points is 2x — 8. 


25. We shall now show that:— 

There are 4n—16 potnts on the tacnodal conic, such that any 
plane section through one of them has a rhamphoid cusp at the 
point; and these points are the points of intersection of the 
tacnodal conic with the surface V?=4UW, 

Let B be one of the points of intersection of the surface 
V*=4UW and the tacnodal cenic; and let C and D be any 
arbitrary points on the latter. ‘Then the values of Vand W 
will be given by (624), but we must add the term u,3"" to 
that of U. But, since the surface V?=4UW has to pass 
through B, it follows that v,,=4u,w,; hence, changing 
constants, the section of the surface by the plane 6 is a curve 
of the form 


(VBy + Oya + Pad)’ (B"°U, +......0,4) 
+a’ (v8y+ Qya+ Pa) (B°°V, +..... ew) 
of (BW. + BW, to. W..) 
+BY {(vBy + Qya+ Pap) p+ qat}=0 cece (63), 


where all the suffixed letters are binary quantics of (a, ¥). 
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Let us now transform (63) by means of the equation 


B a 


Ce Sn ee ee ee 
ay a B? 

then, from the theory of birational transformation explained 

in S.C. §§1 and 7, it follows that, if (63) has a rhamphoid 

cusp at Bb, the transformed curve must have an ordinary cusp 

on AC. Now, omitting accents, the transformed curve is 


By? (Pat QB + vy)’ (ar ey"? U, +eccees Sek Ue) 
+ a8 y (Pat OB + vy) (a °y"?V, +...00 Bev) 
+a Be (a ey”? W, 4.0000 Ba We) 
tay” | py (Pat OB + vy) +qaByP=0 .... eee (64), 
which shows that (64) has a cusp at the point where the line 
fied Ae EO er ere eee (65) 
cuts AC. 


Additional information on Quintic Surfaces having a tac- 
nodal conic will be found in a paper shortly to be published 
in the Lvendiconti del Circole Matematico di Palermo 1907. 


THE EXPANSIONS OF PRODUCTS OF 
HYPERGEOMETRIC FUNCTIONS. 


By G. N. Watson, Scholar of Trinity College, Cambridge. 


§ 1. ee expansion in a power series of the square of 
the hypergeometric function /’(a, 3, y.~), when 
a, (3, y are connected by the relation 


atS+3i=y 


has been investigated by Goursat* in the cases in which y is 
not an integer. 

The objects of this paper are as follows: first, to obtain 
expansions for the products of the complete elliptic integrals 
usually denoted by HK, K’, HE, £'; it being well known that 


KeikeF(h, 3,1.F), 





* Ann. de Ecole Normale Supérieure, Ser. 2, Tome XII. 
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and consequently does not come under the head of cases 
investigated by Goursat; second, to investigate the squares of 
some hypergeometric functions not discussed by Goursat ; and, 
third, to evaluate some definite integrals involving products of 
the complete elliptic integrals; some results of this nature have 


been previously given by Dr. J. W. Nicholson. * 


§2. It has been proved by Appellt that if the general 


solution of the equation 


LY p(y Y 
Fat Ai) FF, @) pe evanksarne ec eeeee (1) 
pe YHCY, + Cys 


then the equation of which the general solution is 
w= Ay! + Byy, + Cy,’ 
d 


dix 


eI gat PU Or-ZAe)- 40] S 


4 4 (@)/, 2) -2 5 f, 2) |2=0 eda (2). 


It is proved by Goursatt that if (1) be the differential 
equation of the function F(a, 8, y.x), then, when a+ 8+h=y, 
(2) can be written in the form 


[I (9+ y —1) (9 + Qy — 2) —a& (94 2a) (9 +23) (9 +a+8)]2=0 
ieee 


% denoting « 





d 
dic” 

We shall only consider hypergeometric functions where 
the relationa+8+3=y holds, except in §7. 


§3. We proceed to apply this result to the equation for 
the quarter periods K, K’, viz. 


a dy 
oe {e( -) Fh ty=0, 


where c= k’, 


* Phil. Mag., 1905. 
t Comptes Rendus, Tome Xct. 
Loe. cit, 
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We first change the independent variable in this equation. 
Putting c=3(1 + w), it becomes 


d 2 4Y\ 
Ae aw) Sl dy, 


; d 8 dy 
a fa (Ona WP 
: ad (dy): hoe oi 
s 2 = 2 ell carrey’. —s » rage es a} we 7 
hs ease ) udu taht Ae EN ay LS 


Writing 1 - «#’=a, we have 





d°y 3 OY 
%(1—w) a+ (1 — gu) = — Tey =0, 


where @ = 4°, 
This is the equation for the hypergeometric function 


F'(4, 4,1). The transformation is a particular case of 
one of Riemann’s transformations.* 


Consequently by (3) the equation, the solution of which is 
z2=AK’*+ BKK’ + CK”, 
is feieeee CIE Ala 2) centr ser saats «dee (4). 


Since in this case y=1, some of the solutions involve 
logarithms, and have not been hitherto investigated. 


§4. We proceed to solve equation (4) by the method of 
Frobeniusf ; it is found that 


: 3 
is a'solution of the equation 

DN Se (GS OME Gar toe aynaceareree (6), 
e, being an arbitrary constant; and consequently solutions of 


* Mathem. Werke, p. 76. : 
+ Forsyth, Differential Equations, pp. 235-249. 
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(4) are given by 
, Az’ a 
£=(2')aun #= (35) = (ae) 
Now 


Oe’ _ pS Giese 
Fina loga+c¢,x | S24 CRENER CHES 


ry aa (Ae tt oa) ha| 
ate atn—t \ept an ‘ 


and 
Oe (at+4)...(a+n— a 


_ = ‘(loox)? ~2e xe] i: 

at ae Uoga)’ + Qe oge| $34 (@ +1)...(a+ n) 
OA fica 7 ea, coe ( masa peti )pom 
“flats “" atn-k \atl “" atn 


(a+1)...(a-+2) \ 








teen 39 

n=1 

eee eee (tt) | 
ats " atn—d \atl “" atn 

arp | a {a wieeeead 

mel (a+1)...(a+n) 

x ts tet : (aay tt ce 
“ (atay O°" (atn—F? \(a+1) °" (a + n)*/ - 
That is to say, putting 

=1, 2=0, 2—(@EE), 
and writing for the sake of brevity 


1.3.5...(2n —1) 
~2.4.6...(22) SA secceecccene eccces (7), 


1 1 1 
1 5 +...+ Tit, @eeeseseoveseeeese (8'), 
1 1 1 

ptt SL a ok Covcwecscene seenes (9), 


we find that each of the three expressions z,, 2,, 2,, where 
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2=1+ 3 {a2 (2kk')”} 


n=l | 


2,= 22 log (2kk') +6 & {a,*(s,,—s.) (2kk’)}, 


n=1 


z,=4z, {log (2kk’)}? 
+ 24 {log (2kk')} & {a,°(s,,—s,) (2kk')””} 
n=l1 
+ 36 S {a,,” (S47 s,)° (2kk')"} 
n=1 


= 12.3 fa," (oy, 42) (2H), 
n=): 
is of the form AK’*+ BKAK'+ CK”. 

Now each of the series for z,, 2,, 2, 18 absolutely convergent 
so long as |2kk'| <1, ¢.e. putting k’=¢, so long as |c(1—c)| <1; 
that is to say, so long as, in the Argand diagram, c lies within. 
the Lemniscate of Bernoulli with foci c=0 and c=13 except 
that z,, 2, have logarithmic singularities at c=0.and e=1. 

It is necessary to consider separately the values of z,, 2,, 2,. 
in the two loops of the Lemniseate, since the series for z,, 2., 2, 
may represent different analytic functions of & in the two 
loops; that is to say, if real values of &, &’ only are considered, 
it is necessary to consider separately the cases when 0<c< 
and }<c<1; the double point of the Lemniscate being at 
the point c=. 

First, suppose 0<c<h3 te. O<k<1//2. When & is. 
very small 

K =}7 + terms.in kh’, k’, ..., 
K'=log 4/4 + terms in h*logk, k*logh, ..., 
ANG eek te vce 
Therefore 
Kk? =17'°+terms which vanish with 4, 
KK'= 37 log4/[k+ ” ” 
K”= (log 4/k)*+ . 3 

Now z,=1+ terms which vanish with 4, 

z,=2log2+4+2logk+terms which vanish with les 


z,=4{(logk)’+ 2 log2 log k + (log 2)*} 
+ terms which vanish with £.. 
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Therefore, when 0<h <1/y/2, 


Ke? = (do) [1 Sa (Ok) eee (Ia), 
n=1 
IK =| 8a lop 22 (ar ene eee CLT); 
K*=9 (log 2)’z,—3 (log 2) 2,+ 42,........ (IIIa). 


Next suppose that 1/.)/2<k4<1. When X’ is very small, 
Ko=Aor + terms in tosses, 
K =log4/k'+terms in k” logk, ..., 
Sandia eee: 


Whence it follows, since 2,, z,, z, are unaltered by inter- 
changing & and #’, that when 1//2<k<1, 


K*=9 (log 2)’2,—3 (log 2) 2, + 4e,....000 (1d), 
KE’ has the same value as above........- abby. 
KB (Lar )2 incertae eee eee (111d). 


§5. The products which contain / or EZ’ may be deter- 
mined from a differential equation of the third order in 
a somewhat similar way; but it is simpler to deduce them 
from the differential equations connecting AK and £, with the 
help of Legendre’s relation, in some cases. 

These equations are to be found in any text book on 
Elliptic Functions; they are as follows: 


KK EK 





spite En eee (10), 

Sa Ep cece teeeteee (11), 

dE eG 

Gh ene ee (12), 

dE oeowe se 

= (RAB) ein (13), 
KES KORO Kee ee (14). 


From (10) we have 





EK=k?K*+ Uck? oe pare... (15). 
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From (11) 











| Hs 
Y Kk =hK?- Lk? eeeeees ae ve . 
EK’ =i? K”— tkk dk (16) 
From (10) and (11) 
kk” oa = EK’— E'K—- KK’ (k?—k’). 
Using Legendre’s relation, we have 
EK’ =140 + §kk? sae WG Crete PACK RY 
E' K=10—2kk? Bos +h? KK! ....0.0(18)< 
From (10) and (12) 
Ee? = kk? —— HDS tthe Motercgs. Seria. oC )¢ 
dk 
From (11) and (13) 
Ei? =—kk” es + EC occcsccees (20). 
dhe 
From (11) and (12) 
BE = BK KKK’ — wie? S21): 


From these relations and equations (Ia) to (III) we can 
deduce series for the different products; those which involve 
logarithms are hardly worth writing down; the others are: 


when 0</h <1/¥v2, 

EK =19'[k?+ Ba, (2kh')*™ {h!? + n (k= h?)}]..<(1V) 3 
when 1//2<k<1, ; 

E'K'=10'[h'+ = a,® (QhK’)" {e+ (Ke — k’?)})...(V) 


when 0<k <1/¥/2, 
Eta 4a? [K?(k?—B) + 3 a,2{2n? (hk? — 1)? + 2nk? (hk? 82?) 
n=1 
+ he? (kh? — k*)} (2kk')"}...(VD 5 
VOL. XXXI1X. D 
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when 1//2<k <1, 
Li? = Aah? (PF — bk?) + = a, {2n* (he? — k?\? + 2nk* (kh? — 3k") 
r= 


+B (B—k)} (2kk’)"]...(VID. 


§6. The solutions of (3) given by Goursat may be written 





Be nS, 120) 210), eee 

Se E +2 Chea REECE x | {tosses share eee (22), 
ee A = (2a—y+1) (28-—y+1), (4), PA 

=x E tS aaa Soa ae aw | acccccees (23), 
fee! < (2a —2y+2) (28 —-2y+ 2) (3—y), n ‘ 

=a E aC aCe a |), 


where (a), denotes a (a +1)..-(4+ n—1). 

Since two independent solutions of the hypergeometric 
equation (if y is not an integer and 4+(3+3=y) are the 
expressions 


F(a, 8, yxy, 
a F(}—a, 3—B, 2-42), 
we see at once that if 1—-y, 2— 2y are not integers 
£=(F (a, B, y.0)} 
6=(F@ B, v2)}a{F(h-a $-B, 2-y.2)], 
Kae" 1P(}—a, $B, 2- ya) 


We now consider the case (which was not noticed by 
Goursat) when 2y is an integer, but y is not an integer, 
First, suppose that y= $+ m where m is zero or a positive 
integer. ; 
Then ¢ becomes a polynomial going from #2"? to a”. 
consequently 
C= "a, B, y.a)}", 
Gea” (F(a, B, 7-0) } (Fg - a, 2—P, 2- y.&), 


as before, but we must have a relation of the form 


Sap Ce =a LL — O, geet OF 2—y.a)}*, 
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2.0. 


t+ (F(a, B, y.0)}!'=a™ (F(A —a, 4- B, 2—y.0)}? 


where C;, is a constant to be determined. 
Now 


F(a, B, 1) =e F(a, y-B,a S41. i) 


C(y)TG-B)) -e rls y_ I 
+R) Fp) yPF(B,y-a,8-atl.<—), 


F(t-—a,3—B, 2-y.x) 


eae =P) Pe an et 


ee } a os 
eS ee ee (4 _8, 1-8, a—B +1. ), 








(Forsyth’s Differential Equations). 

These results are valid, if «, 8 are real and unequal and are 
not integers or halves of odd integers, in the common region of 
convergence of the series, provided we make (1 —2)-¢, (1—a)-B, 
(1-—«)«-4, (1 —a)P-2 tend to unity as & tends to zero. 

Suppose a>, and substitute these results in (25), Then 
we find that on the part of the real axis between 0 and — 1 
an expression involving the products of some hypergeometric 
functions of argument (1—«)* is equal to a polynomial €,. 

Now make a tend to along the negative part of the 
real axis; the hypergeometric functions are regular all along 
the path of #, and the path of « does not go round any branch 
points of any of the functions involved. 

Then €, tends to zero, and we see, by considering the 
highest powers of «, that 


T(y) I'(a oe 
Cire@rG=e)} Oo 9 


tends to equality with 





m1 cy Oe A ra ae eae 
eee eo) eee 


D2 
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Consequently 


C 





po 


pa et y) r (o) ['(¥ = at 
I= SB) ey rae 


And therefore, when a> 3, 


= (2a—2y+2), (23-2742), (3-9) 
1a aoe m (a-2y+2), (29-27 +2), 3—VWn a 
aC ae Pr ae ae “143 (3- 2y), (2—y),7! ‘ 


(2—y) (a) C(y—3)}? 2a), (23), (y— f » 
{ra =B)PA=B) Fy 1 +s = ee eave rat am 








Similarly, if y=4—-—m, m being a positive integer or zero, 
writing } —8, 5—a, 2—¥ for a, 8, yin the last result we see 
that, when a>, 


7 (2a), (28), (Y= Ba op 
—o (2y-1),(y),nt — 





{F(a, 8, y.2)P=1+ 








TOIMECSIOUAY, $ abn) (08-2928) 4-9), gem 
P(a)P(y-B)E (2-7) Ln=t (3-2y), (2-7), 2! 
eee (27) 
Ity=3, 
EF {a, 8, y.sin’6} = cos 206, 
Fil gb ee vena ses : 


end we merely obtain some elementary trigonometricak 
formule. 


_§7. We proceed to determine the other cases in which 
{F'(a, 8, y.«)}’ can be expanded in any sort of power series, 
when at+8+3—y#0. 

For convenience, we shall write the power series given by. 
Co Gaecein thecormns 


®, (a, By y-%); vl-v@, (a, B, y.x); w2-27o, (a; B; yee 
Case l, atB-dk=y. 
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Then 
F(a, B, y.v)=(1—2)7-+-8 F'(y —a, y- B, y-2), 
wl-y¥F(a—-y+1, B—-y+1,2-y.2) 
= ol-y(1—@)y-¢-8 F(1—a,1—B, 2—7.a)3 
consequently 
[F@, B, y-x)}'=(1—-#)* {|F(y-2, y- B, y-2)}’ 
=(1-@)' ,(y—a, y- B, y.&) «.-. (28), 
Similarly 
F(a, B, y.v) F(a—y4+1, B-y+1, 2-7-2) 
=(1—2)'®,(y—a, y—8, y.@)...(29), 
(F(a—y+1, By 41, 2- 7.0) 
=(1-—2)'®,(y-a, y-— 3, y-&) .-»(30). 
Case IT. a-(3+3=0. 
Then 


Fca, 8, yo)= (1-2) F (a y- B, y: S ) ‘ 


x—1 


wl-yF(a-y+1, B—y+1, 2-y.2) 





wa 
= el-¥ (1 - 0)" F (a yt1,1—p, ay al 


and in a similar manner to case I, 
| ; ® 
(F(a, B, y.0)}'=(1—«) 20 b (a, 7-8, Yoq GN, 
iH(a, 8, yx) {Fa-y+i,8—y+1, 2-y7.2)} 
“ a 
= (1 - w)y—2e-1 ®P, (x, y—-B, VE) .-.(32), 
{F(a-y+1, B-yt+1, 2-y.«)}? 
(1 @)P2- 08-2, (1, ae Tiary 
o fa | 
this equation 1s practically the same as (31). 


These results hold only in the common part of the two 
regions determined by |a|<1, |a|<|av—-1]. 
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Case II. (3-a+3=0. ; 
This is obtained from case II. by interchanging @ and f. 


There are several other cases of a similar, but more 
complicated, nature. 


Following the notation of Forsyth’s Differential Equations, 
Chapter vi., we have, if ¥,, Y,) +++) Yo) Y,, be the twenty-four 
solutions of the hypergeometric equation 

Y:=92=Y0=Iia= Xv 
Ya = Y= Yr0= Yn = Vp 
Ys = Yo= Yor = Ios = Yop 
Y2 = Yo=In = Yu = Yo 
Yo = Ira =Iis= Iris = Xp 
Yo Yi Iu-Ya= ~p 


There is a linear relation between any three of the Y’s, 
but not between any pair. 


We consequently have relations such as 
Y, = ay, + bY, 
Y,=1Y,t OY, 5 
therefore, if ¥,", YY, Y; can be expanded in power series of 


their argument, |—«, then y,’, y,y,, y, can also be expanded 
in power series of argument 1 — a. 


A table of linear relations between a, (3, y and the corre- 


sponding arguments in which y,", ¥,¥5, Y; can be expanded 
can be written down. 


Relation between Argument of 

a, By Y. power series. 
y-3=0 1-2 Ys Y; 
are oo 1—% Yor Ye 

<4 
y-3=0 (1 — x) Yiss Vie 

5s Vee 
y—-3=0 (1 — a) Ais: Vie 

© —1 
a be 

a—3+3=0 a, Yair Yaa 
p—a+}=0 x —1 Yoo Yos 
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The expressions in the third column being those in terms 
of which F(a, (3, y.a) and #!-vF(a—y4+1, B—y+1, 2-4.) 
are expressed. 


§8. We now proceed to obtain a power series for {P. (n)|?. 

So far as I know, the only series hitherto given for {P, («)}’ 
are (1) a series of Legendre functions™ and (2) a series in 
powers of &*,f where 2u=& +4 &". 

The equation for P, (u) is 


d dy 

a {a <b tn (n+1)7=0, 
: d 
t.é. 5 {u- —p’) “1 tn (nt ty= 0, 


is 2 »4 d dy 9 dy 
oe i-_ _ i = 
te. pe" ( bias (#4) 40 Same g SAL, Se) a, 0. 


Writing 1 — p* =a, this becomes 


d*y dy 


%(1—a) ae 


+ (t= $e) 4 n(n tty =o. 


A solution ef this equation is 
y= AP {-4n, 3 (41), 1.1-p, 
and the other solution has a singularity where p’?=1. 
Consequently 
Pa) = AP (-4n, } (n+), 1.1—y'}, 


when |1- yp" | <1. 

The Meressiorctrie series, however, has a branch point 
at uw’ =0, and consequently (since in the w plane the hyper- 
geometric series converges within a Lemniscate, nue =E.L), 
when the real part of m is positive 


P (vw) =A PF \—3n, § (41), 1.1—4}, 
when the real part of « is negative 


P,(u) = AF {—}n, $n 43), 1.1- 2°). 


* Adams, Proc. Roy. Soc.; 1878. 
+ Heine, Kugelfunctionen, Band I1., p. 358. 
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Putting ~=1, 4=—1 respectively, we get 
[oe 
(-1)'=A 


n being a positive integer. 
Since —4n+4 (n+1)+43=1, we have 
{P,(u) "=, {—3n, } (a +1), 1.1—p'} 
~ (—n) (n+1), (3), ay 
=1+> Sg) = 3 ) (2), (Liat) Sree (83), 
r=l Sf i) 


In a similar manner we find for the generalised Legendre 


function P” (uw) 
P™ (uw) =A (1 —p’)”* F{d (m—n), §(mt+n4+1), m4+1.1-p'}, 


Now P” (wu) =(1-p’)*"x the coefficient of r™” in the 
expansion of 


2? 





1.3.5...(2m —1) 
(1-27 407)"?° 


Hence, by making pm tend to unity, we see that when the 
real part of + 18 positive 





n+m)! 
A ee eer 
2™.mi(n—m)! 


and when the real part of w is negative 


As(-)™ (n+m)! 
Z 2" mt (n—m)t" 
Therefore, since 
4(m—n) +h (m4n4ti)+}=m+4i, 


(n+ m)! 


POM teeaia) Oo" 


(m—n), $(m+n4+1), m+1, 1—p'h, 


P, 12 
> n+m)! )? : 
res img? | 1— p*)™ 
; 0) = fae n — i) si [ M) 
nm (m—n) (m+n lees) 


n) =e 
a !(m +1), (2 oe ey hee: ie (82). 


Eats r 
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§9. We now proceed to evaluate some definite integrals 


connected with A, L. 


a, as defined in (7) = 
Consequently by (Ia), fies Oni 1 2) 


fel tit Sa, sin’"@sin’"p.(2kk')*"|déd@, 
0 n=1 


” sin"Od0. 


ieee 
T 
=. = [Pf dor Free 2 C0d Gane: 
re; [1 —4/°h" sin’@ sin’ [1 —4h°h sin’@ sin’¢ |} * 
ae 


_ Writing K0)= |" (i—n* sin’d)?? 


we may write this in the form 


(IK (k)}? -[" If (QRH sin g) deessesssess. 


when 0< hk <1//2., 
Also from (Ia) we have 
143 a, “con kdk 


1 1/J2 
Sf Kildk= lan 
n=l 
= ["h14: + = a, sin 20! sin 8 cos 6d@ 


) sin dd 


n=1 


=1(1 +3 5] 


=1{ 1+ Say | db 


=4 (1+ 3a, sin“ 


I! 
Hl 


A 


= 5 | Kat. 
27 J 4 


By a known result, given by Torelli, 
: 1 1 
| Kar = (1 — 32 ar aa] ° 


* Giornale di Mathematiche, Vol. X., 1872 
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Consequently 
1/,[2 
| Sarita fhe (1 ah Fimo reese (88): 
s 33° 5 
Also 
2 1 
[CeKrdk= | eK dk 
0 1/J2 
1 + 
= kK?dk. 
1/J2 
Now it has been proved* that 
WW aki T ON be ec ac 
es Wee (= tat ate), 


and therefore 


1/J9 
I kK" dh=2 (= Aes args +...) 


pt 5 
vi 1 
aoa h ] ae ee esneeseose 
40 ( ate on 5° . (37) 
1/2 1 | 
While { KKK 'dk = | k' KK dk’ 
0 1/,J2 


1 
be | LK' Kak 
1/J2 


1 
=} | bKK' dk 


0 


And therefore, since* 
1 
| KKK 'dk =en’, 
0 ; 
it follows that 


1/J2 
| ERK dh aen® cei. 
0 





* Dr, Nicholson, Joc. ctt. 
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Before attempting to evaluate integrals involving the other 
products, it will be found convenient to determine a reduction 
formula for the integral 


1/2 y\2n 2 12 2 
1,=8 | (2kk’)" Kk (ki? — kt) dhe. 
0 
Putting K’=y, (2kk’)"=a, denoting the corresponding 
ee ; ae 
indefinite integral by £,’, and writing Tn Ue Cte We have, 
from (4), 
T,, = fa" [8a" (1 — x) y + (24 — 36x) wy + (8 — 26a) 7] de. 


By repeated integration by parts, we have, if n>0, 
2 


! nt+2 te ° d nt a’ ni \ 
1, = 80" (1a) j—y © (80"" (1a ty 2, [80""(1—2)} 


+ o""' (24 —36x) y—y ota (24 — 362)} 


+ y (8 — 26a) a” 

— 8’, + (8n°+ 12n?4+ 6n+2)L,. 
That is to say, 

(2n)l',_,—(Q2n4+1)°L' =a" (8a? (1 —ax) y —8nv (1 — a) y 


+ (8x — 12%”) ¥ + 8n°y — (8n?+ 4n 4 2) xy |. 


Now 
a ana 
Ce Binike ks) dias 
d°y 1 d’y 1—6k° = dy 





da? 64k"(k*—F) dit 64 (k?— kh)? dhe’ 
And therefore 
(2n)°L'_, — (2n4-1/°L’ 





— (old! \2uPo 7.27,'4 d*y pie 2 dy D279 73 dy 
= (2kk')"[2h7k ae t 2hk'* (1 — 3h") Tie Ankh (4? — Xk’) Tk 


+ 8n°y — 4 (Bn? + dn 4 2) Wy) ce (39). 
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ar d’ KY dK \? 
Also WAG jk Jitts 2 (=F) 
EBay Nt Af 
=2( aah a ee kk" ) EK 
2 2 
tp : Py ea oe 
dy _ 
dk 7 Lhe k (©. 
Therefore (nile — aay ry? 
= (2kk’)""[4E? — 8h° EK —8n (k"— kh’) EK 
+ {4k + 8nk'? (ki? —k?) + 8n?— 407K? (8n? + 4n + 2)} K*)....(40). 


A result which may be easily verified by differentiation; 
while, if n=0, 


— J’ = 48? Sh" hs (ak seh). ee 


Now equations (40) and (41) hold for all values of & 
between 0 and 1. 

If, therefore, we integrate from 0 to J, since k’K? tends to 
zero as & tends to unity, 


8 (2n)* (\(2kkh')"? Rk (hk? — kh’) dk 
=8 (2n+1)*{ (2kk')"K'k (k°—k') dk, ifn>1; 
while, if n =0, 
~ 8 [K*X(k—H) dh =A[| B\1)}—{E(0)}" 480) K(0)—4{ (0) 
= 4, 


Therefore 


; vt aE ? 
6) J, ],’\ 2 72 7, cana ¢ 


0 





If, however, we integrate from 0 to 1/1/2, we get 


(2n)'L_,— (2n + 1)° 7, 


me (a) ~18 (72) (Za) (a) 
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a reduction formula; while, if n= 0, 


Bt i\B (at - 18 (—) x (—,) . (43). 


We now consider 


1,2 
[f EKidk= ie {h PK KS | kdk, by (10), 


27,/2 2 TN? 1/2 12 3 2 
=| AeRIK a (kh? — k + 2h) K°kdh 
0 


(— 
3 | ee iG eA} ah. 
Hn Ga #] eK dh 

(=) 2 2 2 
= 1 (Ja) +3 Ode HH k?— k?\ dk, 


and therefore i. (36) and (4 ie 


a Emam 31 CG)} - 285) Ga) +41 GG) 





Q 
yi 1 1 
thm (a Ft ge cee eeeseeceeeeree (44), 
1 2 1 1 1 
Further 
Bh 


— & (BE) = = 2h? + oh’? H a a ae = thi? — IkEK.. 
Integrating, we have 
bes 1 iy 
Ethdh =} (—) pie 
ao NEVSieme bi 
et : 
4 yur (". is -...) snd) 


Using another result of Dr. Nicholson’s, viz. 


[ Bhdt = (5 tate Je 


) 
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we have 


1/J2 “ 1 1 r 1 2 
[po Brkakaael fs + gp t+) 412 (G)} te 


And in a similar manner 


ier ; 1g 
leg B'K'kdk =p, 44 (=; tatpt-)-}12(s)I 


1 I 1 
—er (= 3? 4p 5? -...] + lem eeccces (47). 


at 


Some of these results can be put into a rather different 
form by making use of Legendre’s relation 


2E (7) K (a) - 1 Ga) toa 


together with the result 


x(a) ae 





also given by Legendre. 
Now (39), when written in the form 


8 (2n)* [(2kk')**? yk (kh?) dk—8 (2n+1)* f(2kk')’" yk (h?-k*) dk 





—(2}h}')"| a}? ndy pre 2 dy ty LLl2 (et. E2 dy 
=(2kk ) 2% ~+2kk (1- 8h)) 7 Ankk (k hah 


dls’ 
+ 8n°y — 4 (8n? + 4n + 2) Ry | i 


holds if y be any solution of (4). 
Put y= AK’, then since 


ay EK -KE +e Ee 





ake kk”* 
d*y 1 pat ae : am 
Tj = ppiln 2E’ + ER (5k - 1) + B’K 3-51") 


4 KK' (1 - 2h) (1—3h°)], 
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we have 
8 (2n)* f(2kk’)*" yk (kk? dk —8 (2n +1)* f(2kk')"yk(k? —k’)dk 
=(2kh')"(—4 HE'+ 4° EK’ 4 4k? B' K—4n(k? —k?) (EK'— KE’) 
+ {8n? + 4n (kh? —k*)? — 4 (8n? + 4n+ 2) PAOKK’). 


eae this between the limits 0 and 1/,/2, we get 


8 (2n)° i " (alek!)"* Kk (lt? — i?) dh 
~8 (2n +1)° ee  2kk'" KK (RI) di 


=-4 JE (Ja) + #2() *()- (n+2) 1K (a)f 


And 


a , KKK (k=) dk= yz (=) ea 


Using the same procedure as in proving (38), we have 


1/2 =, 7" 2 
EE‘kdk =} [ FE hls = So vo eenee (49) 
by another of Dr. Nicholson’s results. 
Also 
Tk {h? RK =—k(k*- ik’) KK’ + (EK’—E'R)k. 


Integrating, we get 
Tay he Bag 
a ek) (ae AV eDeI 
i (Ga)f NBG) + 
1/2 
+ i (ER ~ BK) kdk; 
while, if we ene Legendre’s relation, we have 


(ER + E'K) kdk = hat bo. 
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48 
Therefore 
SER kdh = : Ao 1 ff Ng 
L KOK =a, 7 +} =) anc ay aaa ue 
1/J2 = ih: (< 4 1 : 


§10. We shall now consider some more complicated 
integrals. 

If we differentiate (40) with regard to n and then put n=0 
we have 
—61,-( & 1,’ =2log (2kh') ([4E°— 8k" EI (4h—82k") K7] 

n=0 
+[—8(k°—k*) EK + {8k" (kh — kh) — 1627} Ke?) 


That is to say 
—48 [i*k (kh? —k’) dk -8 [2 (log 2hk') K°k (kh? ~ k*) dk 
=2log (2kk’) [4H?— 8k"? EK + (4h?— 827k”) BK") 


+[—8 (hk? —k’) E+ {8k? (hk? — 1k?) —1607°k"} I") 
Taking this between 0 and 1, and evaluating the limit of 
the right-hand side, we get, without much difficulty, 
24 — 16 (log 2kk’) K*k (k* — k*) dk = 24 log 2, 

te. 2 f'(log 2kk’) I*k (kh? — k’) dk =3 (1 —log 2) ...(52) 
While, if we differentiate (40) twice before putting 2 zero, 
we get 
-ury-w{ert —1o 7 

1) bon n ne On n pve 


=[2log (2kk')? [4E?— 8k°EK + (4h? 80k") BR] 
slog (2kk’) [—8 (k®”—h*) EK + (8h? (k?— &)—16Pk"} K7] 


+ (16 — G4") K?, 
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Taking this between 0 and 1, and evaluating the limit of 
the right-hand side, we get , 
96 —12.8(3 — 3 log2) —8 ['{2 log (2kk’)}? Kk (kh? — k*) dk 
= 144 (log 2)?—47’. 
That is to say 
J,{2 log (2hk’))? K°k (hk? — #) dk 
= dr’ — 18 (log 2)’ + 36 log 2 — 24,..(53). 


From (52) and (53) we can deduce some further integrals ; 
from (40) we have 


f(2kk' yr" Kk (hk — ke) dk 
(a+1)(a+2)...(a+n) )*,, Ar er A eer 
= eS fiC2kk’) Kk (k —k’*) dk. 


Therefore 


ae eG ee 2 /\2a+2n ? pA 2 die 
J (a+1) (a+ 2)...(a+n) ( kk’) i kh i) 





= a+ ° J [\oan 772 12 2 
= 3 [(Qkk')* Kk (kh? — kh) dike 


no latn+4 


If now we put «=0, first in this equation as it stands; 
second, after differentiating it with regard to a; and, third, 
after differentiating it twice with regard to a; we get, using 
the notation of § 4 and writing 


1 1 + iL a 
ar ~ An ~m ooo T 
yee a5 ae 5 z m? 


the three results 
(2, Ek (hk? - k’) dk =, [Kk (kh? — k*) dk, 
fiz,lt*h (k?—k*) dk = (61, — 67,) [7° (hk? — k’) dk 
+7, [2 log (2kk’) K°k (k” — k’) dk, 

fiz, °k (kh? —k*) dk = (247, — 727, + 487,) | Kk (hk? — k*) dk 
+2 (67, —67,) ['2 log (2kh’) K°k (kh? — k’) dk 
+7, fi{2 log (2kk')}? Kk (kh? — k*) dh. 
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Rewriting these, we get, without much difficulty from (52) 


and (53) 


J ek ede SOR ae 
5 KWAK dk + | EK (hi) dh=— Yr, 


— | = K°Kk (k? — k*) dk = (67, -— 67,) (— 4) + 7,3 (1 — log 2) 
a 
oral log 2 (= 37,) 


= 3T,, 


1/2 1 
| x 4K? Kh (k? — #8) d+ | gtk BB) db 


= (247, — 727, + 487,) (- 4) 

+2 (67, —67,) 3 (1 —log2) 

+ 7, {}m’—18 (log 2)’ + 36 log 2 — 24} 

— 12 log 2 {(67,—67,) (— 3) + 7,3 (1—log 2)} 

+ 36 (log 2)" (—47,) 

= (har) Ti— 247 geecnitacee ae eee (55). 
Now it is not difficult to see that 

(KOK kb (k* —k’) dk=0, 


by changing the independent variable to 4’, and then inter- 
changing & and £’. 


And consequently from (54) and (55) 
PRG UP Ak) dik = 67, « tnoncetuararne “oe; ee (56) 


= 6454 ptpt. | 
= [Kk (hi? — k?) dk 


by interchanging &, i’. 
While, as has been shown, 


PUK (le? — hl?) dle (Bar) ty scsscescssessvees (57) 
T° 


T2 
=| KKk (kb? —k’) dk, 
by interchanging &, 4’. 
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An interesting result, given by integrating the formula 


© {(kk’)* K**} =nk (kU? K™ (K-28), 


dk 
18 [itteie: iets ee Cm 2 Peele — Wwe. eeocete( 00), 
where 7 is any quantity greater than zero; and, in particular, 
(Khdk = 2 | KEK ... 2.040.000 ...(59). 


It is possible to evaluate a large number of integrals which 
are of a somewhat similar nature to those given by (56) and 
(57), but which involve £ or Z’ in the integrand. 
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ON THE PROPAGATION OF WAVES IN AN 
ATMOSPHERE OF VARYING DENSITY. 


By J. H. C. SEaRLz, B.Sc., University College, London. 


On the propagation of Waves in an Atmosphere. 


1 ip is customary in considering the propagation of 
waves in the atmosphere to regard the latter as 

a homogeneous and isothermal medium. That the atmosphere 
is neither homogeneous nor isothermal there is abundant 
evidence to show, and, since we are concerned almost 
exclusively with the air as the vehicle for the transmission of 
sound waves and barometric disturbances, it becomes of some 


E2 
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interest to examine how the heterogeneity and non-uniformity 
of temperature influence the character of the disturbances. 

Such disturbances are of two kinds:—(a) long waves, for 
which Boyle’s law as an equation connecting pressure and 
density is a sufficiently good approximation, and (6) sound 
waves, for which the adiabatic relation must be used. Good 
examples of the former type are met with in the periodic 
alterations of the barometer at various points of the earth’s 
surface. It will not be necessary to perform two separate 
investigations for the above two cases, since the former is 
a particular case of the latter, obtained by putting the ratio 
of the specific heats equal to unity. It will be sufficient, 
therefore, in most cases to deduce the former from the latter 
by putting y=1. 


Plane Waves. 


Suppose the density to vary as some function of a, but 
that in all planes perpendicular to the «-axis the density is 
constant at any instant. ‘The axis of a will afterwards be 
taken vertical in considering the earth’s atmosphere. 

Write density 


= A= ip( LP 8) <sccecrsscreeeeseemmeene 


where s represents the variations of density due to the sound 
waves, and p represents the “static”? density in the un- 
' disturbed medium. 
Thus, s is a function of x and ¢, p is a function of « alone. 
We have 





d& , d(A&u) 
oF + . oe 0. 
Therefore 
ds d. 


du S dp 

eee 1 es —— —(l =), 
pate ( 8) EA tate +s)=0 

Therefore, neglecting small terms like the squares of 
velocities, 

ds du dlogp 

ae ode cae 
1 dp du du 
A Fite ome rg 
where X is now retained as the cause of the variation of 
density along the a-axis, 





Oni) See 


Also 
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Therefore, with the same approximations, 
lidpin xX du 


= SM Se cee Rie Binsin oeaae 3). 
p dx dt 3) 
Taking Ps tht Rp (lps) a esc o' w.(4); 
ohne aaa 2D ds 
therefore pee es oe + Kyp? ee 
epee dp PLOpe, We es ee ; 
therefore A eae G Boe Tp |X - qo 


Differentiate with regard to the time. Therefore, since 
p 18 not a function of the time, 


aes Pak Kadi 
Ie eae et 
dxdt dt dt 
or, if X be a function of « alone, 


yi 2s at e 
Rear go ea ere ce (6). 


Differentiate (2) with regard to : therefore 














as au didiogo d*logp _ ; 
nee ce eds Ne 


Therefore, eliminating eS between (6) and (7), 








d’u_—s—s., [de  dudilogp _ d’logp 
de® | last da dx ' da |--©. 


If p be constant and equal to p,, we reach the ordinary 
equation 








AT KYP 5 di? 
dp, 
. dt" “da? 


To integrate (8) we require p as a function of a. 


3. Consider the equilibrium of a column of air of anit cross 
section at a height 2 above the surface of the earth. 

Let 7, be the earth’s radius, g the value of gravity at its 
surface. 
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We have 








pizg ("8 ) +(p+6p)—p=9, 
Sy arnter ( r, \= dp 
erefore pg P+ a Cities! 
d. 
or pg (1-25 Veer 
Alse ib Ose atecees passe ogee (9), 
where f= gas constant, 


T= absolute temp. 





- #\)__ pte) 
Therefore pg (1 —2 *)=-R rare ape re 
pI eer _2 
therefore aT eee (1 —2 A dz, 
A on f(t-a(e/r,)) de/T : 
therefore P= me mf{l-2z/ro}d2/T .scennscee -«- (10), 


where n = 2 , and JA is an arbitrary constant. 


fi 
Therefore when 7’ is known as a function of 2, p is alse 
known as a function of z. 


4. In what follows we shall neglect the curvature of the 
earth and the variation of gravity; (10) becomes 


patenite/t seascccase a ececsvece (Ure. 


Therefore logp=log A—log T—n fdz/T, 


dy bP ~~ ars he vale 





Lis eae 
a igh Tied Tea 
dxt °8P= T Gy (r oe 7) T dau 


Putting in (8) 
u= Ucos pt, 
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we have 
d’*U dU diogp ode OR pee wy 
Or, substituting from (11), 
dU 1 ( aa dU 


de da} dx 


sf o| 7 = ( +=) 1 GTB T™er-0 fel?) =0..(18), 


T du\"" de)” T dx 
where pean ces hw 
2 
and =F, 
Ky 


(13) is the equation giving the particle velocity when the 
temperature is known as a function of the height. We shall 
proceed to consider a few of the special cases of temperature 
distribution which have been used in correcting for astronomical 
refraction. Before doing so; however, it must be remarked 
that any attempt to allow for temperature effects must always 
be exceedingly arbitrary and unreliable, at any rate within 
two or three miles of the surface of the earth. Conduction, 
radiation, and convection from land, sea, and mountain; the 
presence of water vapour and clouds; the prevailing winds; 
all these conspire to produce a state of the atmosphere which 
must be anything but constant from moment: to moment, 
Indeed, the temperature gradient often undergoes a complete 
inversion between mid-day and midnight at the same place. 
Thus the most that can be done is to take a wide average, 
specify the time of day, and allow a very generous margin for 
errors due to the above effects. The almost imperceptible 
motion of the cirrus clouds would tend to show that in its. 
higher reaches the atmosphere may be in a more quiescent 
state, a result which is borne out by the recent balloon and 
kite observations at Blue Hill Observatory, Hyde Park, Mass. 
At heights of four miles or more it would, therefore, be possible 
to formulate a temperature law with more exactness than is- 
possible near the earth’s surface. 

The above considerations show that any law of temperature 
variation would be more or less tentative, and the very fact 
that the phenomenon is so complicated shows that much is to- 
be gained by simplicity in any proposed law.. 
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With this proviso we may return to the discussion of the 
differential equation (13). We consider first 


Newton's Law. 
5. Putting Z7’=const.= 7,, (11) becomes 








P= Per lt/To)@ = pe-(G/BT)@ ...sroseveee TOE). 

therefore log p= log p, — BT ny 
oP loge=— pp MS horrencrr ne? (15) ; 

7 t log p =0 
therefore, substituting in (12), 
a K, a CEE SD a iae ed Aer GM 
where «,= PT arene = a) ao orien (17) 
a= RT (y= 19; 


rd, = wave length of sound at earth’s surface, 
By the successive substitutions 


e*=F, U=Em/24V, and (>) b= sarees 


equation (16) becomes 


a’ Vow ae 
Papper lee + [49 - (“) | v=o ree (19), 


therefore V=AJ;,,Ja (29) + BI-xja (20), 


or Usebue | Adie (2 “te*) + Blnyja (25 9% ge sl 


or uaetne | Agi I(y-1) (2 — re) + BS1/(1-y) (2% =i cos pt 


in an atmosphere of varying density. 57 


One of the constants A or B may be eliminated by making 
the surface of the earth a node. Thus w=0 when «=0; or 


eC, ; Ci 
Adi jey-1) (2 =) + BU 9) (2 “1 =O vrsene(21), 


The remaining constant depends on the mode and amplitude 
of excitation of the disturbance. 


Lvory’s Law. 


6. There is a formula associated with the name of Ivory 
which makes the temperature a linear function of the height. 
The iaw, as given by Lord Kelvin* is 





P=T c eb) ras ge| Prey ess (22), 
Vo 
but we may consider the more general case 
ee Tie [Sle aes Prat reais s <3 (23), 


frem which the special formula above may be obtained by 
suitably choosing 8. (11) now gives 


Pree IM tee Sale w ce calent stain cant (24), 
where m=a-1=75 71 
8 meer 3 (25). 
and é€= Tr 


0 
Substituting the above value of p in the differential 
equation (8), we find 


ined a me aU : . me 
ee ee (= en) GME, | U=0, 


2 iy 
where a Po 

‘ery th Oar Ae eres (26). 
and s=m(1—y) 


In the equation above, make the successive substitutions 


(1 —ex)*"=v" and U=vll-m)/(s+2)z, 








* Manchester Memoirs, 1862. 
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We find 


Ce Oe 20p\ ae 
op togte| (2) -o'|=0 eoccceces (27), 


m+1 _ n3 
s+2  (n—B) (1-7) +28 
Thus, we have 


2=AJ, (= v) + BJ_, (= v), 
et st 


where o= s ¢=st+2. 


or 
34(1-m 2c it 2c at 
U=(1-ex)! | A (> (1— ex)" + BS, (= (1- ea}) |...@28), 


and the particle velocity =u= Ucospt. 
Again making the earth a node, we have 


Ad, (=) Agihe (=) Eye ee (29). 
In the special case of temperature gradient given by (22) 
we put (3 =" 9 T, and remember that BT,=— ; 
The equation for w then becomes | 


u=(1—eu)’[ AT, {uy (1 — €x)} + BU, {uy(1- €at)}] cos pt...(30), 


| 2QnV. 
where e= 9g; b = eae 
’ A Ge (31). 
eee See ES eRe oa Ae 
2(y-1)’ y—1 


The relation between A and B is now 


AJ, (u) + BI_,(u) =0. 


7. Before entering into numerical considerations of (20), 
(28), and (80), we may investigate what happens in the case 
of long undulations for which vy is closely equal to unity, (17) 
then gives a=0 and (16) becomes 


BES dU , 
Tah a Sieg eee Te teen cae (32). 
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Thus U= Aei% + Ber*, 


r 2 
where . =4[«,+/(«,’—4c,")]=mty, say. 


2 
Therefore u= (Aedit + Bedz”) cos pt, 
or, if w=0 when «=0, we have 


th Ae = SIM Yo COS tote cree vee (33), 


where 


2.2 2 
egy gY 167 
nab ps yam —4e.)= 4, / TT = Rai 
0 0 


0 











An equation of this form has already been given by 
Lord Rayleigh.* 

In the case of Ivory’s law, if we at once put y=1, then, 
y-1 


remembering that 8 = 73 
0 





g T., (24) and (25) give immediately 


P= Po (1 wa ex)” 
po (y=) 
snd og (1- V T.ge) 
0 
y—1g \'Ny-}) 


=p,e-(9/F)*, since y=1. 





Thus, we return to Newton’s law and thenee to (38). 

Let us take a general value for 8 which does not vanish 
when y=1. ‘Then, mo when y=1, but s=0 by (26). 

This leads to 


ad’ U 


eu doe 
(1- x) daa 7 me (1 — ex) Fem U= 0. 3(34), 





which gives 
U=A(i-—ex)+ BIl—ex)”, 
therefore u=A[(1 —ex) —(1 — ex)” cos pt........ (35). 
If we now make y= 1, this becomes 


u = A {1 — e(9/Vo')#} Cog pf....sceeeoeee (36).. 


* Phil, Mag., No. 29, 1890, p. 173. 
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8. It is at once evident from (31) that in the case of long 
waves the velocity increases indefinitely with the height. It 
would be difficult to say what would happen in the case of 
(20) and (80) without first entering into numerical values. 
Consider (17) and (20): we find 


«= 1.176 x10": c=2$.5%107; @=4.68 x10: 2 bee ee 
1 ? 1 ? 2 a 


expressed in c.g.s. units. 
Also 


u = e(bk)@ | ad 1/(y-1) (2 - é) + BJ /(1-7) (2 - en) | cos pt, 


It appears that the arguments of the Bessel Functions are 
large and we may therefore use the asymptotic expansion for 
Jy Viz, 


J,= (=) E a Re os [o0s[2— ia—n(ir)} 


2\ [1?—4n? = (1?— 4n?) (3°— 4n’) (5" — 4n’) 
a N/a) | i eeue 3!(82)* ae 


x sin{z—ta—xn(sr)}, 
true when the real part of is >— J. 
Now Ji /(y-1) =J25, closely, 
but Ji/i-y) =J_25, 


and thus the above expansion is not valid for J23. We 
may, however, bring it within reach of the expansion by 
means of the recurrence formula 


n+1) 


I= a T= J, 


true for all values of 7 and @. 
By repeated use of this formula, we find 


a. 2 3 
acne ge 


Or, remembering that z is great, 


J2.5= S16, Vp 
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By the above expansion for J,(z), when 2 is great, we 


have 
Pe . 
trs=./ (=) (—sin2), 
d Bri eee le 
an 15= Aen (—cosz). 


Thus 


u = elf) 2 a) (- Asing—Bcosz) cos pt, 


sax 


very approximately, wher Peery 
y app y> ere 2= The ) 


r : 
or U = ea (By) x ). (=) (A sinz + B,cosz) cos pe. 


Thus u increases indefinitely with x since (A, sinz+B, cosz) 
has a maximum value /(4,’+ B,’). 

The exponential factor increases to twice its primitive 
value when e4(@-y)“=2, or when «=14 kilometres, so that 
the effect of the variation of density is small. 


9. Similar considerations in the case of Ivory’s law leads 
to the result 


u=\/(=) V(1 — ex) [A cosz — Bsinz] cos pt, 


TH 
where z= pr/(1—ex), 
and e=$8.34x%10', 
Ane Ty 
while in (27) b= 3. 


The effect of the elevation of temperature in’ ascending is 
now to diminish the particle velocity which thus stands in 
contrast to the case previously considered. 

The factor /(1— ex) decreases to one-half of its original 


value when 
/(1— ex) = 4, 
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or 4—dex=1, 
v= wh =3xly,107=1x10" 
dg, 4 3 4 


= 25 kilometres, ¢.p, 


so that the effect is the reverse of the case previously 
considered and of a still smaller order. 

In reality, however, it matters very little whether the 
velocity increase or decrease as we ascend in the air. In the 
former case a state of affairs is ultimately reached at 
which our equations cease to represent the motion, since the 
hypothesis of small motions becomes untenable. In the latter 
case the low temperatures reached at greater heights would 
facilitate the deposition of moisture in the form of clouds which 
would materially alter our hypotheses. 

What we have to see to specially is that the energy of the 
motion remains finite. In the case of Ivory’s law this is 
evident, since the velocity decreases uniformly from a finite 
value to zero. In the case of Newton’s law we have 


energy of motion =4 |? pu’dx 
=o [AJ,+ BU_, de, 


the exponential factor vanishing, since it is involved in both p 
and wu. Now the argument of the integral is always finite and 
the integral is convergent at the upper limit. Thus the energy 
of the whole motion is strictly finite. 


10. We shall now discard the restriction to one-dimensional 
propagation and investigate the vibrations of an isothermal 
atmosphere in which the “static” density varies according to 
any law in a vertical direction, but is uniform over all horizontal 
strata. 

Refer the motion to eylindrical coordinates 7, 3, z—z being 
vertical. 

The equation of continuity is given by 


dN 
Lf —— 
dt 


In the case of a disturbance originating at a pole (the 
origin) the motion is symmetrical about the z-axis, therefore 


dd 
aiedlh 


d d d | 
+ a (urd) +r Ae (vh) + a9 (wA) (ly 


d d 
+ Tp hurd) + Dea (vs) == 0 coc coreat ones 


in an atmosphere of varying density. 63 
~ Putting in this } 
A=p(1+s), 


where p is a function of z only, and s is a function of 2 and ¢, 
we find, neglecting squares of velocities, &c., 


ds du dv dp 





Das Wak ide pop Pha, 
ds du dv. dilogp - R 
or ai + Bie te aS (D) Ta ae (haaaees esse (38). 
The equations of motion in wee coordinates are 
vr oe a =rha— £ @) 
aaron aie (39), 
Dov 
and A 7h =ZA— ne 


fi and Z being body forces and p the pressure. 
In the case of the earth’s atmosphere 


h=0, 2=49, 


therefore eae Sets 


and —=—-— +19 


But punk 
= Kp" (1498) 3 
Ss 


f A fe = 
therefore Ke 


> 


dp _ a8 
ae KYP Ape 


dp dp ds 


i SS a q-1 &P 
dz 'P ae eee dz’ 


since p is independent of rv, but not of 2; therefore 


DEORE boy c3 Re 

Ae pe ai err 
@eoeoeetove > f re 

dv ,dp , as ay 


Say ee ie pe tar 
Arle al arm at ne Pes 
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We have to determine uw and »v from (388) and (41) by 
eliminating s. 
From (41) 


Ot tlie 8 
Qe Bae rie 





From (38) 
18 "020 ad eed loo 


drdt dy?) minder ads ae 


therefore 
au el Cede nd meres rclogs 
Pre tbe E + Urda* dr da ee | an) 
dp 
But eae 9 
therefore pa CEN Se 





dr drdz dz’ 


























du —S—_, [de  d’e , du diogp 
therefore de = YP E- tye oye tae | ane (43). 
Again, from (41), 
oa eee 
ae "YP edt? 
and, from (38), 
d’s Oh =e OU a NOL pena d* log p 
dedi idrde ) de" "de aiden ee 
therefore 
ay ey | od es ae lop pee sae 
de "YP a Ten le tina i; Bes) 
dp 
But “= an 3 
Ped du __ d’» _ dv 
therefore Lo Si ae 
therefore 
dy wl [0 dD ede O10P pe arom 
de®? EE + det * de de de |). 
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(43) and (45) determine w and v in terms of 7, 2, and ¢ for 
a heterogeneous atmosphere in which the density varies in 
plane layers according to any law. 


11. We may apply these results to the case of the earth’s 
atmosphere, assuming the earth to be an indefinite plane. 
Newton’s law is 


p=p,e-9/2, 
where p=density at surface, 
e=const. in Boyle’s equation 
p=cp. 
Using this relation, we have 





dt? Thess dr? hola (16) 
d*o = KYP y—le-m(y—-1)z de im ee moe 
dt’ ? dy" " de 

where m= : : 


showing that to our approximation and with this law of 
variation of density « and v are the same functions of 7, 2, and ¢. 
Putting 


u= Ucosplt 
EN a a oe ect peeChb), 
m(y—1)=) 


and, substituting, we have 
aan: de Cn d OF, 0: 


bz = 
Tey oe Re ee a A U=0 Sewsee( 40) 
Again, putting 
Ut 2. COS OM aint caes suelytnen cree (49), 
therefore 
Ui ioe Daren tae a\ eos ; 
at ~m< 4 (be =9')Z= 0... tee (50). 


In this make the successive substitutions 


w=? edt: and Zaudy =ully-Yonen (51). 
a 
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There results ~ 





g ae : 
u* = +u 4 +v E u— M| =l0,ueee hele (52), 
from which 
2u 2u 
v= Ad, (F) + BI..(F) 
therefore 
20 1/(y-1) 4or 7 dor 1 
Z= Ge e(g/2c)z [4J, i ett) + BI_, & at) ’ 


or, finally, the velocity wu (or v) is given by 
u=v = el9/2)2[ OF, (acer) + DI_, (ae?) | cosgr.cospt...(53), 


where 


va g + 4q’c 
Roy ay 
_47 
EA WLA.e 
9g 
saith San 
b may ) 
LEER ae wae) 2 (54). 


P= and 7’=time period 


2 : 
q= — and X= horizontal wave length 


e=const. in Boyle’s equation p=cp 
g =acc. of gravity (assumed const.) 
y =ratio of specific heats for air 


The assumption of Ivory’s law of variation of temperature 
would lead to results somewhat similar to those previously 
obtained and need not be worked out in detail. 

It is clear that the variations of density at the surface of 
the earth have a vanishingly small effect on the amplitudes of 
aerial disturbances. In the case of a smaller planet the effect 
would be greater, but the variation of gravity and curvature 
of surface would then enter as complicating factors. As 
it remains, therefore, the problem derives interest from an 
analytical point of view only. 

1 have to thank Prof. Karl Pearson for kindly reading 
over this paper and for making many helpful suggestions. 
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ON THE DISTINCTION OF RIGHT AND LEFT 
AT POINTS OF DISCONTINUITY. 


By W. H. Young, Sc.D., F.R.S. 


§1. { Ezet a discontinuous funetion of a single real 
variable may at a given point behave differently 
in its right-hand and in its left-hand neighbourhoods is well- 
known. for a function to have particular properties it is 
sometimes necessary that its behaviour in some definite par- 
ticular should be the same on both sides at every point at 
which the function is defined. Sometimes again, on the other 
hand, it is sufficient that the behaviour of the function at the 
point on one of the two sides at least should be of a certain 
character. 

We may illustrate the first case by the necessary and 
sufficient condition*® that a discontinuous function which is 
the sum of a series of continuous functions should have the 
property of assuming in every interval every value between 
its upper and lower limits in that interval (and therefore, in 
particular, assuming in every interval every value between 
the values at the extremities of that interval). The condition 
is that the value of the discontinuous function at every point 
should be a limit of values assumed by the function in the 
neighbourhood of the point on the left and on the right also. 

As an example of the second case, [ may mention the fact 
that for the sum of a series of functions to be pointwise dis- 
continuous with respect to every perfect set, it is sutlicient that 
the functions should be everywhere continuous on one side at 
least. t 

In the present paper I propose to examine what the 
possibilities are as regards the distinction of right and left, 
and to show, in particular, that the most general conceivable 


* Tt should be noted that this condition is easily secured, and that we are thus 
led to infer the existence of a large class of functions which possess the property, 
often erioneously given as the characteristic property, of a continuous function. 
Young, “A theorem in the theory of functions of a real variable,” 1907, Rend. di 
Palermo, XX1v. 

t+ Young, “A new proof of a theorem cf Baire’s,” 1907, Jessenger of Math., 
Vol, XXXVII., pp. 49—54. 
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function of a single variable can differ as regards right and left 
at ouly a countable number of points, which can, howev er, be 
everywhere dense. [may add that 1 have obtained similar 
results with regard to the distinction of right and left at points 
of non-uniform convergence of a series of continuous functions. 
These results L hope to publish shortly in another paper.* 


§2. Let P be any internal point of a segment through- 
out which a function /(#) is defined. Take any interval 
with P as right-hand end-point (fig. 1), then f(a) has, 
for the points internal to this interval, an upper limit; as 
this interval diminishes, this upper limit cannot increase, "and 
therefore has a limit, which is, at the same time, its lower 
limit; denote this limit by or (P). 

We thus get for every point P of the segment a function 
g7(x), or shortly gz, a may be called the upper left-hand 
limiting function of f (x 

Similarly, changing ane into right, we define a function 
dr, the upper right-hand limiting function of f. Further, 
interchanging the words ‘‘upper” and “lower,” ‘increase ” 
and “decrease,” in the definition, we detine corresponding 
lower limiting functions which we shall denote by Wz, and wa. 

If at each point P we choose that one of the two upper 
limiting functions which is not less than the other, we get 
a new function, which may be called the (modified) associated 
upper limiting “function, and be denoted by ¢. Similarly we 
detine the (modified) lower limiting function w, by taking that 
one of the two lower limiting functions which is not less than 
the other. 

The word “ modified”? has been inserted in these defini- 
tions to distinguish the functions in question from the corre- 
sponding functions extensively used by Baireft, and elsewhere 
by myselff{, and which I shall now distinguish as gp and wp. 
The word ‘ modified” will be dropped, and, for brevity, the 
associated functions will usually be denoted by their symbols. 

Lt is obvious that dp= ¢, except where f > . 

Throughout the following investigations theorems are 
usually only enuuciated and proved for the p's, the corre- 
sponding theorems for the w’s can, as is well known, be 
always obtained by changing the sign of f. 


* A short account of these results, as well as of those of the present paper, was. 
given by me at the meeting of the British Association at Leicester, August 6, 1907. 

+ Baire. Sur les fonetions de variables réelles, 1899, Ann. dt ‘Mat., Ser. 5 a2 
pp. 1-123. pis that one of @ and/ which is not less than the other. 

{ Young. The general Theory of Integration, 1904, Phil. Trans. A., CCLY., 
p. 232, seq. Upper and Lowen Integration, 1904, Proc, LM. S., 2,.1f-, p. bd, Seq. 
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Some interesting facts which can be expressed in terms of 
these functions are known, e.g. Baire’s theorem that op vs an 
upper semi-continuous functien, and, as such, at most pointwise 
discontinuous, and Pasch’s* theorem that 7 the points at which 
dr—ve (or o,— Wz) are>k form a set of zero content, f (x) rs 
integrable, 

No complete discussion of these functions appears however 
to exist. In particular, although Pasch’s theorem, quoted 
above, suggests the possibility of the functions not being 
independent, their mutual relations have not been investigated. 
The theorems of the present paper will, I believe, be found to 
clear up the subject; in the light of them for instance, Pasch’s 
theorem and certain other kindred theeremst become 
obvious. 

The greater number of the results of this paper refer to 
the distinction of right and left with respect to the associated 
limiting functions, Previous work on discontinuous functions 
has either entirely ignored this distinction (e.g. Baire’s Thesis 
above refefied to) or has emphasized it in the statement of 
definitions and the like, and, in partieular in the classification 
of discontinuities, without discussing how far the facts of the 
case warranted this. ‘Lhe examples commonly given of 
discontinuous functions have always been those where the 
distinction of right and left either did not exist, or played 
a trivial part.} 


§3. In connection with Baire’s theorem, mentioned above, 
it may be pointed out that the word “continuous” must be 
understood in the extended sense in which a function is said 
to be continuous at P, provided, as % appreaches P as limit in 
any manner, f (#) approaches always a single limit, and that 
limit is f/(P). It is easily seen that this definition is the same 
as the following :— | 

A function f ts said to be continuous at P if the fice 
associated numbers at P are all equal, viz. 


TP) = 1 (P) = on (FP) = br (PF) = oa (P)- 


* Pasch. Math. Ann., XXxX., p. 141. ; 

t+ Dini, Funzioni di Variabili Reali, § 187; Schoenfiies Bericht, p 139. 

{ Mark the importance of testing not only the accuracy but also the scope of 
one’s results by constructing examples. To quote an instance which has come 
under my notice in the course of my present work, Dini (p. 307) states that if 
a left-hand derivate and a right-hand derivate both exist and are finite and 
different at every point of an interval...... certain results follow. 

The reader might well imagine not only that such a case could occur, but that 
Dini knew of a case where it did occur, As a matter of fact, however, the 
hypthesis is an impossible one. In default of an example it could, in such a case, 
only stimulate research to state that an example had net been found. 
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This definition includes the ordinary definition in all cases 
when f (a) is bounded*, but admits of f(@) being always fiuite 
but not bounded, or of f(a) being itself infinite. 

It is most necessary to bear this distinction in mind when 
dealing with the associated functions, as is brought out by the 
following simple example in which / is always finite, but the 
associated functions always infinite. 


Ex. 1. Let 
f= Oat every irrational point ; 
f= qat every rational point p/g, where q is even, and 


f=—gq when q is odd (p being less than g and prime to It). 
Here o,=or=t+o, 


§4. It appears from the above that the exclusion of 
proper infinite values in a paper dealing with the associated 
functions would be an anomaly. Where, however, this 
exclusion introduces a material simplification in the proof 
as well as imparts an extended character to the result, it has 
been made, the general theorem being at the same time 
stated and proved (§§12-14). Unless expressly stated, 
therefore, it is to be understood that infinite values are 


allowed.T 


§5. Since, by a theorem of Baire’s, the points at which 
a function which is upper semi-continuous has a value < fh, for 
fixed k, form a closed set, it follows that the points where p= k 
form a closed set. Similarly, the points, if any, where p= + 0 
form a closed set ; the same is true of the points where ~<k 
or =—o. If the function is pointwise discontinuous and 
finite, the sets 6=+0, ~=—o are dense nowhere; without 
this restriction they may, as in Ex. 1, fill up the whole 
continuum. 


* Borné, limited (Hobson)—that is when the upper and lower limits of £ in any 
recion considered are finite. For obvious reasons I have used the term “ bounded ” 
instead of “limited ;” the word limit would otherwise occur in too many connections. 

+ In Baire’s Thesis, although he uses the expression “fonction quelconque” the 
functions considered must be taken to be bounded. Thus Baire gives and con- 
stantly applies the theorem “bp —f has its lower limit zero in every domain,” 
which, as in Ex. 1, is not true if fis not bounded. Buaire’s theorem, quoted abeve, 
has been extended to the case when / is not bounded, and I have myself lately 
pablished a proof of it without restriction Mess. of Mauth., loc. ert. 
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The following theorem gives us corresponding information 
about the points at which @ or any other upper semi-continuous 
function =—@%., 

The set of the points, if there are any,* at which an upper 


semi-continuous Junction ¢=—, ts an ordinary inner limiting 
set.t 
For, if P be a point at which ¢=—, we can surround P 


by an interval at every internal point of which Q<—n, n being 
any chosen integer. Let d be the largest such interval with P 
as centre, and let the set of intervals d for all positions of P 
be denoted by D,. 

The inner limiting set # of the sets D,, D,, ..., D,... then 
certainly contains the points ¢ =—  ; further, it contains no 
other points; for, if @ be any point at which ¢#—o, we can 
assign an integer & such that @ (Q) >—A, so that @ is certainly 
not internal to any of the intervals D,, and therefore does not 
belong to the inner limiting set #, Q.E.D. 


§6. Baire has shown that the function gz is upper semi- 
continuous; the following theorem, which will be found in the 
sequel of constant application, shows that a corresponding 
statement may be made with respect to each of the associated 
functions. 

THEOREM 1, Any limet approached by > (x), $1 (&), or(a), 
or pp(&) as & approaches a point Pas limit on the right < 1(P), 
and as &% approaches P as limit on the left < op(P). 

For, by the definition of 7, we can find an interval d 
(fig. 2) with P as right-hand end-point, such that at every 
point @ internal to d 


f(@) =< o1(P) +e, 


e being any positive quantity previously selected. 

Thus, describing any interval 6 with « as internal or 
end-point, and sufficiently small to lie entirely inside d, we 
shall have for every point inside 6, including or excluding the 


point 2, 
J (5) <o1(P) +e 


IIlence by their definitions each of the functions @ (2), 
OL (w), pr x) is < ¢1(P) +e, 





* For an example of a case where there are such points see Ex, 6. 

+ Hence the set has the potency c, unless it contains no component dense in 
itself, when it is countable. | Young, Theory of Sets of Foints, p. 64 (Cambridge 
University Press, 19V6). 
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Since ¢ is at our disposal, this proves the first part of the 
theorem; similarly, approaching P from the right, we get the 
second part of the theorem. 


Cor. 1. gz ts upper semi-continuous on the left* and pp on 
the right, while , like pp, ts an upper semi-continuous function, 
and, as such, at most pointwise discontinuous. 


Cor. 2, At any point where 
r= r=; 


both gr and op are upper semi-continuous (on both sides). 
It is hardly necessary to point out that the converse of 
Cor. 2 does not hold; the following example shows this. 


Ex, 2; ‘Let 
J 1 
f(- 5) =1, f (+5) =2 


and elsewhere f= 0. 
Then, except at the origin, 


ox () = or(w) =0, 
while at the origin 


PL (0) =1, ¢r(0) = 2, 


and both ¢, and dz are upper semi-continuous. 


§7. Functions, such as ¢z and gaz, which may be said to 
be one-sided upper semi-continuous, have properties strictly 
analogous to those proved by Baire (pp. 8, 11, 12) for 
symmetrically upper semi-continuons functions. Thus:— 

If f is a function which ts upper semi-continuous on the 
right, the points at which f= k or f=+ x, ts closed on the left.t 

If a function f is upper semi-continuous on the right and 
has its lower limit zero everywhere, the points f= are dense 
everywhere. 

Lf such a function f is always positive, there is in every 
interval an interval in which the lower limit of f ts positive. 


* That is to say @7,> its own associated left-hand upper limiting function. 


+ That is to say, includes all its limiting points except possibly such as are 
limiting points on the right only, that is right-hand end-points of black intervals of 
the set. 
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The proofs given by Baire require little modification ; 
proofs, however (such as those used by Baire in proving other 
properties of upper semi-continuous functions), which involve 
the property that f and dz have the same maximum in any 
interval, cannot be transterred; it is easily seen that this 
property does not hold for f and ¢r, or for f and gp, or indeed 
for f and 9. 

All these theorems, however, gain in interest after proving 
Theorem 5. 


§8. THEOREM 2. Af every point of continuity of ¢, 


r= or=}$, 


and both 7, and op are continuous. 

For, as @ approaches a point P at which @ is continuous, 
whether « approaches from the left or the right, ¢ (wv) has the 
limit @ (P). 

Therefore, by Theorem 1, ¢(P) is not greater than either 
$~(f) or r(P), so that, by the definition of ¢, 


ox (2) = or(/) =¢ (FP). 


This proves the first statement. 

Again, since ¢ is continuous at P, we can assign an interval d 
with Pas middle point (fig. 3) such that, if @ is any point of d 
except P, 


¢ (vw) >k, 
where & is any quantity less than ¢ (P) (or, if 6 (P) =~, is 


also =-— @), 
Therefore, if «, be any point of d other than P, any limit 
approached by @ (a) as x approaches w, will be >. Therefore 


or'v,) =k, and also ¢p(x,) > hk. 


Thus any limit approached by either gz or @p, as a 
aporoaches P, =k, and therefore, & being at our disposal, 
provided only it is <@(P), any such limit > ¢ (P). 

But, by ‘Theorem 1, no such limit is greater than @ (P) 
therefore it is always =@ (P). 

Since, as has been shown, 


@(P) =¢1(P)=or(P), 


this shows that both 7 and ¢ 2 are continuous at P. Q.z.p. 


? 
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Cor, or and op, as well as , are at most pointwise 
discontinuous. 

(N.B. 7 or gz may have points of continuity other than 
those of ¢.) 


§9. The reasoning used in the proof of Theorem 2 is 
unaltered if, instead of ¢, we use dz. Hence we have 
the following theorem :— 


THEOREM 3. The points of continuity of dp are among the 
points of continuity of , so that at each 


dp=o=b,=¢r=/; 


at any point of continuity of & which is not a point of continuity 
oS op 
¢a=f> ¢. 


(N.B. That @ may have points of continuity other than 
those of dz is shown by the following example; it is shown in 
§ 14 that such points, if any, are countable.) 

ix. 3. Let f=0, except at one or more isolated points 
where f= 1. 

This function is upper semi-continuous and therefore = dz; 
it is discontinuous wherever its value is 1; ¢, however, is 0 
always, and therefore continuous. 


§10. Turorem 4. The only points at which both 1 and 
or are continuous are the points of continuity of >. 

For, if P be a common point of continuity of gz and ¢p, 
as @ approaches P from the left, @x(w) approaches as limit 
@n(P); therefore, by Theorem 1, 


or(P) < or (P). 
Similarly, approaching P from the right, 

ox(P) <¢gr(P). 
Therefore or, (2) = or(P) = om) iacay 


Now, if we take any sequence with P as limiting point, 
passing along which # (w) has a definite limit, at each point 
is the same as either $7 or dp, and therefore we can so pick 
out the points of the sequence that @ is always the same as 
one of these functions, say ¢,; the limit will therefore be 
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$,(P), that is, as has been shown ¢(P); thus ¢ is continuous 
ata? OLED. 


§11. Results exactly analogous to those obtained for the 
¢’s hold, of course, for the ~’s, lower semi-continuity replacing 
upper semi-continuity. 

The points of discontinuity of a pointwise discontinuous 
function form an ordinary outer limiting set of the first 
category, that is the outer limiting set of a series of closed sets 
dense nowhere and each contained in the succeeding. It at 
once follows that the discontinuities of two, or any finite 
number of, pointwise discontinuous functions also form an 
ordinary outer limiting set of the first category. 

The complementary set of a set of the first category with 
respect to any segment is, as is shown by Baire, a set of the 
second category, dense everywhere, of potency c, and having 
common points with every set of the second category, these 
common points forming, as is easily proved, themselves a set 
of the second category. Such a set is therefore formed by the 
common points of continuity of ¢ and y, points at which, as 
has been shown, ¢, $z, and ¢z are all equal, and so are 
W, wr, wp, 80 that we may say there is no distinction of right 
and Jeft. Thus we get the following statement :— 

There 1s no distinction of right and left except possibly at 
points of an ordinary outer limiting set of the first category. 

The following example shows, however, that the exceptional 
points may be dense everywhere. It will be noticed that in 
the example the exceptional points are countable; this suggests, 
what is in fact true, that the above statement does not give us 
all the information possible about the exceptional points. It 
is shown in § 12 that such points, tf any, are always countable. 
Thus the following example may be taken as typical of 
a function having the most complicated possible distribution 
of points at which there is a distinction of right and left. 


Ex. 4. Divide the segment (0, 1) of the w-axis by continued 
bisection so as to construct in order the terminating binary 
fractional points 3, 4, 3, .... 

Divide the segment (0, 1) of the y-axis by continued 
trisection and blackening of the middle seginent, so as to get 
the black intervals of Cantor’s typical ternary perfect set 
(hig. 4). 

Let each binary point as it is constructed in order on 
the x-axis correspond to the middle point of the black interval 
constructed at the same stage on the y-axis. 
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If we then let each limiting point on the x-axis correspond 
to the limiting point of the corresponding points on the y-axis, 
the correspondence would give us a monotone function, point- 
wise discontinuous, and, within the limits of vision, represented 
in fig. 4. 

It, however, instead, we assign at each point other than 
the terminating binary. fractional points, a value greater by 
unity than the value of the above monotone function, we get 
a totally discontinuous function having at every terminating 
binary fractional point all five numbers 7, ¢r, bz, wr, fs 
distinct, while, at the remaining points, there is no distinction 
of right or left. 

rer using the binary scale for @ and the ternary 
scale for y=/(), we have, e, denoting a figure which may be 
either 0 of 1, and ¢, ' standing for 2e,, 


yeaa hts fs 
PAO COs ag =0.¢é, gi ree Ly 


TO Pete ten. 6 snas) euler aie ce 


nnt+i° n+1°°°* 


- At the latter point we have 
f=¢1=¢br=l+dz=14+ yp; 
but at the former point we have 
Yr=0.¢,¢,...6, l=¢7—1, 
Wr=0.e,e,...¢,2=GR-1, 


so that all five numbers are distinct. 


§12. We shall require the following Lemma fiom the 
Theory of Sets of Points, which is here stated, 1 believe, for 
the first time. It is closely analogous to Cantor’ s Theorem of 
the Nucleus. 

Lemma. If 8 is a set which is more than countable, vt contains 
a component U" which is dense in itself on both sides, and more 
than countable in every interval containing a point of U"" 

Using the nomenclature of Young’s Theory of Sets of Points, 
p- 53, we call a point of S an L’-point, if in every interval 
containing the point there is a more than countable set of 
points of 8. 

It is then known that a set is, or is not, countable, according 
as it has not, or has, an Z’-point, and that, in the latter case, 
the set of L'-points i is dense in itself and more than countable, 
while the remaining points of S are countable. It follows 
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that in the neighbourhood of any Z’-point there is a more 
than countable set of Z’-points. 

Now, if P is an L’-point which is a limit of Z’-points on its 
right, but not on its left, there is an interval with Pas right- 
hand end-point containing no Z’-point. ‘Thus such one-sided 
L’-points, being end-points of a set of non-overlapping intervals, 
are, like the intervals, countable. 

Next, let Q be an L’-poiut which is a limit on both sides 
of Z’-points. 

Then in any interval with @Q as end-point there is an 
L'-point, and therefore a more than countable set of L’-points, 
and therefore, by what has just been proved, certainly there 
will be another Z’-point which is a limit on both sides of 
L’-points. ‘Thus such a point Q is a limit on both sides of 
points of the same kind. 

Thus, if we remove the one-sided limits there remains over 
such a set U’ as is mentioned in the enunciation. Q.E.D. 


§13. THrorem 5. The points, if any, at which 
Lone ee eee pete (1) 


are countable, 
For let & be any chosen number, and consider the set of 
points S at which 


Dip Ppt hice. oechavat ore oleate Sera 


By the sense of this equation ¢pz is not —«, therefore the 
set S may be considered as the outer limiting set of the sets 
S,, 8,, ..., where S, is the set of points at which, beside (2), 


Piper sree esa as autee pack es -...(3). 


Thus, if S, is countable for all values of 7, S is countable, 

Let us now make & assume in succession the values of 
a sequence of positive quantities with zero as limit; the outer 
limiting set of the sets S will then be the whole set of points 
satisfying (1); this set will therefore be countable if § is so. 
Thus it is sufficient to show that Sis countable to prove the 
theorem. ‘This we can do by the Lemma. 

For suppose, if possible, that S, contained a component U 
dense in itself on both sides, and let P be any point of the 
set U. 

By reason of (3) we then have 


7 <Ohy, (Js); 
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as aresult of Theorem 1. Therefore, by (2), 


Since this is true at every point of U, it may be taken to 
replace (3); therefore, by the same argument, 


Pr Pd Dat 2k, 
and similarly 
dp>rtnk, 


for all values of x, at every point of U. Hence 


ozp=t 


at every point of U. 


Hence, by Theorem 1, since there are certainly points of U 
on the left of P, 


o,(P)=+, 


which is clearly incompatible with (1) or (2). 

Thus the assumption that Shas such a component is 
untenable, so that, by the Lemma, S, is countable, which 
proves the Theorem. 


§14. The importance of this theorem justifies giving the 
shortened form of the proof in the case when the function / is 
bounded. At the same time we are able to give in this case 
a more complete enunciation. 


THEOREM da. If fis a bounded function, the points, of any, 
at which 


Se WAGE Ce TYR ey ee sew ee (2) 


form a set which has no component dense in itself on the left 
at least. 


Tor if there were such a component U, and P were a point 
of it, we have by Theorem (1), near P on the left, 


Lt pr () = 921 (P), 
so that by (2) we can certainly find a point 2 of U at which 


pr (e) << pr (P) — dh. 
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By a repetition of the argument, we get for any value of 
na point @, of U at which 


pr (@,) < or (P) —ank, 


which is clearly impossible if f and therefore dz is bounded. 

That the set of points satisfying (2) may be dense in itself, 
provided it is so on the right alone, is shown in Idx. 5. 

That the statement in Theorem 5a is not necessarily true 
when the function is unbounded is shown in Ex. 6. The 
restriction to bounded functions is however not necessary, it is 
indeed sufficient if the function / is always finite. ‘he most 
general form of the theorem, suggested by Ex. 6, is that 
given below as Theorem 5b. 


Ex. 5. Let the black intervals of a perfect set, dense 
nowhere, be (A, 6), (A., By, (4,, B,), . (fig. 4). 

At every point of the perfect set let peat 1, while elsewhere 
f=90. Here ¢,=¢n, everywhere except at ‘A, ais, «oe Where 
iets op—0,;.and at Db. 2. ,.. where ceeaie es 

Thus the set 


pr— i= k, 


provided & <1, is dense in itself on the right, while 
or- ¢r=k 


is dense in itself on the left. Both sets are, of course, 
countable. 


Ex. 6. As in the preceding example let (4, B), 
(A,, B,), ... be the black intervals of a perfect set dense 


nowhere. At every point outside these intervals let f=—o. 
At every point of the closed interval (4,, B.) let f= —n. 
Then at every point where /=— 0, ¢ =— @ also, and we 


have a distinction of right and left at the end-points of the 
black intervals only. 


Now at A, we have ¢g=—n, 9, =— ©; while at B we 
have gr=—N, gr=—%. Thus the set of points 
gr—-oL=hk 


consists for all values of & of the points A,, A,,... which is 
dense in itself on the left; while the set 


oi — or2k 
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consists of the points B, B,,... which is dense in itself on 
the right, ; 


THrOREM 5b. Jf there ts a set of points dense in itself on 
the left at least at every point of which 
(Set SApad eR Gy 


then the points at which 
and at the same time 


are more than countable. 

For, if U be such a set of points, and P any point of U, 
we can show as in the proof of Theorem 5a, that, however 
large n may be, we can find a point w, of U, as near as we 
please to P, at which 


or (@,) <r (P)- 2 (n- 1) k. 
Therefore (since by (2), @z (P) is not +), we can find 
an integer m, such that for this and all subsequent integers, 
or (#,) < - HL, 
a fortiori, by (2) 
pr (x,) < — A. 
Therefore, by Theorem 1, we can find a whole interval d,, 
having @, as right-hand end-point, throughout which both 


f and # are less than —J/: since a, is a point of U, there 
certainly are points of U internal to d.,. : 


Applying the same reasoning to this interval, we get 


another interval d, containing points of U, such that throughout 
it both fand ¢ are less than — 2/2. 

Proceeding thus ad infinitum we determine at least one 
point Z internal to all the intervals, at which 


JiL\j=—o, 
and also ¢(L)=—m. 


Since there is at least one of these points Z in the neigh- 
bourhood of every point P of U, they form a set, which, like 
U, is dense in itself. But, by construction, they form an inner 
limiting set, therefore* they are more than countable. Q.E.D. 


* Theory of Sets of Points, p. 64. 


a ee 
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Ex. 7. Let us use the binary notation, by which, e, being 
either 0 or 1, 


Cn 
SC NG SBE + 20 beret on tare 


n? 


At every non-terminating binary fractional point let f=— oo. 
Any terminating fraction may be expressed in the form 


ry s 
2 €,€5000€,0'L", 


where 0° stands for r consecutive zeros, and 1‘ for s consecutive 
ones. At this point let 


f=-2"". 
Then we have at the same point 
@,=—-2""", 
and dr=—o. 


For as we approach the point from the left, the terminating 
binary fractions have the limit 


£6,0,+406,0°L01, 
while the limit on the right is 
1 €,€ 5: 6,0°1'0. > 
Thus the set 
dr—-gr=k 


consists for every value of k, of the terminating binary 
fractional points; that is the set is countable but dense 
everywhere, and therefore, of course, dense in itself on 
both sides. 


§15. Any one of the Theorems 5, 5a, or 5b shows that the 
points, if any, where @p> yz are countable, and, of course 
similarly, those where dy > ¢z are countable, Thus the points, 
if any, where pp differs from oz are countable. Combining 
this with the corresponding results for the lower limiting 
functions Wp, and wy, it follows that the points, if any, where 
there ts a distinction of right and left are countable, ‘This 
completes the investigations of § 9. 


§16. The reasoning used in proving Theorem 5, depending 
as it does simply on Theorem 1, remains true if we change 
orinto/, Hence we have the following result :— 

VOI, SOCKIX, G 
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THEOREM 6, The points, if any, at which 


ip PL; 
or TS <op: 
or S> >? 


are countable. 

Combining this with Theorem 5, 

dr=or=oZ2/ and also ¥r=Wr=VS/f, 
at all but a countable set of points. 

The more detailed results given in § 12, viz. Theorems 5a 
and 5b, have in the same way their exact counterparts here, 
using f instead of op. 

Ex. 8. Let f() =—g, and f(a”) =—oo at each irrational 


point «. The set />¢@ consists of the rational points and is 
therefore dense everywhere. 


Ex. 9. The following examples involve only bounded 
functions, the set of points at which /> ¢ is dense everywhere. 

(a) Let (®) St while at each irrational point 2, 
tf (x) =0. 

Here or=¢r=G=1, -r=~e=Y=0. 

The points at which f> ¢ are the rational points. 


(5) In the above the set of points at which f>@+h is 
finite; by a slight modification of the values at the rational 
points we can make it infinite without altering @ or w. 


1 
Let (2) =]+4+—. 
f q Tera 
Here, provided only k <1, we can, to each integer q find 
at least one integer p prime to q and such that 
l<gq ee 
pape ay hb: 


At each such point © we shall have f> o+k; thus this set 
is countably infinite. 
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(c) Both these functions are totally discontinuous. We 
may change them into pointwise discontinuous functions by 
assigning at the irrational points the value 1 instead of 0. 
This does not affect ¢, but it makes ~=1, so that every 
irrational point is a point of continuity of f. The sets of 
points f> ¢+k are unaffected by the change. 

Tn contrast to the examples just given the following is an 
example of a bounded function which is less than » and 
greater than ) everywhere. 


1 1 
Ex. (2\=2--, (2) =- 
t 2q q t 2q+1 q’ 
J (w) =1, when = is irrational. 


Here g=2, ~=0. 


§16. Thus we see that, although from the point of view of 
distribution in the continuum, the distinction of right and left 
may exiat in every interval, however small, yet from the point 
of view of potency it is the exception, and not the rule, for 
there to be a distinction of right and left. 

This is rather upsetting to the accepted classification of the 
discontinuities of a function of a single variable, in which 
a discontinuity is said to be of the first kind, or ordinary, if 
both the limits f(#—0), f(#+0) exist* and have definite 
values which differ from one another.f 

We have, in fact, now learned that such “ordinary”’ dis- 
continuities are at most countable, while the remaining 
discontinuities, which may be more than countable, must be 
properly considered ag normal. 

Again, if neither of the limits f(a —0), f(# +0) exist, the 
discontinuity is said to be of the second kind.{ Here we 
notice that the normal thing is to have three numbers /, ¢, 
and y at such a discontinuity, and only at most in a countable 
set of cases can there be more; the oscillations on the right 
and left§ coincide therefore in the normal case. 


* That is op=Wz,=f/(e—0) and Pp=Vpal (e+). 
+ See Hobson, Functions of a real variable, 1907, § 181, p. 234. 
t Loc. cit., p. 235, lines 9-13. 
§ Loc. cit., p. 235, lines 14, 15. 
Gottingen, 
June, 1907. 
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ON A CURIOUS DYNAMICAL PROPERTY OF PARTICLES 
IN EQUILIBRIUM, AND ON SOME PROPERTIES 
OF SPHERICAL TRILINEAR COORDINATES. 


By the late Dr. E. J. Rovutu.* 


N a short memoir published in the Bulletin de la Societé 
Mathematique de France, 1897, vol. Xxv., M. Andrade has 
discussed a curious question concerning the stability of 
a material point. He showed that a particle in stable 
equilibrium under the separate actions of two systems of 
non-conservative forces may not be in stable equilibrium 
under the two systems acting simultaneously. In the next 
volume of the same journal M. Lecornu carries the proposition 
a step further, and shows that the mere introduction of a con- 
straint without the addition of any active forces may be 
sufficient to make the equilibrium unstable. 

These theorems, though not altogether new, seemed so 
interesting that I was led to examine the problem over again 
in a more general manner. As the method here employed is 
different from that of M. Lecornu, the theorems arrived at, 
though they do not contradict his results, are not common te 
the two discussions. 


1. The position of equilibrium, O, being taken as the 
origin, let (wyz) be the coordinates of the moving particle 
referred to rectangular axes fixed in space. ‘The forces may 
then be represented by 


X= ant fytez 
V=f et by Pde ye eee 
Za=ex+dy+cz 





* This paper was written by Dr. Routh shortly before his death, and seems to. 


have been left by him in a nearly complete state. 
Mrs. Routh informs me that he was unable to work after the middle of April. 
when his strength failed rapidly and he lost the power of concentration. He died. 


June 7, 1907. On the first sheet of the paper in Dr. Routh’s writing is the title. 
“On a curious dynamical property of particles in equilibrium, arts. 1-10. Also. 


some properties of spherical trilinear coordinates which appear to be new, arts. 
11-19. [For the Quarterly Journal of Mathematics}.” ‘ 

The whole MS. is carefully written in ink in Dr. Routh’s neat writing, so well 
known to his pupils, with a few pencil additions. It has been printed verbatim as 
it stands in the original MS., except for a few trifling alterations indicated by 


Routh himself in pencil, and due to his having changed the sign of p? from positive, 


to negative in equation (2). EDITOR, 


Se 
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The possible directions of rectilinear motion are then 
given by 


which leads to 
(atp’)a+fy+ee=0 
PEt p")yYAMUT=O baivrececieeees(3)i 
extdy+t(ct+p’)2z=0 


By eliminating the ratios of x, y, 2 we arrive at a dis- 
criminating cubic by which we can determine p’. 


2. It is therefore obvious that two cases arise: (1) that in 
which the cubic has three real roots which we represent by 
Pi > Ps) Pa» and (2) that in which the cubic has only one real 
root; 


3. Let OA, OB, OC be the principal axes of the free 
motion; OZ, OM, ON normals to the planes BOC, COA, 
AOB. Then on a sphere, centre O; L, M, N are the corners 
of the polar triangle of ABC. We shall suppose that the 
positive directions of OA, OBL, OC are so chosen that the ares 
AB, BC, CA on the sphere are each less than 7. The 
spherical triangle ABC may be called the principal triangle. 

Let (a'y'z') be the oblique coordinates of the moving point 
P referred to the axes OA, OB, OC, and let (X' YZ’) be the 
oblique components of force. Then, since (Y', Z’), (2’, X’) 
(X’, Y’) vanish when (y’, 2’), (2, «'), (a, y’) are respectively 
zero, we have 

Mie—pie;, Y=o—pyy, 2=—pes 

Let (xyz) be the rectangular coordinates of P referred to 

any fixed axes, O being the origin. Let the direction cosines 


of OA, &c., OL, &c: referred to these axes be given by the 
diagrams 


wy 8 lester oc meee 
Pie RONG EM, The haee bal 
J8 etd oie MMi Ne © a 
OC a’ ie yy N we pe" py’ 


where we may replace the letters A, B; C by their equivalents 
x’, y’, 2 if this is more convenient. 
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In the first case there are three real directions of possible 
rectilinear motion, which are not necessarily at right angles, 
and are sometimes called the principal axes of the motion. 
(See the author’s Dynamics of a Particle, arts. 292,513.) In 
the second case there is only one such axis. Let us consider 
these cases in order. 

To fix our ideas we suppose the particle to be in stable 
equilibrium under the action of the , system of forces (X YZ). 
In this case the three roots p,’, p,, p, are positive, and the 
three periods of oscillation are 27/p,, 27/p,, 2r/p, Let us 
now suppose that a constraint 2s introduced into the system, 80 
that the particle is constrained to move on a surface which 
passes through the point O. Our olyect is to determine whether 
the position of equilibrium at O remains stable or becomes 
unstable. 


4, Let (X YZ) be the components of force along the axes 
(yz), then 


—X=p'e' .atp, {ya +p,78'.a", 
— Y=p,'0'.8+p,’y'.B'4+ pz 
—Z=p't .yt+psy.y tp,ye ry". 
Resolve (a’y'z’) along OL, OM, ON, we find 
e cosLA=xr +yp +2y, 
y csaMB=an + yp’ +2’, 
2 cosNC=anr’ + yp" +2", 


Now, if we take the plane of xy as the tangent plane of the 
constraining surface, we have z=0, After eliminating ee yz), 
we find 


i ye a f : on” ft 
Py a + Py cos BM TPs cos CON |” 


4. 


; BN » AS 
P; ay aes cos BM + Ps cos iia 





ri be : Py u 
fp, ae oa BH + Ps cos cont? fy 
Tih 





+p," 


"4 ars cos AL + Py cos BM cos AY 7,7 
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This we may write shortly 
-~X=An+By, —-Y=B'x+ Cy. 


To solve these. we write -X=m’x, — Y=m’y, and arrive 
at the equations 


(A-—m’)x+ By=0, B’e+(C—m’)y=0. 


5. CONDITIONS OF STABILITY. The quadratic giving the 
periods (27/m) of the constrained motion is 


m —(A+C)m'+(AC-— BB')=0. 
Put A+CV=u, AC-BB'=y, v’-4v=w. 


The roots will be real if 2 is positive, and both these roots 
will be positive if w and v are positive, Zhe conditions of 
stability of the particle after it has been constrained to move 
on a fixed surface are that all the three quantities u, v, w must 
be positive, 


6, THE TRILINEAR COORDINATES. The normal to the 
surface of constraint at O has been taken as the axis of @ in 
the rectangular system of axes (art. 3). To prevent confusion 
with other systems of axes we designate this particular normal 
by the letters OG, and its intersection with the sphere whose 
centre is O by the letter @. We now put 


pete. cos LG _ cos BQ. cos MQ se SCAT YS 
a: Eisley Lac cos DM aise cosCN ~- 


These quantities may be regarded as the spherical trilinear 
or areal coordinates of Q when referred to either the spherical 
triangle ABC or the polar triangle LMN. 


7. THE CURVES u,v, w. We find by using the known 
properties of direction cosines given by the diagrams in art. 3, 
that 


u=p, (1-8) +p, (k—n) +p, A — 8), 
Pp vil G— 9) + pip, (l= 96) hyp, F—¢-— €), 


w=u"— dv. , 

By turning the straight line O@ round O into any position 
defined by (nf), we determine at once, by observing the signs of 
uvw, whether the introduction of the corresponding constraint has 
introduced instability or not (art. 5). 
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8. GEOMETRICAL FORMS. To put this result into a 
geometrical form, we refer the motion to a set of axes Ox, 
Oy, Oz, which are fixed while O@ moves. Let (a,y,z2,) be 
the coordinates of any point in OQ, 7, its distance from O; 
the direction cosines of O@ are then «w,/7,, &c. Let the 
direction cosines of the fixed lines OA, OL, OC, OL, &c., be 
(a,8,y,)s (a4'B,%.)s ("By"); Onkyy,)y &e. (See art. 8). 
Then, by Art. 6, 


rE=r,'cosA QcosLQ/cos AL 
= (4,0, + By, +%,2,) Ont, + i, +%4%)/cos AL. 


Hence 7,°é, and similarly ,’7, and r,7¢ are quadric functions 
of (w,y,2,). And the surfaces defined by u=0, v=0, F=0, 
9=0, ¢=0 are quadric cones. These cones separate the spaces 
on the sphere on one side of which u, v, &, d&c., are respectively 
positive and on the other negative. The surface w=0 is a 
quartic cone possessing a similar property. 


9. When Q is at the corner C of the principal triangle 
(art. 3) E=0, 7 =0, =1, and therefore 


u=p," + Ps) 0 =7,'P,'s Lo ices BO 


When Q is at the corner N of the polar triangle we have again 
&=0, 7=0, [=1, and u, v, w have the same values as before. 
Thus u,v, w are positive at every corner of both triangles. 
When therefore Q lies on the same side of the cone u=0 as any 
one of the six corners A, B, C, L, M, N, then u is positive at Q 
and one condition of stability is satisfied. Similarly, when Q 
lies on the same side of the cone v=0 as any corner then »v is 
positive and a second condition of stability is satisfied. In the 
same way, if a curve on the sphere can be drawn from any 
corner to the point @ which cuts the quartic cone w=0 in an 
even number of points, then w is positive at Q@ and the third 
condition of stability is satisfied. 

We may therefore change the stability into instability by 
merely placing the normal O@ so that any one of these conditions 
és not satisfied. 


10. The equations giving the values of & and w may be 
written in the forms 


rt ie F(@,y,%,)s ee (u —p, cts a) as E'(x,y,2,)s 
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where /(#,y,2,) and /'(a,y,2,) are quadric functions of (#,¥,2,), 


whose coefficients are the same for all positions of the radius 
vector OY. It follows that the surfaces defined by any given 
values of & are concyclic and coacial cones. ‘he same remark 
applies to the cones defined by any given values of », ¢, u, v 

The circular sections of the cones defined by giving & any 
constant value are parallel to the planes 


a oa + By, ct iiegum 0; Ae, zi MY, a hes ae, 0, 
‘and these planes are respectively at right angles to OA and 


OL (art. 8). Thus the two sets of circular sections of the 


cones £, », € are perpendicular to (OA, OL), (OB, OM), 
(OC, ON) respectively. 


11. OM SPERIVAL TRILINEAR COORDINATES. Let ABC be 
any spherical triangle, LAZN its polar triangle. ‘The spherical 
coordinates of a point P here used are 

eens AP.cosLP _cosBP.cosMP ta cosCP.cos NP 
eer Chee aetna con BI? cos. | 


We may express these in terms of the elements of either 
triangle alone. Let AP, BP, CP produced cut the opposite 
sides of ABC in G, ies K (fig. 5), and let ZP, MP, NP 
produced cut the sides of the same triangle in G’, H', de 

Since NV is the pole of AB, 


cos NP=sin PK' =sin PK.sin K, 
cosNC=sinCF =sinCK.sin K. 


Substitute in the expression for & and the result contains 
the elements of the triangle ABC alone. We thus find 


_cosAP.sinGP  _ cos BP.sin HP ra cosOP.sin KP 
is sit Ga eee sini Bie 1 we in OL 
We have similar formule when the oe Aas of Pis referred 

to the triangle LIZN. 
The ares GP, HP, KP are taken positively when measured 


in the directions GP, HP, KP respectively. We notice that 
the arcs AL, BM, CN lie between +47, 


12. We shall now prove that the invariable relation con- 
mecting these coordinates takes the simple form 


E+n+f=1. 
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This relation is much simpler than that which holds between 
the perpendiculars from P on the sides when taken as the 
trilinear coordinates, and is also simpler than that between the 
angular distances AP, BP, CP. Both these last formule 
consist of seven terms each containing the product of four or 
five factors. 

To prove this, we take OA, OB, OC as the axes of 
a system of oblique coordinates, (w'y'z’) being the coordinates 
of P. By projecting 7’ = OP in succession on the normals 
te OM, ON to the planes BOC, COA, AOB (art. 3), we 

n 
we’ cosAL=r'cosLP, y'cosBM=r' cos MP, 


z  cosCON=r' cos NP. 


Let I be any other point on the sphere, then by projecting 
r = OP on OII, we have 


a’ cos AII + y' cos BI + 2’ cosCMl =?" cos PH. 
Therefore 
cos All.cosiP cos BIl.cos MP cosCIi.cos NP 


cos PI = cos AL cos BM a cos UN 
Similarly, interchanging P and 1, 
see at _cos AP. cos LI 4 008 BP.cos MM  cosCP.cos Nit 
L = cos AL cosBM cosON : 


Hither of these formulz gives the cosine of the are joining 
any two points, and reduces to the ordinary expression 


cos PI] = cosa cosa’ + cos 8 cos 8’ + cosy cosy’ 


when the axes OA, OB, OC are rectangular. 
Let the points P, II coincide, we then have 
L=E+nt+6é. 


The coordinate curves on the sphere defined by equating 
the coordinates &, », € in succession to any constant may be 
called for brevity the curves &,, €. The cones having these 
for base and the common vertex at O may be designated the 
cones &, n, 6. 


13. To find the points of intersection of the quadric 
U= DE + Hyn+ FE=0 
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with the sides of the triangle ABC, the coefficients DEF being 
constants. Let P be any such point, &y its coordinates. Put 
€=0, and we have 


DE + En =0, Bly leet eee aren ds Gaa.aee (Ty: 


Substitute from the second formule of art. 11; since P lies 
on AB, G coincides with B, and H with A, hence 


Dtan BP+ Etan AP=0 ssscessoeseeeee(2). 


The quadric U=0 therefore cuts any side AB, or AB 
produced, in points such that the ratio of the tangents of the 
segments is equal to the ratio —D/H#. Since 4P+ BP=c, 
the equation (2) is practically a quadratic to find tan AP or 
tan BP, and supplies two values of tan AP real or imaginary. 

We may determine whether the intersections are real or 
imaginary more simply by solving the equations (1). 

If the value of & thus found is inconsistent with the superior 
and inferior limitations to the values of &, the intersections are 
imaginary. ‘To find these limitations we make £ sinc, that is, 
cos AP.sin BP a max-min. The result shows that the maximum 
and minimum values of £ are } (cosecc+1), and that they occur 
at points distant +47 from the middle point of AB. 


14. Before proceeding further it will be convenient to trace 
briefly the different positions of the coordinate curves f. The 
polar equation of this curve, when referred to the middle 
point Z of CN as origin, is obviously 


cos’n.cos’p —sin’n.sin’p.cos' ¢ = cos2n, 


where CV=2n, TP=p, and the angle CTP=4@, and ¢ has 
any constant value. 

For any given value of ¢ the polar equation leads to but 
one value of cos2o. It follows that points, the sum of whose 
distances from 7’ is equal to 7 and which have the same 4g, 
have also the same value of 2. ‘These two points are clearly 
equidistant, on opposite sides, from the great circle whose 
pole is 7. 

Let the are CN, when produced, cut AB, 2M in F, Ff’, 
then NCFF" is at right angles to both AB and LM. Let the 
sides AB, LM intersect in J and J. Then J and J are the 
poles of NCFF" and the polar circle of 7 passes through J 
and J and bisects /F" in some point 7”. 

The great circle IT’J divides the spherical surface into two 
equal parts and the values of © are the same on each side. 
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15. Since €=cos CP.cos NP/cos2n, it follows that then 
€ ts negative P lies between the two great circles AB, LM, and 
¢ is a negative maximum when p=47, ¢=0, that is at the 
point Z’ (art. 13), Its value at Z” is —sin’n/cos2n and the 
curve ¢is then reduced to the solitary point Z”. 

As § approaches zero (but is still negative) the & curves 
become elongated ovals which surround Z” as their centre 
and extend from ¢=—¢, to ¢=+¢, where 


cos'$, = — §cos2n/ain’n. 


When £=0, the curve € becomes the two sides 4B, LM, 
and the cone ¢ reduces to the two planes containing those 
sides. Thus €=0 when P lies on any side of erther of the 
triangles ABO, LMN. 

When € becomes positive, the curves encirele the point 7’ 
(fig. 6). When €=1 the equation of the curve becomes 
cos CP.cosNP=cosCN, and the angle OPN ts obviously 
a right angle. For the sake of brevity we may call this 
particular curve the sphero conic on CN. 

As ¢€ continues to increase, the € curves lie inside the 
sphero conic on CN and € is a positive maximum when p=c, 
that is, at the point Z. ‘The value of ¢ at 7’ is cos’n/cos2n, 
and the curve is then reduced to the solitary point 7. 

In the figure the dotted lines represent the forms of the 
€ curves. ‘The points (4, B), (LZ, M) lie on LE, LFS 
respectively. 


16. To TRACE THE CURVES u, v, w. Returning now to 
the conditions of stability (art. 7), the fundamental equations 
u, v may, by using art. 11, be written in the forms 


u=(p, +p.) E+ (p,' +p.) 0+ (p,'+p,') § 
vp. pb +p, pnt PPS 
w=u*—Av, 


In order that the motion may be unstable it is necessary 
that one at least of the expressions (wvw) should be negative 
(art. 5). It is evident that the curves u=0, v=0 cannot be 
real unless one at least of the coordinates Enf is negative at 
every point of the curve. The same results will presently be 
proved for the curve w=0. These three curves must lie 
within the area of the three lunes formed by producing the sides 
(AB, LM); (BC, MN), (CA, NZ). This is just the space 


property of particles tn equilibrium. — 93 


which becomes evanescent when the forces form a conservative 
system, and the principal axes OA, OB, OC are therefore at 
right angles. 


17. The quartic expression 


Gen Aa (Estat) an weete (1) 


may be written in several other forms. Substitute for u and v 
from art. 16, and we find 


= (P7E + P2n — Pty +4 P) Pink... (2), 


where las = Py. = eel ih De he ie RTC eee 
as a , Ps are in descending order of magnitude, P? Be ta oS: 
are positive quantities such that | 


Pee Eee Osc wicsaveskuccesss 500 (0.)s 


It follows that w cannot be negative unless 7, € have 
opposite signs, and similarly &, ¢ have opposite signs. Hence 
one at least of the three coordinates yf must be negative at. 
every point of thecurve. The spherical area enclosed by w=0; 
lies therefore within the lunes formed by the sides (AB, LM), 
(BC, MN), (CA, NZ), and these lunes are ‘evanescent when 
the principal axes OA, OB, OC are at right angles. 


18. Expanding the expression (2), we find 
w= Pte? + Poin? + Pi? + 2PiPPEn + 2P PP ind — 2P i PLES. 


The quartic w=0 therefore touches each of the sides of the 
triangle ABC and therefore also those of LMN. By putting 
&, €, m in succession equal to zero, we find that the points of 
contact with BC, AB, AC, &ec. respectively lie on the curves 


Pen + P= 0, de 15 Pos 0, tas ck Po = 0. 


The exact positions of these points may be deduced from 
the rule in art. 11 and depend on the values of P,’, P,’, P,’. 

We notice, however, that each of these curves correspond 
to two points of contact such that 7, €and &, [ have opposite 
signs in the two first, while €, € have the same sign in the 
third, ‘The two first points of contact therefore lie within the 
lunes, and the third is external to all three lunes. 

Other properties of the curve w=0 are suggested by the 
corresponding theorems in trilinear coordinates and need not 
be mentioned here. 
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19. A third form for w is 
wel) (1b) — 2,2, i ee 


where the sum of the reciprocals of the coefficients is easily 
seen to be zero (art. 17). The quartic curve w=0 therefore 
touches each of the quadrics P (1—n)+P,(1—€)=0 in 
points which lie on the sphero conic described on CW (art. 15). 


THE BINOMIAL THEOREM. 
By A. C. Dixon, Sc.D., F.R.S. 


iB. the Quarterly Journal, Vol. XXXVIIL., p. 108, Mr, Barnes 

has called attention to the most general case of the 
binomial theorem, and given a proof. ‘The present paper 
gives another proof, which depends only on principles that 
are given in the text books of Chrystal and Hobson, and 
establishes the logarithmic and binomial theorems with little 
more trouble than is necessary for the proof of the logarithmic 
series only. 

It may be noted that in addition to Abel’s, a proof 
depending on the rearrangement of a double series is indicated 
by Chrystal (Algebra, Vol. 2, p. 302, ex. 19), while the 
theorem is a case of Taylor’s and could therefore also be 
proved by the integration of 

(1+2)” 


—___—*_q2 
z—t 


round a circular path enclosing the origin. 
Let Jt (m, %) =1+ mg (m, 2), 


Rent it — 2 
where g (m, 2) =2 + a+ SOE Bt esey 


m, @ being complex, and |z|<1. It is to be proved that 


F(m, 2)=(1 +2)”. 

Now, if |m|<1,|m—-n+1]| <n for positive integral values 
of m, and thus the moduli of the coefficients in g(m, 2) are 
all <1. Hence, if |2z|<b<1, the moduli of the terms in 
g (m, &) are less than the corresponding terms in 


b+ 0° + Uo +. 
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Thus, when | z| <0, |m|<1, the series g (m, z) is absolutely 
and uniformly convergent, and the modulus of its sum 
<b fC —b). 

f|m|<1—84, then the absolute value of f(m, 2) —1, that 
is, of mg(m, z), is less than 6, and the point representing 
7 (m, 2) lies within the circle |z—1]=0, 

Suppose then that | z|<d, |m|<1-0d. 

Let logf(m, z2)=K+cL. Since the series f(m, 2) is 
uniformly convergent, its sum is a continuous function of 2, 
and the logarithm A+ Z is also continuous since f(m, z) does 
not approach the value 0, but lies within the circle |g —1|=0. 
Hence A+ cZ is completely fixed when we say that it is to 
vanish with 2. 

Similarly, let log f (m/q, 2) =k+l, where gq is a positive 
integer, and &£+./ vanishes with 2 and is a continuous 
function of z. 

We have {f (m/gq, z)}"=f(m, z), by multiplication of series, 
and therefore A+sL— q9(k+el)= a multiple of 2u7, which 
must be 0, since it vanishes with 2 and is a continuous 
function of 2, Hence k= K/g, l=L/q¢. 


Now 
St (m/g, 2) =e (cos? + sin?) 
=eK/¢(cosL/¢g+esinL/q). 
Therefore 
g(m/q, 2) =[eX/9 (cosL/qtesinZL/g)-—1]q/m 
=(K+L)/m 


in the limit when q is infinite. 
But, on account of the uniform convergency, 


vase! (m/9, 2)=9 (0, 2); 
that is 
K+iL=mgq (0, 2) 
=m(z—42?4+}2°—...), 
f (m, 2) =expm (2 — $274 42°-...). 


This result has been proved when |2z|<b, |m|<1—0. 
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For a greater value of | m|, take a positive integer 7 which 
is >|m|/(1—6). Then the result holds for m/7, that is, 


{ (m/r, 2) =expm/r (2 — $27 +...), 
and f (m, ¢) ={f(m/r, 2)}"=expm (¢ —42' +...) 


The thing is therefore proved for all values of m. 
In particular 


exp (¢ — 427+...) =f (t, 2) =14 4. 
Thus, if |z|<1, 
log (1 +2) =2—4$274 }2°—..., 
and { (m, 2) =expm log (1 +2), 


the logarithm being in each case a continuous function of 2 
and vanishing with 2, so that the coefficient of ¢ in it 1s 
between +47. ‘These are the desired results. 

When |z|=1, we only need to use Abel’s theorem, given 
in the text-books, that if a series in ascending integral powers 
of z is convergent when z=1, it is uniformly convergent for 
real positive values from 0 to 1 inclusive, and that therefore 
its sum is a continuous function of z for such values. 

If m=a+@, the ordinary tests show that the series 
Ff (m, 2) converges absolutely when a>0, and that the succes- 
sive terms diminish without limit* when a>—1. The 
binomial theorem then follows at once if a>0. If a>—1, 
but <0, let 7, (m, z) denote the sum of the first n terms in 
Ff (m,z). Then, by the usual multiplication, 


(1+2) fi (m, 2) =f, ..(m+1, z)— the (n+1)™ term in f(m, 4) 
=f (m+1, 2), in the limit when n is 0, 


since f(m+1, 2) is convergent and the terms in /(m, 2) 
decrease without limit. It follows that f(m, z) is convergent, 
unless z=—1, so that the binomial theorem holds when 
|z|=1, provided the real part of 2 +1 is positive. 


* The terms w,, t%, 4, «. diminish without limit if m {| un/un,,|—1} tends to, 
a positive limiting value. 


Belfast, 
May, 1907. 
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ON GENERALIZED LEGENDRE FUNCTIONS. 


By E. W. Barnes, Sc.D. 


§ 1. {WEBS ordinary Legendre Functiens are solutions of 
the equation 


dy | % 


The two fundamental solutions are P (#) and Q, (a). 
When n is a positive integer, the former is a polynomial in a. 

The associated functions P"(«) and Q,"(«), when m is 
@ positive integer, are defined by the equalities 


P(@)) em” (Pa) | 
Grate 1)} Ta anes aire ibe 


They satisfy the differential equation 


2 Uy 


+ 


dx 


When m has any general value the generalised Legendre 
functions P(x), Q,"(«) are defined to be the solutions of this 
equation which reduce to their values given by (1) when m is 
a positive integer. By finding such solutions the generalised 
functions are usually obtained. But they may be considered 
from another point of view, in which we endeavour to 
generalise the idea of differentiation to the case when m is 
a complex quantity. Such generalisations™ usually are based 
on the theory of contour integrals: if we can express (a) in 
the form [¢(s) a’ds, where @(s), and the contour of integra- 


ae dy m = 


: ag d 
tion are independent of «, then a generalisation of Tat (#)s 


ary ls 
CT (s—m+ ea gh 
provided the latter integral has ‘a meaning. 
Now FP («) is a particular hypergeometric function expres- 
sible in the form /{—n,n+135 1; }(1-2@)}. It therefore 


when m is complex will be given by| 9 (s) 


* A short summary of such investigations is given in the Encyhlopélie der 
Mathematischen Wissenschaften, Bd. 2, pp. 116-119, 
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follows by the general theory which I have developed in an 
earlier paper™ that 








7 sy C(s—n)M(n+1+s)f(—s) i ee 
SIL 27r See QT r(v+s) {3 (@—1)}* ds, 
provided |arg(w—1)|<7. This is an integral of precisely 


the type required, and therefore the equality 


sm 1 (pa T( 


m Ppt Ta —s) eye d. 
yen (x)=(a 1) T(i—m+s) 28 (2% 1) § 


sinnt? Qn 


may be used to define P(x) for all values of n and m. 

Similar considerations apply to Q@,"(v). We therefore 
arrive at contour integrals for P.™(x) and Q," (a) of a very 
simple type. It is from such contour integrals that we 
develop the whole theory of generalised Legendre functions 


in the present paper. 


Part I. 


The general theory of the transformation of the serves for 
Legendre functions. 


§2. The transformation-theory of generalised Legendre 
functions is known to lead, when discussed by circuits of 
Pochhammer’s type, to exceedingly tedious algebra, where 
thepossibility of mistakes is very easy. ‘The theory given by 
Heinef is faulty: the only complete investigation that has 
been given is due to Hobson,t whose memoir is the standard 
authority. Ihave calculated that the methods introduced in 
the present paper diminish the labour of the theory discussed 
in Part I. of the present investigation to about one-third or 
one-quarter of that which previous methods have imposed. 


§3. There are several interesting considerations involved 
in the transformation-theory of generalised Legendre functions. 
Such functions are always associated with hypergeometric 
series or with the equivalent Riemann P-functions of a special 
type. In this type of function the difference of the two 


* Barnes, “A new development of the theory of the hypergeometric functions.” 
Read before the London Mathematical Society, January, 1907. 

+ Heine, Handbuch der Kugelfunctionen (1878). Hobson has discussed Heine's 
theory in some detail. 

{ Hobson, Philosophical Transactions of ‘the Royal Society (1896), Vol. 187 (a), 
pp. 443-531, 
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exponents associated with one of the singularities is equal to 
one-half. Therefore the P-functien is such that we have 
Riemann’s transformation* 


One) 5 31 mea tees | 
Ah CN pat eet eee ty PIE ete eNO RN 
By ¥ Ys 2B, 9 
where B+ 3B +y4+7 =) 


From this transformation Riemann deduces that we can 
express in terms of one another the functions 


P(r, v, 4, €,), P(e, 2v, p, %,), Py, 2M, v, #,), 
e 1 
4x, (1 —@,) © 


Thus whereas the ordinary hypergeometric equation adinits 
24 solutions, the corresponding equation associated with the 
generalised Legendre functions will admit three times as many. 
We have in fact series whose arguments are any functions 
derivable by homographic transformation of the system a, l1/x, 
l—«2, he ~ x), ae De (x —1)/x from the functions 
(1—a)/2, 1/x*, {w—V/(@'—1)}*, It has been customary 
hitherto to derive the series corresponding to such transforma- 
tions from the transformed differential equation (such was 
Kummer’st orignal method), and then to find the actual 
values of the constants involved by considering some special 
point of the plane. This process Heine applies to series of 
arguments 1/x’ and {a—»/(a’—1)}*: Hobson obtains the direct 
transformation of series of arguments (l1—a)/2 and 1/a*. In 
Part I. of the present paper all the transformations are 
obtained directly without recourse to the differential equation, 
and the work is by no means laborious. And, further, the 
same method enables us to deduce by direct transformation the 
most general form of Riemann’s relation (A). 

Considerations of space prevent me from giving the whole 
of the 72 series and the expressions in terms of them of 
P(x) and Q,"(«x). The series themselves may be found in 
Oldbricht’s memoir,t though he does not express in terms of 
them the associated Legendre functions as they are usually 
defined. In Part I. of the present paper all the important 
expressions in series of the associated Legendre functions are 


where x, =40,(1—-% 


* Riemann, Oeuvres Mathématiques Paris (1898), pp. 73—75. 

+ Kummer, Crelle, 'T. 15 (1835), pp. 39-83 and 127-172. 

t Oldbricht, Nova Acta der Ksl. Leop-Carol. Deutschen Akademie der Natur- 
forscher, Bd, 52, No. 1 (Halle 1887), pp. 17-20. 
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given, and from the given contour integrals any particular 
form desired can be at once written down. 

Very full references to the literature of this part of the 
subject are given by Oldbricht*: for the varying notations 
Hobson’s memoirf may be consulted. After great hesitation 
I have decided to make one change from Hobson’s notation. 


I replace his function Q@." (a) by Q,” (x) Lat Each 
ti c 1 1 . os et ee Cn ee y 
P By eines sin (2 +m) a 


function has the same value when m is a positive integer, and 
is therefore admissible as a generalisation, and my own form 
arises naturally and introduces a considerable simplification 
into the formule. 


Definitions of P.™(a) and Q,™ (a). 


§4. The differential equation of the associated Legendre 
functions is 
d’y dy 


: f m* 
(1a) 7 ot + unt 1)— ab yao. 





We assume that m and ~ are the most general or real 
complex quantities. We will first show that the integrals 
1 /¢41\i" (1 (s—n) (2 +148) T(—s) 
(¢) =——— (| _— aaah Se Pian iu Ses A EY BS SP 
In 2) 27 es | lr (1—m-+s) (2(@ 1)| ds, 


L_,,(@)= same expression with —m written for m, 


-—u 


Ta 


—1 /a—1\*" (TP (s—n) C(n+14+s) P (—-s : 
ast (ZS) (Pe) yerthan 


x+1 r(lL—m+s) 


and J_, (x), are all solutions of this equation. In the first two 
integrals we assume that | arg(@—1)|<7, and in the last two 
that |arg(—2-1)|<a. The integrals have contours parallel 
to the imaginary axis with loops if necessary to ensure that 
positive sequences of poles of the subject of integration lie to 
the right of the contour, and negative sequences to the left. 
Under the assigned limitations the integrals are, by the 
theory developed in my previous paper, convergent. 

We will consider the integral J, (a). Denoting it by J, 
we have, since we may differentiate with respect to x under 





* Loc. cit., pp. 7—11. 
¢ Loc, cif., p. 446. 
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the sign of integration, 





eal: ere [ett 
es te ae qd 
7 Nee mI+4 (=) 
3 (1 — x’) phere ees 


l'(2—m-+s) {4 (« —1)}" ds. 


27 
In obtaining this formula we have replaced s by (s +1); 
this is equivalent to moving the contour of integration through 
a distance unity parallel to itself, as is obviously possible, since 
we may so choose the original contour that we pass over no 
poles of the subject of integration during the motion. 
We therefore have 


d salle ml 
7a i -2) 1-2" 


x+1\'" 1 \ (I'(st1—n)P(n+24s) P(—s) } 
= (5) )(-z) | eee ee 


* ca "yo-2" (- Ab | Bees a res) 1)}""'ds 


¢-1 27t I\(2-—m+s) 


as ey (- =) precneee rcs @{3 (a —1)}*ds, 


aia} 27rb iP. (1 a m-+s) 
where 
= 1 a 
O=-2s+ fen ea eer) SBT 5) (a) Gan) (etntl)s 
1—m+s eine 


=—n(n+1). 


Therefore J, satisfies the differential equation. By sym- 
metry J. satisfies the differential equation, and a similar 


ft 


method ot proof is applicable to J, and J_,, since 


me 


J,(0t) =I, (—2). 
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§5. We now define the first associated Legendre function 
P™(x) for general complex values of m and n by the equality* 


lata 


Our definition is thus valid when | arg(a@—1)|<z, that is 
to say, for the whole plane of the variable x dissected by 
a cross cut along the real axis from —o to+1. This cross 


sin no; 





P(x) =- 





* The case when n is an integer is discussed in $13 
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; gt Dh ie Y ; 
cut serves to define the function (==) which oecurs in the 


‘ 4m ym 
definition of J. (7). We assume that (=) = oe: SEE ies 
n e-i} = (en 
and each of the functions in this quotient is uniquely defined, 
provided | arg and |arg(a@—1)|<7. 
In the first place we see that immediately from the 
definition we have 











PE ) ea el 


In the second place we see ria when m=0, 





P (e)=— ee 


kei 1 lea f 
i (1 as s) {3 (@- )j ds, 


BILLS TE 
and therefore, if m be a positive integer, 


d"P (x) 1. sinnm (Eee Hie 


pee 1 sm 
I‘(s — m+ 1) 2’ Sai 


ada™ OTe’ 


lI 


(at — 1) F," (a). 


§6. Lxrpansions of P." (ax) in powers of (1L4a)/2 and 
2/ (1 sea). 

Suppose that |1-—a|<2. Then we may bend round the 
contour of the integral J so as to include the positive sequence 
of poles of the subject of integration, and we have, by Cauchy’s 
theorem, 

PP.” (%) = 


n 


1 e+ 1\i*_ 
im (pai) Plibm mts tm a teeay 


which is the expansion of P (a) in powers of 4 (1-2) when 
|1—w@|<2. ‘This is Hobson’s definition [(5), p. 451]. 

Suppose next that |1—a@|>2. ‘Then we may bend round 
the contour of the integral J, so as to include the two negative 
sequences of poles of the subject of integration, and we find 


ons Ne og toad Bie BP NEES 2) 2 
* a(m—j)\'" — 90 Pe eee 
Pie (= =). EReeEnl veers TEU aE bl ) Fam ns ont 

T'(—2n-1) 


2. 
eee ELE FY eS ral  242n: 
Emenee )} F}nt , 1-+m-+n; 24+2n; oaths 





; : 2 
the expansion of P,” (x) in powers of eae when |1 -—#|>2. 
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Again (by §16 H.F.)* 
IT (- 9) P(p—a,- a4—8) F(a, +8) (4,48) (1 8)'ds 


( 
=T(p-a) P (pa) SEATS ghas 
Hence 


P*(a) = (2 iy sin N77 
Nei) aD (l1—m+n)P(-m—n) 


x seit 9) 0 (- m—s)T(—n+s)T (n+1+4+:5) {4 (1+ 24)}'ds 


This integral yields immediately expansions for P.” (a) in 
ascending or descending powers of {$(1+a)} as|1+a|S2. 
We get 
e+1 4ne i foe m) 
P2(z)=(—) Fh ae seat ! 
» (#) x—1 Fismna Ronen age sees Teter 
@ mi yr etmap (m) 
e+1/ T(—n) TP (1+n) 
and analogous series, the upper or lower sign being taken as 
I (a) is positive or negative. 


F{-n,n+1; 1-—m; 3(14 2a), 


¢— 1 w+ 
Cnt = 
x+1 ew—l 


From the equality (1) of §6 we obtain at once 


1 ates im 
tad Baad ea athe Lat " 
eer ae) 


[oe e as (72) as 





§7. Lepansions of P,” (x) in powers of 


P(e) = 








Persiner=a oie muse 7 ire 
2 1—2 
provided a sermays <7. 
Therefore 
7 ae (ZS) "acter = —m—ny 1—n: a 
eee h(i —m)\a-1/ ‘4 a 7 O+1 
1 o+1 im a t—I1 
Se ae n-1 {— co tae eal 


* Tn this way reference will be made to the author’s previous paper quoted in 
§1. Hobson’s paper will be referred to simply by the letter H. 
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“w—-1 
ies 2o Li 
e+1 < 


when 





By taking the integral to enclose the negative sequences of 
poles we get the two terms of the analogous expansions valid 
when 
o— 1 


<)>. 





§8. We now define the second associated Legendre function 
Q,,” (x) for the general complex values of m and n by the equality 


2Q," (x) =J,—etnmL , 


the upper or lower sign being taken as J(«), the imaginary 
part of «, is positive or negative, J and J, being the integrals 
introduced in § 4. 

The definition seems at this stage to be both arbitrary and 
artificial. We shall see, however, in §11 that Q,” (a), as thus 
defined, is expressible either by a simple contour integral or 
by a single hypergeometric series. And in §21 we shall 
express @"(x) as a hypergeometric series of argument 1/2", 
which reduces when m=0, to the series by which Q (x) is 
usually defined in the elementary theory of Legendre functions. 

When m=0 we have 


ee 1 (V(s—n)P(n+14+s)l(—s) 


=5— Pats) {(e@—1)*etn™ —(—a@ 1)’Ids. 


Hence, if m be a positive integer, 


yr” ® n(@) senate) | I(s-n)P'(n+1+s)T(-s) 


dx” 2a xv—1 I\(s+1-m)2*™ 





(a-1)'ds 
1 /e@-1\ (['(s—n)T (n+1+s)C(—s 
Pear, [Spe 2 atds 
| = 0,"(2) 
From the definition we have, when |1+a|<2, the 
expansion [[1.(15), p. 460] 
(l-m)sinn3r (= 


m ie 1 im 
20 "(e) sr —etnm cal F\-n,nt+1; 1-m; 3(1-wx)} 





| 4m 
_ =) F\—n,n+1; 1-m; §(14+2)!. 
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§9. The expansion of @,"(a@) when |(1—@)|<2. 
Again, by H.F. (§12), we have the formula, already 
substantially obtained in the transformations for P.” («), 


I (—n) (14+) 
(1 —m) 


_ FR(-m) T(—n) T(1 +n) 
~~ Pa—m+n) 0 (-m—n) 


F{—n,n+1; 1-—m; 314+ «@)} 


F{-n,n+1;1+m;3(1- «)} 


+I (m) (=*) F{—n,n+1; 1—m; 3(1—-@)}. 
Therefore 
7 = I (— m) T (1 +m) I (m) T (1 — m) jie: 


m—Pd—m+n)T(-m—n) ™' P—n) Pd tn) ™ 


for (@—1)"=(1—a)"etm™, the upper or lower sign being 
taken as J (x) is positive or negative. 
Hence 
2Q,.” (a) sin ma = — {sinnmeim™ + sinmaete™} J 
oF aM ae Tae aD 
r(l—m+n)T(—m—n) ™ 
T 


=-— §1n (n +m) ESS sara C pC aS lene: 


Thus 
2Q," (x) sinmaT(—m—n) _ le - Lee 
7 ~ V(l1+n+4+m) I (l1— m+n) 


Hence, when |1—«|<2, we have the expansion 





as Q.™ (ce) Sin 2277 r ‘= oi —n) 
I (m) + 1\3" | | 
= ———— _ 1 = — oak —I7y 
r(l+m +n) (— Fi nN, 2+ b) I my; 4 (1 x) 
i$ (= m) v +1 ce ° eva 


From the relation (1) we readily see that 
Q.” (a) T (—m —n) = OQ," (a) T (m=n), 
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§10. Eepansion of Q," (a) when |1+a| <2. 


We can easily deduce from our previous results that 


Temi tm) I (m)T(L-m) 7 oan 
I= Pio m +n) Pum) (=a) Petty 


We therefore have 








2@,” (a) sinma=J_ \sin ma + sinnaret(rtn)me} 
metnm J 
"Pam +n) P (ene m)’ 
We therefore have 





sin mr J J, 
m +n hong ry Se Sh lee ee ee SS ee A 
2 Oem 0) ee 


Hence, when |1+a|<2, 
20." (a) —— I (— m —n)ete™ 


- é + ye I" (— m) 
= Tr 


sats = 1: <LT1 
e—1 mite ae Mt thet 5 tno ae eee 


ee ee) 
> ee aE ~ oe et 
+(—) Rianne LOPE es wat Pe M 5 L(1+ a)}. 


From this result, coupled with that of the previous 
paragraph, we obtain 
Q,” (—#) =— Q," (a) etm [H. (21), p. 463]. 
Again, by § 6, 


1 a —1\™ 
m me = fee eS - pas | os e “il x 
Pane) ae oi (=4) F{-n,n+1; 1-m; U(t+2)} 








ee as sin nr 
— +NTt} = . a eet ss es m 
T(i—m)° t a F\-n, n+1; 1-m; 3(1-a)}-2Q,"(2) aa 
by §8. 
‘Therefore 


" 


P."(-a) =P." (a) etm — 29” (x) a LH. 20, p. 463]. 


§11. We will now show that 


Ley. sin 27 
20," (@) sin (m+n) 7 


1 /e+1\"(T(s+n+1) FT (m—s) TI (—s) 
Gee, | l(n+1-—s) 


ig @—1)j"ds, 


Dr. Barnes, On generalized Legendre functions. 107 


provided |arg(a@—1)|<z, the contour being taken parallel to 
the imaginary axis with loops to ensure that positive sequences 
lie to the right and negative sequences to the left of the contour. 
The theorem is important as it enables us to express 
Q,"(#) as a single contour integral of the same type as the 
integral for P(x) given in § 6. 
Suppose that |} (a#—1)|<1. Then we may bend round 


the contour to the right and we see that the previous integral 
is equal to 


g 1 zm 
(<=) [Pom Fn 1,-—n; 1—m; d(1-2)} 


a—1\" [\m+n+1)T\(—m) 
il ANAB Ne Bin CtE see mete: 
+( 5 a! BUekI =) F\ntm+1,m—n; 14m; 4(1-a)} 





i yah im 
= (-=) D(m) #in+1,-—n;3 1—m; 3 (1-~@)} 


&S jee (m+n+1)P(- mi) ip 
v+1 [I'(n+1—m) 


os y) its (a) 


We can now at once deduce hypergeometric series for 
Q(x) valid either when |1—x|>2, or when |1+x|>2, 


and in each case Q,”"(#) ts expressed by a single hype -geometric 
series. 


When |1—x|>2 we may bend the contour of the integral 
just considered round to the left, and we get 
Pa sin 27 
2Qn (@) sin (mv -+ 2) 
ai eae aoe C(n+1)P(m4+n+1) 


eee I (2n + 2) {3 ( 9} 
2) 
ier ie 
Thus 
Q,,” («) = cot nm Se ee (Quy (— ie 


2°? D(—m—n) \v—1 %—1 


{-m, n +1; l+m; 3 0—z2)} 
sin 27r 
sin(@m+n) 7m’ 


by §9. 





KF {m tnt tn td; 2n+ 25 


xF\m+n+1,n+13 2n-+ 25 — E =} 
a goa bteaa | 3m y) n*1 
eee ba) TC 3-7) (* ) ( 


27D (—m—n) \w+1/ \w-1 


3 
x F\n4 1, ntl =m; 2n +25 =| : 
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And therefore [H. F. §11 (4)] when |14a|>2, 


Va (-d—n) (w~—1\™"/ 2 \*I 
™(a~)=cot SS SE — 
Q (a) = cotnm 3: (= i 7 ( ) 


"?T(—m—n) e+] 





2 
«Pint tnt m4 ts ant2; | Se (1) 





= cot nr 


VrT(-4—n) (ey ( 2 i 


2°? TD (—- m—n) +1 


xP \nt1,n—m413 2n+2; —} ‘ 
Lhe 

None of these simple series appear in Hobson’s memoir. 
Their existence might have been suspected a priori as, when 
m and m are general complex numbers, P”(«#) and @," (ax) 
are functions of the same degree of complexity He with 
a simple expression in a suitable region of the x ;lane. ‘This 
will be more apparent in the sequel when the Kummer- 
Riemann transformations are considered. 

From the expression ‘2 we see that, provided 





ar s(—— =a) \<* <7 
sin'n7r 


2Q,"(«)- 


sin (m + 2) 3 


(a ieae ee )'as 


~ Qre\a+i/ \l+e T\(2n+2+s) 14a 
5 ty eam (EC) I (s+m)P (an+1—s) ( —2 ) as 
27t\e+1 N(n+1+5s) l+a 


If we bend round the integral to the left we get, when 
1+%2 | <2, 


sin 27 


me & Bs a ee LNs 
Qn" (@) sin(m +n) 7 @ 


=I (m) (=> oat) Fin, n+1; 1—m; 4(14+2)} 





T\(—m)T (n+1+m) ee 1 
I (n+1—m) e—1 


We thus verify the result of § 10. 


4m 
Fi{-n, n+13; 14m; 4(1+«a)}. 
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§12. We can now obtain the important formula 
(a) — Q"_,., (@) = mw ecotnrP.” (a), [He 18) p.462]...(1). 
By equation (1), §9, we have 


sin m7 Fe 8 


sy apd A ae ales CN. a 2 


7 TD (—m—n)P(l+n+m)  P(—m—n)0(L+n—m) 


When n is changed into —n—1, the integrals J, and L,, 
are unaltered, and therefore the second term on the mght-hand 
side is unchanged. 

Hence 


2 a, (x)— QJ” _-a(2) } 


or QQ") -— Q"_,.,@) = —cosnrl, = 7 cotn7P.™ (x). 


sin 209r 





| ge ‘ 
re ae {sina (m-+n)+sina(m—n)}L_, 


We therefore have the given formula. 
Similarly, since 





i sin 27 
Ee ‘(2) ary T ts (x), 
and 
sin mr td IT dé 


m - 


mT © VOenemy Td—m+n)’ 





20),"(«) I (—n—m) 


we have the important identity [H. 19, p. 462] 


sinmmsinnam P(x) Ee ae) 


2," («) T (—m—n) = ~~ T(l—-m+n) Tyl4+m+n) 


Formule (1) and (2) coupled with previous results enable 
us to express any of the eight solutions 


Po sr Py), O.°(@); G1" @) 


in terms of a fundamental pair. 

The formula (2) coupled with the expansions for P.”(a) 
obtained in §§6 and 7 enables us to find expansions for 
Q.™(ax) when |1+4|5 2, or when|1+a@|/2|1-a@|. Wecan 
thus express any of the 24 solutions of the fundamental 
differential equation which have arguments derived by 
homographic transformation from $(1-@) in terms of 


P(a) and Q,"(e). 
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From the previous results we can deduce a formula which 
is of importance when we come to consider the asymptotic 
expansion of P."(a) when | m| is large. 

We will show that 


Y Feo 5 eo = : 
pave Pe cE ae OE TEEN ile hy Aad BOE mem gj P™(—ax)sin am 
V(m—n) TC (L+m+n) n \a)e intn + P"(—a) sin wm, 
the upper or lower sign being taken as I(x) is positive or 
negative. 


' sin NTT 


By §10 P™(-#2)=P™ (x) eam 29 (2) 
Therefore by § 9 
Po” (— x) = Po (x) etn — 20) (a) 


T 


Tl (—m—n) sinna 








r I (m — n) 7 
Hence, by the equality (2) just proved, we have 
Le a eed 
Tr (1—m-+n) + lr (1+m-+n) 
clea (m—n) [Py (x) eFeme— Po (— aj, 
Thus 
ene Ks P(x) I (m—n) {sin wr (m —n) — sin mret™} 


(l+m+a) a 
+sinma7T (m—n) P-™(—«) 


=sinmaIT'(m—2) P-" (—a#) —et™™ sinanT (m—n) P(x), 


we thus have the given result. 


§ 13. Descriptive properties of P." (x). LKaceptional cases. 
From the definition 


p™ _sinng cS euael (ae 
tt eat I'(l—m-+s) 





7 27t 


we have seen that in general P.” (a) has a cross cut from — 
to+1. ‘The equivalent formula 


1 x + 1\%" 
ae (SE gy TS) a = ee 
('(1—m) eS nee eae 3 a | )} 


Se nread 
shows that the singularity of P(x) at «=1 is of the type 


(w—1)*"{C,+ Cw... }. 


P(e) = 





: 
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Lhe formula (2) ts a vatid definition of P," (a) in all cases 


except when m is a positive integer, or when «x lies on the 
cross cut (—«%, 1). 
When m= 0, or when m/2 is an integer, we see that P, (a) 
has no singularity at w=1; it hasacross cut from —o to —1. 
The nature of the singularity of P™ (xv) at o=—1 is (§ 6) 
given by 


m e—1,™ 
Fo) ori) 
IT (—m) 
(S20 6-35 SoS SS SS es ay e 3h 1 \ 
Pheer ca)! Ln ed lg Lanes, ( + x)} 
I‘ (m) 


+{3(1+a)} Fil-m+n, -m—n; 1—m; d(1+0)}. 


I\(—n) ((1+n) 


When m=0 we have (§ 6), if m be not a positive or negative 
integer or zero, 





i) £,(2) = fir —s)}?1 (—n+s) F(nt+1+s) {d(1+ }'ds 
= nS EB) log (14 2) 26 (140) 4 0-0) 


+y(nt1+é)}, 
and therefore P (x) has a iogarithmic singularity at ~=— 1 
typified by 


sin n7r 





F{—n, n+1; 1; $(14+2)} log {3 (1+2)} 

+a power series in 3 (142), 
When n is a positive or negative integer we see from (2) 
+ =e" 


l 
When m is a positive integer we see from (1) that 


that P.” () is a polynomial multiplied by (= 


T(m+n-+1) 
2" (L+n—m) UC (m+1) 
xF{m—n,m+n+1; m+1; $(1—«a)}.....(3). 


P.” (0) = (a? — 1)" 


The latter form is valid if m be not an integer (positive, 
negative, or zero). When m is a positive integer and n is an 
integer there are three cases :— 


(1) n positive and =m; the expansion (3) is valid and 
P ™ (a) (* — 1)” is a polynomial. 
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(2) n positive and <m; the expression (2) shows that 
P."(%) is zero; a solution of the differential equation is 
(L+n—m) P.” (wo). 

(3) n negative. In this case formula (8) may be written 


i Soler ie I (m—n) 
fu @)=(@'— UV" perm an) Pons) 


x F{m—n,n+m+1; m+1; 3 (@w-1)}...(4). 


This is valid if n is negative and —-n>m. If—n<m the 
formula shows that P.” (a) is zero; a solution is 


T(—m—n) P.” (x). 


Definition of P."(x), when -1 KH <1. 


When m=0, we have seen that P, (w) has a cross cut from 
—o to —1; when, however, m/2 is not an integer P.” (a) 
has a cross cut from —o to +1, and is therefore not detined 
when —1<a<l. 

It is convenient to take such a definition in this case that 
P(e) is real when m and n are real [H. 470]. 

We therefore assume that, in the limit when e=0 and 
—L<e< il, 

P(x) = 8mm P™ (0 + er) = eam P™ (x — en) 


i) 


1 1 a\*" 

ee oe F — a Teas @ a ae _ 

eS (=) {—-n, n+1; m3; 4(1—«)} 
Hence, when m is a positive integer and -1<a2<1, 


(1 — 27) CT (m+ 2+ 1) 


on 8) =A) oa anor a Cee 


nr 


x F{m—n,mt+n+1; m+1;3 §(1—a)}. 


We car now show that if m be zero or a positive integer, for 
general values of x not on the cross cut — © to +1, 
rd —-m+n) 


etx) ae ae r(l+m+n) ; 


n n 


and, f~-1l<e<l, 


P"()=(" PP teen 


V(lL+m+n)}° 
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These formule are valid for all values of n: of course 
when n ts a positive integer <m the right-hand side becomes 
indeterminate. 

For general values of w not on the cross cut —o to I, if 
m be zero or a positive integer, we have 


TC (m+n+1) 
2" (L+n—m)T(m+1) 





P," (2) =(a"—1)" 


xF\m—n, m+nt+13 l+m; 4 (1—2)}, 


and 
= ~ I x+1\ 
Vig OS raaprry (=) F{-n,n+1; l+m; }U-2)}. 
Hence by the Kummer-Gauss relation [H. F. § 11] 
5 La im 
beat) = : Cans EFim-n, m+n+1; m4+1; d(1-2)} 


r(i¢m) 2” 


Mer Ca I ge 
Tea ak co: 


When —1<2x<1, we have 


T(m+n+1) 


P=)" (le FE +n =m) P (m+ 1) 


x F{m—n, m+n+1; m+1; $(L—z)}f, 
and 
Pp 1 (=~ 


~}m 
ORS naar. =) Fi{—n, m+13 m+1; d(1-72). 


Therefore in like manner 
Fan pyle ee Ue 2) 
i (x) =( ) te rtm +n) ° 
§14. The function Q,” (x) and its definition when -1<u<l. 
Q,""(x) has been defined (§ 8) by the formula 


ae (F (s—n) P'(n+1+ 8) F(—s) 
a—1 I (s+1—m) 2°" 


tee 
Q,, (#) = em ( (w—1)'ds 





1 /x—1\" (P'(s—n) UT (n+1+4+s) 0 (-s) , 
~ Qare (== i) areca — ae ds. 
VOL, XXXYIII | t 
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This definition is valid for all values of m and nif x do not 
lie on the real axis, and 2 is not an integer or zero. 

If x be a positive or negative integer or zero the contours 
of the integrals just considered cannot be drawn, but the final 
‘formula of § 8 shows that in this case @,” (2) is infinite, if m be 
not zero or a positive integer. If, however, m be zero or 
a positive integer the formula of §11 may be written 


De or eda eee COB REO ee icky behets 
2," (2) = (-) 25) an Gneo) oe 


2 
XE] m+ n+, n+1; 2n+2; =e 


It therefore gives a definite value for @,”(x) when x is not 
a negative integer: it shows that Q,.”(2) is infinite when 2 is 
a negative integer and m+mn+1<0, and further that Q,” (2) 
has a definite value when 2 is a negative integer and 
mtn+i>d. 

The final expression of §9 shows that, in general, Q(x) 
has a cross cut from —o to +1. 

It is convenient to give a definition of Q.” (x) valid when 
—1<x<1. We take its value to be the mean of the values 
on either side of the cross cut, so that @,"(v) is real when m 
and n are real. We thus have, in the limit when e=0, 


QO" (@)=){ QO" (ete) + Q," (a — €1)}. 
Now by §9 in the limit when e vanishes 


2sinn7r 


T(—m—n) Q." (a#@+e0) 








x I‘ (m) 1+ *) ue 
: pies eee {—7, n+1; 1—m3 3(1—2)} 
Is (—m) ( + a\7#" 
srt) St) (ENE ree 
pie) F(1+n-m) Tas {-n, mths l+m; 3(1—-a)} 


Therefore, when —1 <a <1, 


Q" (x)= 1 cosdmr T'(m) é ef ae 


~ 2sinnr I (— m—n) |Tl+m+n) \l—«x 


x f{-n,n+1;1-m; 30-2)} 





I‘ (- m) (ae 


—ym 
ee ae 2S ry Aye =i at 
((1+n-m) =) Fi-n, n+1; 14m; 3 (1 o}|- 


+ 
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This definition differs from that of Hobson (p. 471). Each 
reduces to Heine’s definition when m = 0. 
By equation (1) we see that when -1<2<1 [H. 30, p. 471] 


um sin (m+n) a 


Q "(wx ee et) e-7(hm) OF € ond ét) em(gm) — Pst (x), 


sin ni? a 


where P(x) has the value defined in § 13. 
The formula of §11 gives us, when —1 <4 <1, 
sin nr 


2@,"(2) sin (mm +) 1 


tee 1a” T (s+n+1) P(m-s) C(-s) 
eet | at eae ee oes ee eee eee Od ae [ah te 
27 (ay ee me | I'(n+1—s) 1 ag 
the contour embracing the positive sequences of poles. 
For general complex values of x, the formula 
sin 274 —1 /w+1)\*" 
2 mf. . ; ane 
Qu" (=) sin(m-+n) m7 26 es i) 
fF (s+n+1)P (m—s) PF (—s) 
x ee eee 
CP (n+1—s) 
is valid for all values of m when n is not an integer. In 
particular, when is complex and im is a positive integer, 
Q”"(x)=0. When m is an integer (positive, negative, or 
zero) the formula 


(3 (w- 1)}¢ds 


\m [ESS 


m i Phe Ot (SE 
2Q,"(@)=(-) 2are a) P'(n+1—s) 
is valid for all values of n, except integral values. 


Expansions of P,”(#), Q),"(&) m series of arguments derived 
by homographic transformation from x’, 


' §15. We have previously connected P," (a), Q,” (x) 
with the 24 series derived by homographic transtormation 
from $(1-.#) We will now show that we may equally 
connect them with 24 series derived by homographic trans- 
formation from 2’, and in this way establish one of the two 
Riemann transformations indicated in § 3. 

At the outset we will take one of the simplest forms of 
such transformation, and show that, ifata+8+/)=4, 


F\a+, a+’; 1-o’ +a; 1—y’} 


=F {2a + 28, 244235 L-a+a; 3(1—-y)}. 
12 
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The limitations under which this formula is valid must be 
carefully noticed. The second series is convergent when 
|1—y| <2, that is to say within a circle of radius 2 surround- 
ing the point y=1; and if the hypergeometric series be 
expressed as a multiple of the contour integral 


— 1 (PQw+28+s)P Qa+23'+ s) 0s), 
Sei P(d—-a@+asts) 3 





i(y—1)}'ds 


we see that it represents a function with a cross cut given by 
|arg(y—1)|=7, that is a cross cut from —o to-1. The 
first series, on the other hand, is convergent when |1—y’*| <1, 
or, putting y=7e", when y lies within the lemniscate *°= 2 cos20. 
Now this lemniscate consists of two ovals enclosing respectively 
the points +1, with a single point of junction at the origin. 
In each of these ovals the hypergeometric series may, and in 
point of fact does, represent a different function. And it is 
the function F {a+ 8B,a+P'; 1-a’ +a; 1-—y"}, defined by 
the series in the positive oval, which enters into the above 
equality. The function defined by the same series in the 
negative oval we shall denote by £,. 
If we put 


2a+23=n+1—m, 244+23’=—m—n, 1-a+a=1-m, 


so that 24+4+2a + 28 +4 28'=1, the formula to be proved may 
be written 


Fikqt+ti-m), 4(-m—n); 1-m;1-y'} 
=F\n+l—m, —m—-—n; 1-—m; }(1-y)}. 
By the formula already quoted in §6 we have 


F{}(n+1—m)}V{h(—m-n) tT {SA—m—n)}P{1—F(m—n)} 
(1—m) 


xf {t(n+1—m),}(—m—n); 1-m; 1-y°} 








sai | : 
=F fur(-) PG—s) Ph (att—m)-+5] P((-me—n) ts) yd, 
tl 


The integral is a valid expression of the series /, provided 
largy|<a. It indicates that the function /, has a cross cut 
along some part of, or the whole, of the negative half of the 
real axis. (The cross cut is actually from —o to —1, and so 
enters within the negative loop of the lemniscate). The 
contour Z is drawn parallel to the imaginary axis, with, of 
course, suitable loops, if necessary, to ensure that positive 
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sequences of poles of the subject of integration be to the right 
of the contour and negative sequences to the left. 

Now by the multiplication formula for the gamma function 
we have 


jut 





Fr (28) = 5 —V(s) Ps +3). 
Therefore 
C(nt+1l—m)l(—m-7n).,,,, 
eacd-=) 


Fi} (ati—m), }(-m—n); 1-m; 1-y'} 
= Jel s)2 M3 (nt 1=m-+s)}T{3(—m—nt s)}{1-C1—y) } "ds. 


Now if the contour M of the integral be parallel to the 
imaginary axis with loops to ensure that positive sequences 
of poles of the subject of integration are to the right and 
negative sequences to the left of the contour 


I (-s) (1-a)'=-5— [ul (- 5) 0-9) (- arg 


provided | arg (— )| <7, and | arg(1—a| <7.* 
Theretore the previous expression, provided | arg (y—-1) | <7, 


= 5p Jar TI (ntl—m+ts)}T [> (-m-n+ts)}ds 


x 5— ful (- 8) P (9) (y-1)*d9. 


Now if we take Z and I to be the parallel contours of the 
figure (fig. 7), we may invert the order of integration, for the 
integrals concerned may, by a tedious though not difficult 
investigation, be proved to satisfy the necessary conditions. 

We thus obtain 


— | dor (-$)(y- D's 


Qe 27t 


g-1 


[rt Pid(nti—m+s)| PYm—nts)} P1YS-s)}P(3(p-s41)}—— as 


* See the author’s paper, Quarterly Journal of Mathematics, Vol. XXXVIII., p. 110 
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But I have previously (H. F. § 15) shown that 


~ 5 [0 (a, +8) P (a+ 8) P(B,-8) (B,-8) ds 
Ti(atp) G+) G+ bie 
a M (4, +4,+ 8, + 8) 
The previous expression is therefore equal to 
et 
- 5 a IT $) 8(y 1) 
B: V{3(d+n+i—m)}C{$(p+n—-m)+1}P{3(p-m—n)} P| §(p-m-n)+4} 


P(i-m+ ¢) 


=— evn) om [reg es y-1))rag 


27 b 
_T(n+1—m) I (-m—n) 
= eee 

x F{n+1—m,-—m-n; 1-m; 3 (1i-y)h. 


9 2mt+1 / 1 


We thus have, provided | arg (y—1)|<7, 
Fi{t(at+i-m),$(-—m-n); 1-m; 1-y'} 
=F\n+1—m,—m—n; 1-m; §(1-y)}, 


which is the required result. The condition |arg(y—1)|<7 

can obviously be replaced by the narrower condition |argy|<z, 

since each series is one-valued when 0<y<1. Since the 

series on the right-hand side is convergent within a circle, 

radius 2 and centre y=1, we see that J, is uniform provided 

larg(ytl1)|<7: f has in fact a singularity when y=-1. 
Lhe formula may be written [H. F. §11 (4)] 


Fg (tim), 3 (-m-n); 1-m; 1-y"} 
={3(1+y))"F{-n, n+1; 1-m; $(1—yg)}. 


‘The formula may be exhibited as the equality of two contour 
integrals. For by H.I’. § 16 we have 


1 
— 3, / Ps) T (p—a,— 4,8) F (a, + 8) I (a,+s) (1—x)'ds 


oP (o=-0) Tile sea es) ae 
Si ae 1° (p) Ef, ots P; x} 
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where jarg(1—2)|<a# if the contour be parallel to the 
imaginary axis. 
Hence we have, when 





arg a”| <r, |argd («+ 1)| <7, 
JT -—s)P d—s) CP ats) T(B+s) 2% ds 
= cos (a — [3) 22-24-28 
Jr(-s) PG@-«- B—s)PQa+5) P28 +5) {b(1+2)}'ds, 


the contours being parallel to the imaginary axis. 
We note that the formula may be equally written 


F {2a, 28; y; 4(L-y)}=F,{a, 83 y; 1-y'} 


where y=a+8+4. 
Put now 1—y*=2 so that y=+/(1—2), since & (y) 1s 


positive in #. ‘Then we obtain, provided | arg(1—2)|<7, 


Fla, Bs ¥3 =F [2a, 283 y3 3{t—Vv(L—2)}]. 
Putting 1—y=22, we obtain, if R (2) <4, 
Hi2¢, 28: vy; el =P ja, GB; y; 4r(t—@)}. 
§16. The function 
Fi{k(n+1—m), 34 (—m—n); 1-m; 1-y'} 
can be transformed by writing —y for y in the previous 
investigation. We obtain 
F={}(1-y)" Fen, n 415 L-m; $0 +9), 


provided |1+y|<2 and |arg(1—y)|<7. 

We have the interesting phenomenon that the differential 
equation for F{4(n+1—m), $(-—m—-—n); l—m; 1-y'}, 
which may be derived from Legendre’s equation by an obvious 
transformation, has both its fundamental solutions represented 
by this series, each oval of convergence giving a different 
solution. 


§17. As an immediate corollary from the previous result 
we may show that 
rj} d-—m)} TP a— 3m) 
Pj1+3(™m—m)}T{sUu—nr-m)} * 
For putting 7 =0 in the result of § 15 we have : 
Fi\—n,nt+1; 1—m; 3}=2"F{h(n+1—m), §(—m—n); 1—m; 1}, 


and therefore the given result follows at once by Gauss’ 
theorem. The formula may equally be obtained from the 


F{-nynt+13;1—m; d= 
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theory of difference equations, and by its means we can give 
an alternative proof of the fundamental theorem of § 15. 


§18. The expression of P(x) as hypergeometric sertes of 
arguments 1 — 2° and 1— 1/a*. 

The result of §15 coupled with the definition of §5 at once 
gives us the series 
gm (7— bean 

[ (1—m) 
which is valid where | 1—2’| <1, R(x)>0. 

By Kummer’s formula {H.F. §11 (4)} we may equally 
write this in the form 
2" (a°—1)3 dm 

Ti-m) ~ 

From the first of these series we see that we have the 

contour integral 


P m (eS 


n 


F {4 (n+1-—m), 4(—m—n); 1-—m; 1-2"} 


P"(z)= " F{X(1—m=n), 4(-m-=n); 1—m5 1-1/2". 


LD beds 
I {3(n+1—-—m)} Tid (—m—n) 


i, ly =i 1 =e 
x ( J ) [Pstete Seas (a’—1)*ds, 


 Qare r(1-dm+4s) 


L" (a) = 


wherein |arg(a*—1)|<7, if the contour be parallel to the 
imaginary axis. 


§19. The expansion of P,”(x) in terms of hypergeometric 
series of arguments 1/(1—2*) and 1] x’ 
Reverse the previous integral in the usual manner, and we 
obtain, when |1—<2*|>1, 
oT(-n- J) 
r{i(—m—n)}T{sa-—n-m)} 


i 
Fi} (n+1—m), S(n+m+1); Z4+n; a 


oe (x) = Cz 1)-"4) 


271 (n+ 4) 
ee 
Cis (n+1—m)}T {1+3(m—m)} 


1 
FAS (mm), 8m=m); dng al, 


which is the first of the required series. 


(ac — 1)!" 
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Using Kummer’s formula just quoted and we find, when 


oan 


m Nn (a+) " 
EO Grips taricayo 


F\k(m—n), 4 (m—n4+1)3 4—n;3 1/2°} 


Lin Hs . y 
+ nae xv)" F{S (m+n) +1, §(m+n4+1); n4+3; 1/2°} 
to which Hobson’s formula (22, p. 463) can be reduced. 

Each of these series has only been established under the 
limitation |arg(#*—1)|<7. But the first series are con- 
vergent for the area outside the lemniscate of § 15, and the 
latter outside the circle |a|=1. Moreover, P(x) is, as has 
been seen in § 13, a uniform analytic function within these areas 
provided they be dissected by a cross cut from —o# to —1. 
‘Therefore the formula will be valid when | arg a | <7, provided 
we take the analytic continuations of the functions (#*—1)*") 
and (a’—1)". Hach of these functions must therefore be 
such that (w’- 1)¢=(a@-—1)*(a+1)¢ where | arg (w+1)|<7. 


§20. The expansion of P(x) when |x| <1. 
We have just seen that, when 2 (x) >0, 


m an im g-m __. 1 
pos (x) (x 1) 2 ~ T'(1—m) 

x F{k(ni+1-m), }(—m—n); 1-m3 1-2’). 
Hence (by H. I’. § 16), when | arg (a’—1)|<7z, 


P(x) (a? — 1)" a TD (—-m—n) (1 +n—m) 2" 
= ITs s)($—s)T{} (n+1-—m)+s} 0 {3 (—m—n)ts} ads. 
Hence, when |x| <1, we have 


m 2 im gene rd a 
P(e) (i= 1)" 2" = Ua sae 


x Fi} (n+1—-m), }(—m—n); 4; 2°} 





ot 2 ee ee ee 1, 2(1—m-p): 3: a! 
a P{i(n+i—m)|P{i{—m—n)} {o(n—m)+1, 3(l—m-n) 5 $5 2°}, 
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wherein, of course, arg (#°—1) is equal to arg («—1)+ arg (x+1) 
and larg («+ 1) |<. Hobson’s more complicated formula 
(27, p. 469) can be reduced to that just given. 

Evidently any other formula expressing P.”(x) in hyper- 
geometric series of arguments derivable by homographic 
transformation from 2* can now be written down at once. 


§21. A series for Q," (x) when | x|>1. 


We can now show that, when | #|>1, 


Q."(«)- sin n7¢ _hamtm+)rg) (o#—1)"" 
‘ sin (m+ m) 7 2"? (n+ 3) yn 


F(}(n+m)+1; }(m+m) +43 n+$3 1Ja’}, 


where |arga|<7, and (#’—1)"=(#—1)*"(#+ 1)", where 
larg(a+1)|<7 [H. 10, p. 456]. 
We have (§ 9) 


sin IF yn 
sin(n+m)a r(m)(= =) F\—n,n+1; 1—m; 3(1-x)} 


P(—m)C(A+mt+n) /x—1\?" _, ; 
NEEL Eee (=) F\—n, nt; 1+m; }(1-2)}, 


20," (2) 


And by § 15 this expression is equal to 


m 


2 : 
I (m) ain E{§$(n+i-m), $(—-m-—n); l1-m; 1-2} 
TV (—m) UC (1+24 m) 2" (a2 1)" 
I(1+n—m) 
F{l(n+itm), d(m—n)3 itm; 1-27}. 
Putting 1 wey we therefore have, if | arg(=y)| <7, 


x sinna =o 2 ™ {3 (n —m+ 1) nt 
SHO erway = a (=)! ‘ 
itm)mr T{d(n+m)+]} 


ze 1 Iii(ntm+i)+s}C\d(n—m+1)+s} P(-s) F 
ie Gay pete y) ‘ds, 


for the last integral, when | ¥|<1, can be taken to embrace 
the negative sequences of zeroes, and gives rise to the two 
series just written down. 
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Hence 


Q. (*) 


sin n 7? phat 


sin(an+m)m {> (m+m)+1} 


yoy Pit m+ i} 
ee ERENT) 





x Pip (ntmt 1), 2 (m-m+); nt 3; 1/y}; 
or 
‘a sin 2 1% T(nt+-m+1)0 (4) (2-1) 
re ee ee a 
sin(n + m) w 2° TD (n+ 8) x 


Tee 1 
x (1-—) Py} (nt+m+1), 3 (m—m+1);n+3; sh 


e 


and this is equal to the given result [H. F. § 11(A4)]. 
The final series 
Fid(ntm)t1,3(n+m)4+43 n+3; 1/2’} 


is convergent when |x|>1. We are therefore no longer 
restricted by the condition |arg(2#*—1)|<7z, but in the 
definition of (#?— 1)” we must make it equal to 


(a oi 1s (x at LS 


where | arg (#-+1)| <7. 
We note that incidentally we have established the 
transformation 
Mig (ntm)+1,3(ntm) +35 n+3;5 U/ai} 
x mtath 9 
- (=) Pim+ntt,n4t5 2425 2h 


This may of course be established directly. 
The formula of the present paragraph gives us, when 
| arg (— x") | <7, the contour integral ) 


. sin(n +m) a (#?—1)"s/7 
0."(@) = Gt f 


Pe Mele le 

1 2 1 —: TNs 

z (— (A Bag eae YT (—s) € =) LS 
27 (net 8) 


sin nw? 








4° 


§22. The expansion of Q,”(x), when |x| <1. 
‘lake the previous contour integral and bend it round so 
as to include the negative sequences of poles. ‘Then, since 
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(—1/a*)-* = xe etm, the upper or lower sign being taken as 
I(x) is positive or negative, we have 

sinnw («#7 —1)™ 
sin(n+m)m 2/7 


Q,." (#) 


Dis@mtm)t+f - 
rit (n—m+1)}" 


T{t(n+m4+1)} 
I {3(n—m) +1} 





eFntm)ame x FA (ntm)+1, $(1—ntm); 3; a} 





a  FomeDin FA (nt m1), Mm—n) 545 a") 


This formula embraces the two formule obtained by 
Hobson {(25), p. 467, and (26), p. 468}. In it 


arg (#’—1)=arg(«—1)+arg(¢+1) 


where | arg(#+1)|<7. We have only proved this formula 
under the limitation |arg(-2a°)<7. That this restriction 
may be removed is evident from the considerations intro- 
duced at the end of §19, or may be at once established 
analytically by means of the formula (§ 10) 


Q."(- 2) =— eb 9, (x), 


Evidently any other formula expressing @,”(a) in hyper- 
geometric series of arguments derivable by homographic 
transformation from x can now be at once obtained. 


Fixpansions of P." (x) and Q(x) in series of arguments 
derived by homographic transformation from &’, 
where E=x—/(a*—1) and | &\ <1. 


§23. We now proceed to connect P”(x) and Q,"(a) 
with the 24 series derivable by homographic transformation 
from {x —N ae 1)}*. We thus complete the Riemann theory 
mentioned in §3. 

For adequate definition of our procedure we must briefly 
discuss the transformation 


=x—/(a*°—1). 


In this equality we assume that such a value of /(“’—1) 
is taken that | &| <1. 
We have 1 /E=a+/(a°—1), so that 


2e=sE+1/8, 2/(w*-1)=1/8 - 
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If we put E=re’ and x=2'+ wy’, we have 
2x'=(r+1/r) cos, 
2y'=(r—1/r)sin#@. 


Hence the interior of the circle |&|=1 maps on to the 
whole of the a-plane except for the cross cut from — 1 to 1. 
This cross cnt corresponds to the circle |€|=1. A circle in 
the &-plane corresponds to an ellipse, foci +1 in the a-plane. 

The positive half of the x-plane corresponds to the positive 
half of the -plane. The two points € and 1/£ correspond to 
the same point in the a-plane. 





e eee ,(l/r-—r 

Again arg = — tan fies z tan of ; 
and therefore | arg (x&) |< 4a when | &| <1. 

Hence a*&«¢=(x&)e, where a is any complex quantity and 
the principal values of the two expressions, ¢.e. values such 
that jarga|<a, jargé| <7, | arg(a&)|<7, are taken. 

Moreover, that value of /(%*—1) which intervenes in the 
formula 





E=xv—1/(a’- 1) 
as, when |&| <1, equal to /(x—1) /(w%+1), where 
jarg(a@+1)|<7, |arg(w—1)|<7a. 
For 2/(a®7— 1) =2 (w~—&) 
=(1/r—r)cos?—t(r+1/7) sin@ 
Therefore, when | &|=r <1, we have 
arg/(w*—1)|<im when &(x)>0, 


arg /(« —1) lying between 37 and aw when = is in the seeond 
quadrant and arg,/(«’- 1) lying between — 3m and —7 when 
x is in the third quadrant. 

In all cases therefore /(a@*—1)=/(x-—1)/(«@+1) with 
the given specification. 








§ 24. -We can now show that, if |w|>1,|@|<1, 
F\i(n+m)41,$(n+m) +43 n+33 1/2} 
= (208) F {nt m+ 1, m+; n+33 &4, 
where | arg@é | <7. 


This theorem is fundamental in transformations to series 
of arguments derivable by homographic substitution from & 
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It may be proved by exactly the same process as the corre- 
sponding theorem established in §15. We proceed to show 
that it reduces to that theorem by a simple change of the 
variable. ‘The more general transformation of Riemann’s 
f-function which includes both the present theorem and that 
of § 15 is proved in § 36 infra. 
In § 15 we have see that 
Fil—-m+n,—m—n; 1—m; 34 (1-y)} 
=F {g(n+1-m),}(-m—n); 1-m; 1-y'f. 
Hence by an obvious substitution for m and n 
Fintm+i,n—m+1; n+$3 3(1-y)} 
= Fig (n+1+m), 3 (n—m+1); n+; 1-9}. 


2 
Noweelga.as2p; bapa ce P) it 


where | arg (1—2) |< 
We therefore ives if |arg(1+y)| and |argy"| are both 
less than zr, 


—1 
Fjntm+t, L+m; n+32; am ‘f 
= {4 (1 se Op ieee (9/7) eee 
Fiig(n+m+1), 5 (atm) +15 n+3; 1— Vig 
Thus, if R (y)>0, 


; wey exh 
B {nem +t, b4m; n+3; mati 


1 nt+mtl s 
= (57) FisGetmta), Hrtm) 445 m+ $5 1-1/9 





where | arg 





atl can, 
Y 


Put now jp — 
(a — 1) ’ 


where || > 1, and the square root is so chosen that L(y) >0. 
We then have 


1 1 y-1_ «—(@’—1) 
2 


a Ge pee LR Se EL 
gi!) ye” wt @ 1) 
and we also have 27/(1+ y) =2zé. 


=, where [&|<1, 
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The last result may therefore be written, when |x|>1 
and | €|<1, 


Fk (n+ m+1), §(n4+m) 413 n+33 1/2} 
= (248) F [nt met, me) m4 95 Eh 
wherein | arga& | <43r-. 
The last condition | arg (#&) |< does not really impose 


limitations which at first sight might be suspected. For 
by § 23 


2xE =1+7°cos20 + or’ sin 28, 


and therefore, if |&|<1, |argav&| is always less than Jz. 
We have then in (2x&)”"”” merely to take the principal value 
of the expression, and the final theorem can be stated in the 
form given in the enunciation. 

Had we taken the equality (§ 16) 


Fit (n+1—m), 3 (-m—n); 1-m; 1-y'} 
=|20-—y)\"Fl-n, n+1; 1-m; d(t+y)} 


valid when L(y) <0, we should have worked with the 
transformation 


es Ba SS VR ela 
ree ee 2-8 
where | £| <1, and we should have obtained the same result. 
§25. The expansion of @,""(x) in powers of &, when |E|<1. 


We will now show that when |&|<1, |argé|<za, 
larg (1 — £)| <7 [EL. (85), p. 475], 


r(d4)res- 2\m gent 
@,” (2) = eee” cotnm (i Eo" Se 


xF{m+h,n+-m+13 n4+33 FH. 
We have seen that, when | #|>1 (§21), 


Qn foul (m+n)a V(nt+m+1) (A) (2?-1)” 
TAD Doe sin 27r 2D (n+ 3) mn 


x F{j (atm) +4, }(n+m) +3; 43; 1/2°}, 


wherein jarg2|<m and (a’—1)*"=(#—-1)'"(@+1)'”, where 
arg (w#+1)|<7. 
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Now by § 23, when |&| <1, 


(Beye es = pee aes 
where | argxé|<4r, | arga|<7, | argé[ <7. 


If then we combine the previous result with that of § 24, 
we have 


Oye =) 2 
BN 4 ee a ee eee pa | 4m 9 atmt+¥ 


x Fin+m+1,m+3; n+33 EF. 


ea 2) —= Covina. 


Now, by § 23, 
oe CEUIICEED: 


wherein | arg («+ ry e<ie 
Therefore (1—&’)” = (2&)"(2*— 1) where | arg (1 — &")|<z. 
The last result may therefore aes written in the form given. 
From this result we see that we have the contour integral 
expression 


: sinner V(m+d) 
@," (@) sin(n+m)m T'(4) 


~—- 1 apne Nintm+it+s)0(m+3+4+s)0(—s 
Dart T'(n+$+3) 


The contour may be taken parallel to the imaginary axis 
(with of course suitable loops if necessary) provided larg | <3 
and | arg(— &’)|<7. 

The integral will represent the analytic continuation of 
Q,"(«) when |&|>1, provided (1—&’)"=(1—&)"(1+)”, 


wherein | arg (1+ &)|<7. 


)(-# )‘ds. 


§ 26. re ession of Q,”" (x) as a hypergeometric series of 
argument &'/(&’— 1). 
Kummer’s formula [H. F. §11 (A)] we have at once, 
if {arg (1— &’) |<z, 


Q,,” («) =cotnm Se aap a)p: 


x F{mt+h,4—m; n+; &/(-1)}. 


The series is convergent within that area in the €-plane 
which includes the origin and lies between the branches o 
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a rectangular hyperbola of major axis /2. In the &-plane the 
analytic continuation of Q(x) outside the circle {€|=1 will 
be given by the same series for all points € within the area 
of convergence, provided that (1—&’)*=(1-&) *(1+€)%, 
where |arg(1+&)|<7. For, with this restriction, the expres- 
sion on the right-hand side of the formula is an analytic 
function within the area of convergence, If, then, we suppose 
that @,"() is continued across | §|=1 in the &-plane, so as to 
take values which correspond to its continuation across the 
cut (—1, 1) in the w-plane, the equality will continue to hold. 
But it must be distinctly understood that the #-plane is a two- 
sheeted Riemann surface, and that the value of @.”(«) in the 
E-plane at a point outside | §|=1 is not its value at the point x 
in the original sheet of the w-plane which corresponds to this 
point €. 

Hobson’s result [(57), p. 485] is equivalent to that just 
given though its form is more complicated. 


~—§ 27. Expansion of Q,"(x) in powers of (1—&’). 
From the result of §25 coupled with the formula already 
quoted at the end of § 15 we have, if | arg (1 —&) | <7, 


J (ar) sin nr 


ao) —m) 
we Os sin (2 + 9) 1 Asackaeta) 
ee . ee 
=i (m-s)C(-m—s\)\T(} +s) Cintl+s\l-& ds. 


Hence, if | 1 — &’| <1, we have by Cauchy’s theorem 


sin nar Sate i) 
ote ND ile os meen Sioa eal aoe 
T A Pay r(l+n—m) 





— Q,"(*) 


(1 Ae ed ai 
x F{mt+3,nt+m+1; 1+2m; L- & 


I" (m) 


ooo 
c T(14-n ¢ 72) 


(1-87) "EE" | —m+3, n-m4+1 3 1-2m; 1-7}; 


and by reversing the contour of the integral we obtain an 
analogous expression in powers of 1/(1—&’). If we suppose 
that the function Q,”(a) is continued when |&|>1 across the 
cut (—1,1) in the two-sheeted w-plane on to the second 
sheet, the expression just given holds for all values of & within 
the lemniscate area of convergence provided in &" we have 
largE|<7, and in (t—&)*" we have |arg(1—&’)|<z. 
VOL, XXX1X. K 


130 Dr. Barnes, On generalized Legendre functions. 


These conditions give cross cuts in the €-plane from €=+1 
in directions along the real axis away from the origin. As 
a verification we see that, if we replace @,"(x) by G,”(&) in 
order to indicate the new variable, 


Gee) er Cae): 


the upper or lower sign being taken as J (&) is +, or J (a) F, 
which is evidently equivalent to the old relation of § 10. 

By Kummer’s relation [H.F. §11 (A)] we have, if 
RE) > 0, 


Fi{mth,n+m+1; 142m; 1-2} 
= (67) "?#Fil4+m,m—n; 142m; 1— £7}. 
Hence, if 2 \z)>0, 


sin n7r 


—2@),” (x) we T (— 2 — m) 


EF (—m) 





an NY Sen eon 1 Fe eas 
: Piles Gye *Figtm, m—n; 1+ 2m; Tey 
og | a BRED ro ee . 

Si Tera ame E"™Ei3—m, —m—n; 1-2m; 1-&'}. 


This formula is not valid when R(£) <0. In this case we 
have 


a OF. (x) —— 1h o n— m) et(2n+1)me 


equal to the sum of the two series just written down, the upper 
or lower sign being taken as J(&) is positive or negative. 


§28. Expansion of P.”(x) in powers of 1— &. 
We proceed to show that, if &(&)>0, and |1—&| <1, 


oz 





Er a 

wherein in &""' we have |arg&|<7 and in (1 — &’)™ we have 

}arg(1— &*)|<a. This expansion is not given by Hobson, 
By §12 


(1-8) "Ee" PF ld—m, 14n—m; 1-2m; 1-£"}, 





Sin 277 sin nr 


ena 


T vis 








P™ (e) cosnr = 


OP). 


& 
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Hence, when 2 (£)>0, we have, by § 27, 


m om— I‘ (m) fs ed nit 
P" (a Biriee cy ttirt agi a We? ee m 

ag VNd+n+m)C(—n-m) eyns 
x Fi—-m+i,n—m+1; 1-2m; 1-8 


I'(m) 


Rp tnt F 
35 ['(l+n-—m)C(—n+m) 


(1—e yen 
x F{-m+4,n—m+1; 1-2m; 1-€, 


for two series cancel. 
Thus 


Toa )cos na = 





927ml I (m) 1 ag (m+n) 7 (1 type 
N(l+n—m) Ul (m—n) sin (m —n) 7 
x F\-m+4,n-—m4+1; 1-—2m; 1- &} 
2°" cos Nr ere eee 
= ———_ (1- #*) "&" t—m,1+n—m; 1—2m; 1—£&'}. 
Bea) | 2) "eo" Fil —m,1l+n—-m; 1—-2m; £?} 


To obtain the expansion of P.”(x#) in powers of (1— &’), 
when &£(&)<0, we may either use the same process and 
employ the final series of § 27, or we may use the relation (§ 10) 


Q,.” (#). 


2 sin nr 


P*(—2) = em P."(2) - 





We find, when 2 (€) <0, 


sin n77F 





je (a) aa C (m ) Q2™ ot(m+n)me (1 a g mae fat 


x F{k—m,1+n-m; 1-—2m; ere? | 
lr (—m) 


— nS ED +n 1 Da 2\m ENt+1 
V(l+n—m)C(-m-—n) Cie aamaey)s © 


xf{k+m,l+n+m; 142m; 1-&}, 


the upper or lower sign being taken as /(&) is positive or 
negative. In (1- &)'™" we have 1-&'=(1-&)(1+6), 
where | arg(1+&) a so that mg P ) |<, and in &"" 
we have |argé| <7. 








K2 
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When 2 (&)>0, we have equally by Kummert’s relation 


oper 


m 2 S\=m =n 
ig = iam E"Fik—m, —m-n3; 1-2m; 1—€’. 


We see that, when R (E) > 0, we have the contour integral 


ULI denne eal I _ v?\—m Ents 
1 = ayia hea ay) E 








. (= ee TS) (aie 


276 I" (1 — 2m +s) 
wherein | arg (£7- 1)|<7 when the contour of the integral is 
parallel to the imaginary axis. 

Of course we must always remember that, in any of these 
formule, when |&|>1, we pass to the continuation of P.” (#) 
in the second sheet of the &-plane. 


§29. The expansion of P(x) in powers of &. 


By the previous paragraph coupled with the result of 
H. F. § 16 we see that, provided | arg &| < 7. 


EY (@)PG)Pa+n—m) TG —m) Te m-—n) 
=— 5 yen yr s)T\(-3-n-s) (4-m+s)"(1+n-mts) Eds. 


Hence, by Cauchy’s theorem, when 2 (€)>0,|&| <1, 








os lee 2\-mentt 2 

Jn P, (@) =F -#) geFg-m, l+n—m; g+n; § 
if 4 2\—tt w—y 3 
mee, La) EAs = ty — mn eo ee 


By the argument already employed several times [cf. § 19] 
we see that this is valid when |&|<1 for all values of A (&) 
provided we have the condition | arg&|<7, and in (1—&)™ 
provided |arg(1 — &*)| <a. When x is half an odd integer 
the expansion breaks down; the limiting form, which may 
be directly deduced from the contour integral, is somewhat 

complicated. 

Since the two series change into one another when n is 
replaced by - »—1, we have the old relation 


fe We m 
I 2 cen is -n—-} (mt). 
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Similarly by §25 we see that we have again the relation 
Vey ah ache Ga : 
P," x) = Q,.” (a) 


The expansion of P,"(a) in ascending powers of &’ may Ly 
Kunmmer’s tornula equally be written, when | &| <1, 


tann@r tan, 


cae A ere (x) 


WT T 








m ie =e 10) 2\ment 3 4 
V7 P. (0) 8 BE" E44 m, ltmtn; 34a; & 
I‘ (2 + 4) 


Fey (ENE Pb +m, nd my g—ny FD 
wherein |arg&|<7a, | arg (1—&) | <7. 

Hobson’s formula [(36), p. 475] may be reduced to this 
form. 





§30. If we take the contour integral of §29 the reverse 
way we have the erpansion of P.™(e) in powers of 1] &. 


We find, if & (€) >0 and [arg (1 — &’) |<, |E|>1, 








nm wes +n) m+n —m 
4a ern (anca: ¥ (1—&”) Fil-m, —™M—N; s—n; 1/&"} 
ee 
+ rem e OEY Fim, ntt—ms $4n5 1/8 


r(Z)C(—r—m 


The condition | arg (1 — &’) |< is obviously equivalent to 
making (1 —&)"=(1- &)"(1 + &)” where |arg(1+&)|<z. 
The condition £(&)>0 can evidently be removed, and re- 
placed by | arg&| <7. 

We proceed to investigate the meaning of this formula. 

In the first place we see that the function P.”(a), herein 
involved, is the continuation across the circle |€|=1 of the 
function previously defined when |€&|< 1. We have there- 
fore passed over the cross cut (—1, 1) in the w-plane, and 
thus we have passed to the second sheet of that plane, con- 
sidered as a two-sheeted Riemann surface. We will denote 
the function at the point @ in the original sheet by P."(a), 
and at the same point in the second sheet by ,P."(a). 

Let us now put 








m jos r(g+n) = 3\-m ] sal : 2 
Tl (—3—n) ne 2) - 
. eS ee a= m i 1 hy ree . 27) 


’ 


and postulate, as usual, that (1-@7)"=(1-E)"(1+ &™. 
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Then £'"(&) is a function of & defined when | £|<1, and it 


may be analytically continued over the whole of the &-plane 
it the latter be dissected along the real axis except between 
E=0 and €=1. 

We may write the relation just found in the form 


ee (ae) = ie (1 /é) etmae, | gE | > 1F 


the upper or lower sign being taken as J(&) is positive or 
negative. 
And the relation previously found may be written 


Neca etsy aie Es 


If now we pass from 4 where |€|<1, across the circle 
E\=1, ,£2"(@) becomes (P(e): we therefore have, when 
E|> i? 

S|> 


| 
| 
Fo" (E) = F"(1/E) 27s. cccarseeees (A), 


the uppor or lower sign being taken as Z(&) is positive or 
negative. 
Changing & into 1/& we see that the same formula holds 





This relation may be verified by the following considera- 
tions :— 

The function #."(£) is one-valued if the &-plane be dis- 
sected by a cross cut from —oo to 0 and 1 to along the real 
axis. In this dissected region we may go by a continuous 
path from € to 1/€. ‘This path corresponds to a complete 
circuit round the point #=1 in the w-plane. The figure (fig. 8) is 
drawn for the case when T\a) is positive and |&|<1. In this 
case we see by §6 that P,"(a) is multiplied by ev™ in going 
round the circuit. Hence, as & and 1/é correspond to the 
same point in the 2-plane, f"(&) is multiplied by e™ when 
it becomes #"(1/£). 

‘Thus, when I(&) is negative and |&|<1, 


oe (1 /é) — re (&) Emm, 


The cases when J (&) is positive or |%|/>1 can be treated in 
the same way. 


§31. We may now obtain the expansion of Q,”(«) in powers 
of 1/&’, and show similarly that it corresponds to an obvious 
rotation-transformation in the x-plane. 
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Take the integral given at the end of § 25, reverse it and 
ey Cauchy's theorem, and we find if |&|>1, |arg&|<7, 


parg(— &’)| <=, 
Q." («) sinnw (m+) 
ew’ sin (n+ m)a (3) 





T(nt+m+i1)h(- 
1(3 —m) 


x Lint m+ 1,b+m; Z3+n; 1/87} 


I (n+ 3) 0 (m +3) 
I (x —m + 1) 


x Pim+4,m—n; 3—n; 1/8}. 


bo 
|, ee 


=: (1 — &") m Eat (- al Thea 


+ (Lene (- By 





In this relation we must have | arg(1—&’)|<a so that 
(1 — £”)"= (1 —&)"( 2 + &)" where |arg(1+&)|<a. The con- 
dition that | arg (— &) |< may be interpreted to be R(E)>0, 
but & not real and Sure It may evidently be removed by 
the process of analytic continuation and replaced by the 
condition that the &-plane is dissected outside the circle 
| &|=1 by cross cuts along the two parts of the real axis. In 
thus continuing @,”(x) outside the circle |€|=1, @ in its 
plane makes a circuit of the or igin across the cross cut (— 1, 1) 
and we have to suppose that Q,"(«) takes a value correspond- 
ing to this circuit. If the w-plane is a two-sheeted Riemann 
surface which corresponds to the whole &-plane and has 
winding points at « =+1, we shall have passed from a point « 
on one sheet to a point in the other sheet. 

With these limitations the previous formula may be 
written 


q,” (2) 





sin ni 1 
sin(n +m) mw I'(4) 





(- 1/8)" 


=[(n+m+1)l(—n- $) LS et(ntl)me gn | 


xP{t—m,1l4+n—m; g+n; 1/87} 


I'(n+ 3) 


Ue area Beg acaba) HE 


wherein | &|>1, the upper or lower sign being taken as 7(&) 


16 +. 
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§32. Put now 
pet (Ss) Iie peat) 2) -m En 
G™(&) = 20 FY cot nn (1 — £7) "Eb" 

x Kil +n—a, 4 —m3;n4+3; £"}, 
when |&|<1, and suppose that G,"(E), when | &|>1, is the 
analytic continuation of this series. ‘The function then has 
a cross cut along the whole of the real axis except when § hes 


between 0 and 1. 


Then, by § 25, 
O.-"(4)= GE) when |&| <1. 
The relation just found gives us, when | &|>1, 


COS M77 





@," (2) = COS NIT etn G (I 8) 
TI (4) sin (2 + m) 3 Se PT ane) 
ene aS 


x Fi-m+4,-—m—n; d-n; 1/8}. 


Now, if #."(&) be the function introduced in §30, we have, 
when |&|>1, 


tannm (4 I (34 2) 


m 2 a 2\-—m 
oo rie) Ss 1a ete 1/8) 

x F{—-m+4,—-m-—n; 4—n; 1/87}. 
Therefore, when | €|>1, 





F™(1/8)= 


sin (n + m) 
sin v7 


Q),” (ae) = etm GF” (1/8) & oar Fn" (1/&), 
the upper or lower sign being taken as J(&) is positive or 
negative. 

Now, when £ moves from €,(/&,|<1) to € (equ 
without passing over the cross cuts in the E-plane along the 
real axis, G,"(&,) becomes G,"(é’). 

Therefore 
sin (2 +m) 7 


F."(1/E)...(B), 


the upper or lower sign being taken as J(é’) is +. This 
relation which bas been established when | §|>1 evidently 
holds also when |&'!<1. It corresponds to the expansion 


GE) = erm Ge Lierce car 


sin ni 
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obtained at the end of the previous paragraph, and may be 
interpreted as follows :— 

When we go from 1/8, |&|>1, to &, the function 
G," (1/8) = Q," a) is changed owing to the description by a 
Seas circuit round. a—=1 as /(é\ise>. »Lheretore: corre- 
sponding to such a circuit @,”" () becomes 


sin (n+ me) or 
—— P(x). 


etm Qe: (a) mah g : 
: Sih) 2077 





This may be readily verified by our previous knowledge. 
For, by §9, when @ describes a + circuit round #=1 (and 
not round e=—1), @"(x) becomes 


etm Os (x) ag (etme Pe etm) 


['(m) —T 


bono eee foe 6 eee Bee = Pe 
zs I (1 +24 am) Pies m) . (©) 


sin (m+ 7) 97 


eee) 


n 


=einm OQ” (a) Fur 2 
Qn \) SID 27 


The verification is therefore complete. 


§33. When -—1<xa<1 it will evidently be useful to erpress 
the functions P(x) and Q(x), as we have defined them on 
the cross cut in §§ 13 and 14, in terms of the functions F™ €) 
and G."(&) which, as they have been defined in the previous 
paragraphs, have no cross cut when |~|=1. 

When —1<a”<1 we put «=cos@ where 0A < 7. 

Then & =e*”, and since by our definition the condition that 
|€| is <1 necessitates that J(av) and J(&) always have opposite 
signs, we see that 


if ¢=cos 8+ ¢e where ¢ is very small and ultimately zero & =e", 
if e=cos 0—ee . rf a 7 Bes, 
Now, by § 13, 
P.™ (cos @) =eim™ P ™(cos 6 + er) =e-im™ P™ (cos 8 — eu), 
Therefore 
(Pe (cos 0) elms B® (e-18) — emtmae fr’ Bet) 


This agrees with the formula (A) of § 30, @ being positive, 
and 0<@ <7. 
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Again, by § 14, we shall have 
Q,” (cos8) =3 {Q,"(x + ec) + OQ," (x — e)} 
{Gi (e®) + GA" ("55 
and also 


—wemrsin(m+n)\or 
so LUNG ay (cosO) = Gt,” (e-!8, e~amm — G™ (e'9) ebmat, 
sin n7r i Oe ' : 


This again agrees with the formula (B) of § 32. 


§34. In the next place it wil be convenient, when we 
come to consider the asymptotic expansions of P."(cos@), 
Q@,"(cos@), to express P."(—cosd), @,"(—cos@), where 
0<6<4m, in terms of our functions F and G. 

Since @ is positive, we have 


Q."(— cos 0 +2) =G,"(—%) =G,"(e%) e-em, 
and Q,”(— cos 6 —er) = G.” (— e- 8) = Gi" (e718) eln tlm, 
We therefore have, when 0 <0 =4rz, 
Q,™(— cos) =3{ Gi,” (et) etme 4 GE (eB) e(ntl)ar} , 
And also, under the same condition, 


—wmsin(m +7) ™ pm Bi cee f) 


sin nr 


0 m (@i0 e—(ntl)mi—}mme Gum (e-*6) e(n+1)met+hmae, 
2 n 


The general transformation of the second degree 
of Riemann’s P-function. 


§35. It has been stated in §3 that the three sets of 
transformations of generalised Legendre functions are possible 
because they are substantially Riemann P-functions of a special 
type in which the difference of the two exponents associated 
with one of the singularities is equal to one-half. In this 
case a special transformation exists. Riemann obtained the 
form of this transformation for the case when the singularities 
of the P-function are 1, ©, 0 by general considerations. It 
is interesting to show that the analysis used in § 15 will give 
the complete form of the corresponding transformation for the 
P-function with general singularities a, 0}, c. 

We will assume that, if a, 6, c be represented by points 
A, Bb, C in the Argand diagram, these points are so placed 
that when we go round the circle through A, B, and C in 


Dr. Barnes, On generalized Legendre functions. 139 


a positive counter-clockwise direction we pass from A to C 
to B. This, of course, is Riemann’s fundamental assumption. 

Further, as in my previous memior,* we will take one of 
the 24 P-functions, let us say that with suffix unity, so that 
we have 


Gaus, Cy 


ERAGE FER 2 fe aw 








the G., Y's 
—1 (S225-8\" (Ratyaneare ts) ( a -a.c—b\* 
= — | ——_—_ ———————S eee eS = ds 
27e \x—a.b—c [\(l—a —y+s) c—a.x—b 
re CS = ® ima AGB ay) Tot Bi +9) 
~ \e@-b.c—a)] \c—a.a- ) r(l-a'+a) 
: x —.c— 6) 
spre : ' 
x Flat pty a+ B93 Cees ag em 
x—c.b— 
We assume as before that oo a : has a cross cut along 


the are AC, and that its argument ranges from 7 just within 
AC to zero on the are ABC and to —7 just outside AC. 


ee x—a.c—b 

Similarly ——— 
c—bia—c ee iar 
eee =e lon ] 
a—b.%—c S 

We also have the permanent relation 


ata+84+8'4+y74+7=1. 


has a cross cut along BA, and 


§36. We can now show that, ifa+o +P +B’ + 2y=h, 


op ae ae ar.2u’+2y+1 U—C.0—a.% 
PJ i Lee FG, 
mae ey 22 D(a+B+y+3)P (at +y+3) fayed 
a) (he Yt25 


Cg eg) ome a—b.xa—c 
«7, [nbn 2B, a9 f aay ? 


a't+y, 28’, a+y¥ 








—b.a—c\ , ; : ; 
where i) as such that its argument is —3a just 
a—c.«a—b/ 


inside the cross cut along the arc CB, is zero on the arc BAC, 
and is 4m just outside the cross cut CB. 


* HF. §§ 20-29, 
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Putting for brevity 


P— bee r—c.b—a r— det 
0 22 ee ee a eee 
Aas) oo! b—c.4—ea’ C— aur 


we have [H. F. § 26], in the special case when y'- y= 
a, 6, ¢ , 
w-tuvet™e Dig + B+ y) Dat pt+y) P, a, B, Yass 7 
a, B, y+4, 


=5— F(-s)F(-s)P@tht+yts) (at i +y+s)w'ds 


—i | ‘ , = 
= enue (—2s)27" /(r) (at P+yt+s)P(at+ PB t+yts)u'ds, 


the upper or lower sign being taken as w lies within or with- 
out the circle ABC. And the last expression may be written 
in the form 


(=) Ju(w)2°0 (at B+y+4s) P (a+ B’+ y+ 4s) de 
x JP (6—s) PF (—¢) {v(1/u) — 1]? dg, 
provided | arg {/(1/u) —1}|<z. 
Interchanging the order of integration, we have 
(- s+) Jr 4) fv /u) — 1} 
x f2e" PT (at B+y+3s) T ath’ +y+4s) 0(dp-35\ [3 (p+1)—ds}ds 
= [by H.P. § 16] = Jr (—){v(1/x)-1}°2°8F Qo +a+8-+y) 
lis ee (IdtatO’t+yT{3(h4+1)+0+8'+y} 
qe Be ea ial a 


[(1—a' +a) re aae 


x F[2a+ 28 + Qy, 2a+4 23'+2y3; 1+a—a’s ¥{1—W/(1/u)}]. 


/ 





do 


— 


We therefore have 


T(at+B'+y\)T(at+ B+y) 
r(l+a-«a) 


x Ff 2a + 2(3 + Qy, 2a + 23' +273 Ita—a’s {1 —V(1/x)}1. 


P. w-tyletmia — 
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But by H. F. § 24, we have 


Im, OO 7», —1; 
Pilaty, 28, aty, v(1/z) 
aty, 23, a+ 
=[8 [1 +7 (1/u)} ety [3 [1 —V/ (1/u) jety etree 


i T (2a + 23 + 2y)T (2a + 2)" + 24) 
Til+a—a’) 


x F[2a+ 23 + Qy, 2a 4+ 28' +4 2y; 1ta—a’s 3 (1—V(1/u)}, 


the upper or lower sign being taken as 4/(1/u) has its imaginary 
part negative or positive. 

If then we take arg /(1/z) to be - 7, where z lies just within 
the are BC, 0 on the are ABC, dn just outside the are BC, 
/(1/u) will have its imaginary part negative or positive as @ 
lies within or without the circle ABC. And, since wu is greater 
than 1 on the arc AC and less than 1 on the are AB, we have 

wety 


[313+ V(1/u)} ety [3 (1 — /(l/u)}}oty [41 (17a) ety 


the final many-valued function having its stereotyped meaning. 
Lheretore 
Geer Ut « O 
igs ie By ¥ 5 ef w-eut etme 
’ ’ 
a, BP, ytd 


tes econ il 
=P iaty, 2B, aty, /(1/e)- wary) 
a! +, 21’, rt Yy 
ar 214+2a’-+2yetmia 
A eee Naas EERE eT TT 
Bap iyct 3) hae By -2 3} 
But with the specifications which have been used through- 
out 
u’v’wi=1 [H. F. § 22]. 


We therefore have the given result. 

The form of the relation may be readily verified by con- 
sidering in Riemann’s manner the singularities of the functions | 
which occur on the two sides of the quantity. 
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§37. Suppose now that we put a=1, b=0,c=0, y=0; 
then we have the complete form* of Riemann’s transformation 
of the second degree previously quoted in § 3 :— 


{as B30 or Q1+2a! 1, 22 
Pa, B,9, a = SPENT TUNG EC TY ee he 
, , T\a+ +3) I‘\a+ +3) ; * ¢ ie a : 
oats P : P Z a’, 28, a 


wherein at+a+8+4+()'=3. 

As Riemann did not define the P-function except as to an 
arbitrary constant multiplier he did not give, and in fact could 
not in the nature of things obtain, the constant term in this 
relation. 

From this result we may readily deduce the fundamental 
transformation of §15. We have, when a+a4+23+/ =i, 
and Lt (y¥) > 0, 


F{a+B,a+8'; l1-a +a; 1-—y’} 
= F {20+ 28, 2a+28'; 1—a'+a; $(1-y}. 


Tor, if we express the two P-functions in terms of hyper- 
geometric series, we get [H.F., § 24] 


aU (a+ BP) Tat) 








(x — 1) Tea F\at+B,a+B; 1-aw+a; 1-2} 
= ee We Wet 
(at+tB+34) 0 (a+ p'+4) * z 
T\(2a+28)0(20+2/3' 
a ale F {24428, 2a+28'; 1-a’+a; 4(1-1/z)}, 


wherein jarg/x|<47. With the specifications used through- 
out, we have 


(a@ —1)*= (Va — 1)? (fa4+1)% 
We therefore have 
F\a+B,a+B'; 1—a+a;3 1-2} 
= F'2a+ 2B, 20428’; 1-a' +a; 4(1-WV/z)}. 
Putting y=V/x, we have, when 2 (y)>0, the given 
relation. 


In a similar manner we may deduce the transformation 
of § 24. 


* Cf. Riemann, Oeuvres Mathématigues (Paris, 1898), p. 73, formula (4). 
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PART II. 
Asymptotic expansions of generalised Legendre functions. 


§ 38. It will be evident to the reader who has followed the 
previous investigations that the comparative simplicity of the 
contour integrals for generalised Legendre functions, which 
have been introduced in the previous theory, may be expected 
to lead to simple proofs of many formule in the theory of such 
functions and to wide generalisations of known results. In 
the ensuing paragraphs we propose to deal with one of the 
most interesting and important branches of the theory, that 
of the asymptotic values of the functions. We shall investigate, 
in the first place, the asymptotic expansions of P."(a) and 
Q,"(«) when |n| is large. In the second place we shall 
consider the asymptotic expansions of the same functions 
when | m| is large. All the variables x, m, and n are supposed 
in the general investigations to have eeneral complex values. 
Particular expansions, when some of the variables are real, 
are deduced as subordinate results, or obtained by special 
methods. 

When x is a positive integer, and cos @ is real and positive, 
the aspmytotic approximation to £,(cos@) was first deter- 
mined by Laplace*. Laplace gave two investigations, neither 
satisfactory from the point of view of modern pure mathematics. 
Another investigation of the same limited problem is due to 
Bonnett; criticisms by Heine of Bonnet’s theory will be 
found in the latter’s treatiset. ‘Todhunter§, in his text book, 
reproduces some of these investigations. Heine himself { 
investigated the same problem, when n is a positive integer 
and « is complex, for both the functions P(x) and @ (a). 
He did not, however, estimate the magnitude ‘of the remainder 
after the terms taken in his approximation, and did not there- 
fore show that the results were valid in Poincaré’s|| sense. 
Darboux**, in his famous J/émotre sur Vapproximation des 
Jonctions de trés-grands nombres, appears to have been the 
first to obtain an expression for the magnitude of the remainder 
in the asymptotic formula for P (a), when 2 is a large positive 
integer and « is either real and comprised between —1 and 1 





* Laplace, Mécanique Celesto, T. 5, Livre x1., §3; and Supplément au T. 5. 
+ Ossian Bounet, Liouville, T. 17 (1852), pp. 2b5— 300, especially pp. 270-277. 
t Heine, Handbuch der Kugelfunctionen (187&), T. 1, pp. 171 and 179. 

§ ‘Todhunter, Functions of Laplace, Lame, and Bessel (1875), Chapter 7, 

4 Hele loc. cit., pp. 171-182. 

|| Poincaré, Acta Mathematica, T. 8, PP. eee et seq. 

** Darboux, Liouvil'¢ (1878), Ser, 8, T..4, pp. 22 and 39. 


144 Dr, Barnes, On generalized Legendre functions. 


or complex. Darboux also obtained (loc. cé#., p. 402) a similar 
formula for @,(~), when 2 is a large positive integer, and 
extended his results to the well-known polynomials of Jacobi 
and T’chebychef. But his method only applied to cases in 
which » is a large positive integer. Stieltjes* attacked the 
problem of the asymptotic value of P (w), when 7 is a large 
positive integer and «w is real and comprised between —1 
and 1, by the theory of contour integrals, and obtained a series 
convergent for a certain range of values of the variable and 
rigorously asymptotic outside this range. Hobsonf, relying 
on a formula of Darbouxt, obtained expansions for P.” (cos @), 
Q..” (cos @), when cos @ is positive, m and n are real, and n large 
and positive but not necessarily integral. He also obtained 
asymptotic formule, when x is real and greater than unity, 
for P™(x) and Q(x) under similar limitations for m and n. 
And by estimating the remainders in the earlier set of these 
formulz he established them in Poincaré’s sense. Finally, 

reference must be made to another important contribution of 
Stieltjes§ who, by his proof that the asymptotic expansion 
of I‘(a@) 1s valid for general complex values of « when 
|arg|<a, made possible the subjoined theory of such 
expansions. 

In the present investigation I show by means of the 
asymptotic expansion for I’(s) that an asymptotic expansion 
can be obtained for q,”"Ge), when m, n, and « have general 
complex values and |x| is large, provided |argu|<7—e, 
where ¢ 1s a finite positive quantity, however small, inde- 
pendent of n. It follows that a similar expansion can 
be obtained for P."(w), when |n| is large, provided 
|arg(tn)|<r—s, that is to say, when n is not near the 
positive or negative directions of the real axis. The special 
cases, when & is real and 7 is real and positive , are considered 
in detail. ‘The generalisation thus made is not merely of 
great theoretical interest. Such formule would be useful in 
the consideration of expansions in terms of Mehler’s] conal 
harmonics. 

Iinally, at the close of the present Part of this memoir, 
J investigate the asymptotic expansion of P,"(x) and Q,"(@), 
when m,n, and x have general complex values and I'm 13 


Pas Annales de la Faculté des Sciences ds Toulouse (1890), T. 4 
pp. G 1-17 
{ Hobson, Phil. Trans., Royal Society, Vol. CLXXXVII. (1896), A. pp. 486-491. 
Darboux, Liouville, Séries 3, T. 2, pp. 291-312. 
§ Stieltjes, Liouville (1889), ), Séries 4, ‘'l’. 5, pp. 425-444. 
G Mehler, Credle, Vol. LXvIIL., pp. 134—1 50; also Hobson, /oc. cit., p. 529, and 
Transactions ‘of the Cambr idge Philosophical Society (1887), Vol. xiv. PP 211-286. 
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large. I am not aware that any such investigations have 
been previously given, though they are necessary to establish 
the convergence of many expansions in terms of generalised 
Legendre functions. 


§39. The asymptotic expansion Q,”"(x) when n, m, and « 
have general complex values, | n| %s lar ‘ge, and largn |\<7 -€, 
where ¢ is a finite positive quantity, however small, independent 
of n,|m| and | «| detng finite. 

Let S(x%) be the 7" simple Bernoullian function of 2, 
which is the only algebraic solution of the difference equation 


f (e+ 1)— f(%) = 2", 
which vanishes with w SS («) is thus a polynomial in a of 


degree (r+ 1). 
Let the quantities A,” be determined when x < WN by the 


expansion 
sides ed Ge 
exp| = By el secre ee 
P |= rac” ) | =O 


i 
Let the functions ®,”(€) be given by the equality 











m SUM COS ar Cee 
So es AH Eee EE 
ee a) eed Pil (9 pte =i) 

wherein € =a —/(#’—1) and |&|<1-¢,, where e, is a finite 
positive quantity, however small, independent of n. 

Then, if |\n| be large and | argn| <7 — e, where e ts a fintte 
positive quantity, however smull, independent of n, we have the 
asymptotic equality 


sing@(n+m)  I\(34) . soi 
———— < ta 2\ 1 ont] | m—-} 
sin rn I (4+) Geta tae 


N Ab ae = 
«4s ea Be ae) m) p” (é) +t, 


q=0 nN 


Q,” (x) = 


4- 





where, for any assigned finite value of N, | Jy| can be made as 
small as we please by taking |n| greater than a sufficiently large 
positive quantity. In this case we shall sometimes say that 
| Jy | tends uniformly to zero nds to infinity. 


VOL. XXXI1X. L 
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We have seen that [§ 25] 


Q, (@) 


I (m + 4) sin rn 
I (3) sina (n+ m) 





aQ-eyne™ 


T(n+s+m +1) 
T(n+s+%) 





=-5— [P(m+349rs) (- B)'ds, 
wherein | arg &|< 7, | arg (- &) |<. 

If | &| <1 we may take the integral along a contour closely 
embracing the positive half of the real axis. If, then, 
[argn|<a—e, where ¢ is a finite positive quantity inde- 
pendent of », we shall have, when |2| is sufficiently large, 
ls+n|as large as we please at all points on the contour. 

Therefore by the asymptotic expansion of the gamma- 
function 


C(n+s+m-+4 1) 








Pinte+ i) 
1 hy eae iJ 
1)— § (3) 
~ (n+ sprees | 2 r(n+s)" ese (m + ) S (3)])+ at, 
where |;/7y| can be made as small as we please for any 








assigned finite value of N, however large, by taking || to 
have any value greater than a sufficiently large positive 





quantity. 
Thus 
F(n+s+m+t) a es _ s/n (s+ 0) 
(n+ 8+ 3) ro (n+ aan (ni: 3) 


where | oJ (s+) | possesses a similar property. 
The previous integral is therefore equal to 


sy 














1s Ir (—s)(m+s +4) 
Pere 2 Gs Pa 5) . 
27 l »=0 : | (n +s)"*" S aay ds te Nii m,? 
where 
1 fedy (stn) (—s)F(m+s+9) } 
N= = oe memeer ge ipa (— &*)'ds. 
eS) ay (t+ n) P(m+é+4 4) et 
t=0 (1 + Tee ESS (t a1 1) 
+7 
Hence ee [<n > 2 | (m+t+$)| ie 


Cee 
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where, for any assigned value of N, the positive quantity 
» can be made as small as we please by taking || greater 
than a sufficiently large positive quantity. But the last series 
is convergent when |&|<1. Hence |3/y| can be made as 
small as we please by taking || sufficiently large, provided 
|€|<1—e,, where e, is a finite positive quantity, however 
small, independent of n. 
Consider next the integral 


1 [coher 


) ¢2\s 
ie || See 





It is equal to 
< I (m ue aE 3) ge 
s=9 I (+1) (1 4-t/n)"*" 


o TP (m+ t+ 4) o,, 1\ (Vi¢+r+3-—m)T(—¢) 
= Mes em (- gh) fet ECD Sa, 
0 T(¢+1) 27 b rir+d—m) % 





since | arg (t/n)|<7, the integral being taken along a contour 
parallel to the imaginary axis leaving the origin on the right 
and the point m—z7—4 on the left. And the last series may 
be written 

o Dim+t+3) pe S  P(ptrte—m) (Pe, oly 


t=0 if (¢ 4 1) p=9 ia (p + 1) G (7 + 4 —_ nv) Yai Py b) 








where 


1 $ I\(m+t+2) (Te +N+r+h}—m) T(—¢—N) 
2mvr1—0 I'(t+1) : n?yT (74-4—m) 


the last integral being taken along a contour parallel to the 
imaginary axis, cutting the real axis between 0 and 1, with 
a loop, if necessary, to ensure that m—.N—vr-— } is to the left 
of the contour. ‘Thus | o9/y| can be made as small as we please 
for any assigned value of V by sufficiently increasing | 2 |. 

We therefore have 

(m+ 3) sinan eee 

mm : 1 aaa, m n 
Qn" (a) I" (3) sin (n + m) Colas 
y APR (-P  (ptrtg—m) g P(mttth) pup 
ee eo lip thm Urbs —in)) 29° Wi 1) | 

ity 


tyre 


t?' Nd, 


0 T <a 





L2 
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where | ,Zy| possesses the same property as | oly|, 


i. x C(g+3—m) g V(mtt+3) ,. [= )Pae ee at 
SZ a nt Spe mcery ~o p! C(¢—p+bam) nN 





We thus have the given result. 


§40. We will now show that the evaluation of the first two 
terms of the previous expansion leads to the asymptotic equality 


O.r(0)=/2 cisha CR Lary — &) tn” ‘ alt tal ; 


n 81N 77 


i-& 


In this result |r| is large, |argn|<a—e, where ¢€ is 
positive and independent of n, |&|<1—e,, and |argé| <7. 
And the equality is truly asymptotic in Poincaré’s sense. 

We know that 


8, (a) a 3 (a* si. a), 
S.(a) =a? -— Ja" + da. 


&e. 


where C,=(m—3) {} (m4 §) + (m4) eal 


Hence 

S,(m +1) — §, (3) =43 (m+ m—- 2) =3 (m+ 8) (m—$). 

m>+m— ra 
20 

Therefore A > =1, K,"=3 (n+ 8) (mF). 


L 





Also exp it fee tee 


x 


Hence 


U(m +3) 


: ; a 
H"(E)= § an fat Pure Cem) Gey 


¢=0 (td) meee 


and 


T(m +t+4) .. ((m+ 8) (m—)) t 
orO= Stay fl arg-= "Toa 


SAG ey, pr NC ieee 
Fens Reus fear o2)0\ PE res Sas 


(1 _ Oye 
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Thus, as regards the first two terms, the previous expansion 
may be written 


eee Bina (n +m) Fie oa n- T' (m+) 
@, @)= sin mn eveeene ‘ eee Pi 


+ PGE) gE me Qe 


~ pho Da-ey'] at. 


We thus have the given result. 

Hobson’s formula [(66), p. 491], apart from an obvious 
misprint, is the particular case of this formula when n is 
real and positive and x>1. 


§41. Lhe asymptotic expansion of Q," (a) =G,"(E), when 
coy 1 and | nlits ue |m | being fintte. 

When |&|=1, Q,"(@) lies on the eross cut from «=—1 to 
Sle AV 6 shall therefore work with the function G”(E), 
which, as previously defined in § 32, has no cross cut when |&|=1 
(E41 or —1). 

Put =e, where @ is real and 0<|0|<7, and choose 
(— &*) so that jare (—&)|<a. ‘Then we have 


T(m+4)sinan 


a. (&) (43) sin (m +n) 


(1 a Es) Exess 


Tin+s+m+1) 


1 . 
—_. 1 — 
a - [ra4stsy ri 8) CEES 


(— &")' ds. 

On the left-hand side |arg(1—&’)|<7 and |argé|<7. 
On the right-hand side we take the contour of the integral to 
be parallel to the imaginary axis (with, of course, suitable 
loops, if necessary ). 

The integral will be convergent when |&|=1, provided 
larg (— &’) |<, which has been ensured by the conditions 
imposed npon 

Now, provided | arg n|<4a-—e, where ¢ is a finite positive 
quantity, however small, independent of n, we may repeat our 
former analysis of § 39, ‘working with contours parallel to the 
imaginary axis instead of with contours closely embracing the 
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positive half of the real axis. And since with such new 
contours the equation 


P(—s)(1+ay'=-5— IT 9) Pps) ade 


is valid* for all values of s and ||, provided | arga|<z7, 
jarg(1+a)|<7, we shall arrive at the same asymptotic 
equality as betore, provided | arg (— &’) |<a—e,, where e¢, is 
a finite positive quantity, however small, independent of n. 
TERE the asymptotic expansion previously obtained holds for 
et a G"(&), when |E|=1, provided e,<|argéE|<aw—e, 
d | arg n|\<ia—e, and provided |arg(1 — \ Pars 
‘- zm (p—E)" (1 + &)", where |arg(1+&)|<7. 


§42. We may now show that when @ 1s positive and 


€,<6<m7—e,, when |n| is large and | argn|<da—e, we have 
the asymptotic equality 


. e 7. nm 8in 7 (2 +m) 
Ce Geer) 2 as 
(m= Din MY 


x ee 6 +147} 1! a om 





See hy wea = Dt +. 


PORT: 
We have seen in § 33 that 
Q,” (cos 8) = 3 |G," (6°) + 4" (E“)}. 


We therefore have, by the result of the two previous 
paragraphs, under the assigned conditions for @ and n, 
sin 7 (n +m) 


Gaaicos Zao iz) 2 sin7n 
xn | (n41).0 (1 — @200)—4 1! ns ue ene bi tah 


+ e—(n+1) (1 — e200) — ft ae asl Os see 0 ae (=) tof . 


e2b 


where ,.C,(@)=(m—3) 13 (m+o)+(m+o); al 


* See the author’s paper, Qnarterly Journal of Mathematics, Vol. XXXYIIL,, 
pp. 108-116. 
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But since @ is positive 
(1 — e6)-4 = (2 sin )-% eb: O +407, 
(1 — e-28)—-3 = (2 sin @)-4 e80—-4er, 





Hence 
a sin 7 (m+n) 
@,” (cos 8) = eee 2n sin 4) 2 sin 17% 
x n™ jetrnean (1420)... )pertornnt-a (142SE2),,..)] : 
n n 
Now 


0,0) = (m= 3) fm +9) elm DH 


Hence 


= 9 Sin (mm +n) 
is les 2n sin ane) sin 72 
m—3)(m+ “| 


x a. r+ in 








= sin {(n+$) 0+4m} 4) Fk 


~ 2nsin@ 


We thus have the given result. 
When m=0 we have the asymptotic expansion, valid 
when | n| is large, | argn|<4ar—e and ¢,<0<7-e,, 


Q, (cos @) =f ee cos (n +4)0+417} (1 -=) 


pe nies War ase aC) +] 
8n sin@ n 

This should agree with the result of Heine and Hobson 

for the case when n and m are real. In each case there is 

a slight divergence. Heine (Joc. cit., p. 182) obtains for the 
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: Ty Ue 
coefficient of 4 (a) , the terms 
21° sin 0 


sin} sin(n+23)6@+4 cot @cos{(n+43)@+47}, 
Hobson (oe. ctt., p. 490) gives the terms 
—cos{(n+3)0+147} + dcot Asin {(n + 4) Of. 
It appears that the two terms are 
—cos{(n+4)6+17} +) cot Osin{(n+3) O+47}. 
§43. We may next show that when @ is positive and 


€,<O0<7-«,, when |n| ts large and |argn|<4r—e, we 
have the asymptotic equality 


Q," (— 088) =, /(; 5) sin (n+ m) 


29n sin @ sin wn 





xn * | cos (n+ 4) (8- n)— 4m} 422 a +]. 


As has been seen in §34, we have, under the assigned 
conditions for 0, 


Q,”"(— cos 8) = 4 { GZ" (e") eet la + Gi mi(e-10) ent tyr} 
= (n/n) Zt), m eon .(8—r) (1—e?46)— } jie C, om ee 


2 sin 
a ee Ds 
+ e—(m+1)e(8—7) (1 — 6-208) 3 1! + Mts , 


which yields the result stated: it is but another way of 
writing the result of §42, and verifies the range there given 
for | arg é |. 


§44. The asymptotic expansion for P.™(x), when |n| ts 
large,|m| and |x| are finite, |E|<1—e,, and |arg(+n)|<a—e, 
where e and ¢, are positive quantities independent of n. 

We have, in §12, obtained the formula 


tan nr 


‘De Gens pes 





1Q," (#2) — Q"_,1 (@)}- 
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Also we have obtained the asymptotic equality 


m/,\ 8inw(n-+m) (3) A, aah mes 
Qn" (2) = sinan = =—ss "(4 + m) eae) ae aah 
= C(g+s—m) m Jy 
« {3 Ooo 
where |n| is large and |argn|<a—e. 
If, then, | arg(+n)|<m—e and |n| is large, |&|<1-e,, 
we have 


I I (3) z 
ites ‘ _ sin m (n+ m) 2 tee 2\m entl . m-4Z 
»” (@) mcosnm@ I'(4+m) US Sl Seating 


as C(¢g+4—m) m Jy 

; {2 n? ®, (5) + a 

sina (m—n) IT (3) 
mcosnr I'(}+m) 


(1 "En" 


N TQ+h—) 4 mig) 4 
1S aay Ot 





where |,/y| and | 2Jy| can be made as small as we please, for 
any assigned value of J, by taking || greater than a suffi- 
ciently large positive quantity. 

If in this result we confine ourselves to the initial terms, 
we have 





P"(«)= sin 7 (n+ m) (Te Bet E nc +] 


‘/(m) cos7n 


sin a (m—n) 
/(7r) cosmn 


C 
(1 — ER)S gE" (- n- 1)" E ST +. ) 
where 
n€,=(m- 4) 13 (m+3)+(m+}) 25 at 


We see that this perfectly general formula is not valid 
when n is near the positive or negative directions of the 
real axis. 
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§45. We proceed now to consider in detail the dominant 
term furnished by the previous asymptotic expansion for P(x) 
tn the various cases which may arise. 

Put &=(1/r)e® so that |v |>1 and | |<; and, further, 
put n=u-+ev where w and vw are real. The terms of the two 
series which enter into the asymptotic expansion for P.”(x) 
are respectively dominated by é"" and €", and 


|é" | =exp {[— @v—u log}. 
We therefore have the following cases. 
Case . (a):—wu and v both positive; Z(&) positive or, if 
Z() is negative, | @| <(u/v) logr. 
In this case &" is, when |n|] is large, negligible in com- 
parison with &%*. 
Hence we have the asymptotic formula 








sin a (m — n) £5 : C 

P|: = i aE Oe eee ty Se) fee ee Ortite 6 

oe) a/ (7) Cosme wet re) n+l i 
But sin (m —%) et) ae 








COS 772 b 


if the terms in » of the lower exponential order be neglected. 
Thus, since (- Hered nt e—m(m-$), 


m { Ee Era sD, 
P, Sane i! saecemnry (0 
Case I. (b):—u and v both positive; J(g) negative and 
|O|>(u/v) logr. . 
In this case €" is negligible in comparison with &", and 
we have 





sinm (m+n) : c C 
P*(g)=— 1 ede ee 
2) = SEE a eee ie +h 
But sin m (m+n) ee Fi 
cosmn b 


terms of lower exponential order in n being neglected. 


Therefore 
mA E- te- mem enti nin ( ee ) 
PN) TeayGaep UT wtp! 


Case IT. (a):—u positive, v negative; J (&) negative or, if 
I(&) is positive, 0<(u/| v|) loge. 
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In this case &" is negligible in comparison with €", and 
we have 


ie) ete Ue ae) 
PO)= Ten aaep Ute tf 


The form is thus the same as in Case I. (a). 


Case Ll. (b):—uw positive, v negative; J(&) positive and 
O>(u/|v|)log7. We have 


ia as wemeum Ent nm 1%, ) 
PA0)=— Tema Ep te ty: 


Cases III. and IV, when u is negative, can be derived 
from the preceding by the formula 


Py" (@) = PB”, (a) 


Throughout the previous investigations we have been limited 
by the condition | arg (a:n)<aw—e. When &(n) is positive 


and | dv|<<ulogr, we have obtained the asymptotic formula 


ae En" () 

Pn) Teeny Gaey Ute th 
and the part of P.”(c), which is discontinuous, when passes 
over the real axis, is masked by the dominant term just 
written down. ‘The expansion ceases to hold for general 
values of n, when 7 lies on the real axis, owing to the fact 
that the expression for (a) in §29 is no longer valid for 
general complex values of m, when » is half an odd integer. 
Hence, when n lies on the positive half of the real axis, special 
investigations become necessary. The most important of 
these is given in § 48, znfra. 








§46. The asymptotic expansion of P."(cos@), when 
e,<O0<m—e,, where e, ts a finite positive quantity, however 
small, independent of n. 

We now proceed to show that, if ¢,<@<m7-—«,, and 
|argn|<da-—e, we have the asymptotic equality 


P”(cos6) = yh (=) n™ sin (n+) 0+4mm +11} 


™n sin @ 
ae) 8 3 
© 14S 3) meu} 
2n 
m°>—} cos{(n+3)0+dmr+i4a} | (+) 
<A td 
2 sin 0 nN n 
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We have seen in § 33 that, under the assigned conditions, 


THT IF pm (cosd) = 4." (CO) ebm — G." (ef) elm. 


sin n7 
Also, by § 41, 
Srl et ay sinm(n+m) milnO (1 codNed mf wn 0, (9) 

G"(e ) NATE 10) saa cia e(n-+1)26 (1 —¢2e8) 3 aap 


where 


e218 
0, (8) = (m—3) fh (m+ 8) + (m3) ah 


Hence 


—«/ (an) PB. (cos 6) n™ 


= e—(n+1).0-3mm (1 Ges e-%b) 4 {1 4 mts es C.(= ®) ted 





n 
— e(nt]6+hmm (1 a e0)4 {1 ah oa (8) aes . 


n 
== e—(n+4).8-kmmi—4rt (2 sin 6)# 1! inne ee cee ae pi | 


—e(n+$).0+gmarit+dae (2 gin Gy? 1! < £0 sky “| : 


Thus 
PP cOn eG) = al Ser) n™ sin {((n+3)0+ 3mm + 4dr} 


<4 e=iead) 


m'— 4 cos|(n+ 3) O+}mm +37} , (-) 
Say a SN ee ee ~- PS Py +e ° 
2 sin 8 n n 


This, though written in a slightly different form, agrees 
substantially with Hobson’s result [(63), p. 490]. The 
necessity for the introduction of the quantities ¢ is well 
illustrated by an investigation in a recent paper by Bromwich*. 


Sn Proceedings of the London Mathematical Society, Series 2, Vol. 1v., 
PP. ms 
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§47. The asymptotic expansion of P,"(—cos@), when 
e,<0<7-e,. 
By §34, we have 


— wm sin (m + n)™ pm (— cos 0) 


sin nr 
= Gg.” (e*) e-(n41)mi—-4re — Gas (e-1) e(n+1)mit+imre, 


Hence 


- tf (mn) n™ P.™ (— cos 8) = (ttl) 6-)—gmm (1 — e2s0)-4 
x [ + a: (@) H.| 


n 


— e—(n4+1)i(9—3) +471 (1 a e- 28)? E vt eC. a 0) +] 
n 
= e(n4+1):(6—3)—fmmi—f.04-4 210 (2 sin Gy i 4 7) rom } 
(0) 


= e-(n+l)(O—m) + hmaret bb—A7e- (2 sin je {i + ee, ta ; 
n 


We therefore have 


2 
P.”(—cos8@) =- Rileeeate = 5) 


se sin (( Ope tae eee, +] . 
n 
The approximation can, of course, be carried to any order 
should necessity arise. 


§48. The asymptotic value of P, (x), when n is a positive 
integer, |n| as large, and |E|<1l—e. 

In our previous investigation of the asymptotic expansion 
of P."(«), when |n| is large, we have been continuously 
limited by the condition |arg(+n)|<a- e, where ¢ is finite, 
small, and independent of n. It happens, however, that, in 
the fundamental expansion of 1/(y—) in terms of Legendre 
functions, as well as in other investigations, we need the 
asymptotic value of P (@), when n is a positive integer and « 
can take general complex values. 
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If |&|<1—e,, where €, is a finite positive quantity, however 
small, independent of n, we will show that, when n ts a positive 
integer , 


J we 








P,(@) =e (1- E+ 


where |arg&|<7, | arg(1—&) |<, and | J(n)| can be made 
as small as we please by taking |n| greater than a sufficiently 
large positive quantity. 

Heine (/oc. cit., p. 174) gives this result, but his proof lacks 
adequate rigour ; the first satisfactory investigation appears to 
have been given by Darboux”*. 

When n is a positive integer one of the two series in § 29 
vanishes, and we have, when |€|<1, 





Tint) 
Pe) = pea "Fibs cs dans B, 
Hence 
as af UGtn-s)T(CHs) ,,, 
P(e) == are CREE N Eres) ds...(A), 


the integral being taken round a finite contour which embraces 
the points s=0, 1, 2,...,. The subject of integration is, of 
course, a quotient ‘of two polynomials in s. 

Suppose now that &=re’, where | @|<7, |7|<1—e,, and 
that s=o,+0,, where o, and og, are real. 


Then | "| =exp [—a, log(1/r) — 6a,}. 


Now, if r<1l—e,, log1/r is positive; hence, under this 
limitation, we can always find an acute angle ®’, such that 
tang = EL 
angle ® with the positive direction of the real axis, where 
®<', at a large distance p from the origin along these 
lines | &*| will behave like exp {- np}, where 7 >0. 

Therefore it is evident that in the equality (4) we may 
take the contour of the integral to be an open contour as in 
fig. 9, coinciding with the two lines just drawn at a little 
distance from the origin and embracing this point. 


If now we take two lines, making an 


* Darboux, Liouville, Sérles 3, T. 4, p. 22. 
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Now since 7 is a large positive integer, | —s| will always 
be large on this contour if ® be greater than a finite positive 
quantity ¢ independent of n. And it is always possible to 
choose such a value of ® if |&|<1— 6, where e, is a finite 
positive quantity, however small, independent of n. 

Since |n—s| is large we have 


rbtn—s)_14+J,(n—s) 
T(l+n-s) (n—sy ” 





where | J,(n—s)| can be made as small as we please by’ 
taking |n| sufficiently large, and | arg (n —s)|<7. 


Hence 


Cee Ele M I'(—s) ii J, (n) 
acd) Sata et en gs. Pes 


where | J,(n) | tends uniformly to zero as || tends to infinity. 
Therefore, since |&|<1—e,, we have, as in § 39, 








1 [(-s) 


wd J (n) 
T(Z-—s) Vn 


29 
E*ds + 
Toe ae 








P(e) =- 


27rb 


where | /(n) | possesses a similar property. 
Finally therefore 


J (2) 
n* 





P.@)= Faas AEN 
and we have the given result under the assigned conditions. 

The complete expansion given by Darboux (loc. cit., p. 39) 
may be at once obtained. 

An extension of the previous theorem may easily be found. 

Let |&| be less than 1—€,, where e, ts a positive quantity, 
however small, independent of n. Suppose that |m| ts finite, 
that |n| ts large, | I(n) | finite, and that n ts not equal to half an 
odd integer. If, further, | arg &| <7, | arg (1—&) | <7, we have 
the asymptotic equality 








a ri+tn+m) ial Get cies ea tA) 
12 (22) = 1 mrt {mth ( 9 
* rayrd+n2—m) (Oe i aaa 
where | J(n) | tends uniformly to zero with 1/|n|. This theorem 
is complementary to the results of § 45. 
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By § 29, if x be not equal to half an odd integer, 


T'(-3-7) 


Pie T(4\0'(—m—n) 


(1—&*) merry 4—m, 14n—m; 34n; &7} 








I" ts 2\-m #-n 2 
Ar Ee@ He oc" Pls -m; —n—m; 3-7; &}. 


Therefore, by the result of § 25, 


Pr (a) —- 227 9 = (a) 


Tv 


Tl (n+) i-wmieon 2 
eT IE ae (1-2) "E" Fil —m, —n-m; 4—-n; &} 





_ T(l+n+m) T(m+3) 
~ V(l+n—m) (4) 


Tl (-s) [1 (44+2-s) Fe 
sees) Fiemes nee: aa ae 


(gy ne 


In the last integral the contour closely embraces the positive 
half of the real axis, and includes the sequence of poles 0, 1, 
2, ... of the subject of integration. Moreover it is indented 
so as to exclude the sequence of poles n+ 4, +3, ..., and 
such indentation is always possible if be not equal to half an 
odd integer. If, however, we include this last sequence, we 
evidently only add terms which, when |7| is large, are of 
lower exponential order than those which alr eady exist. We 
can then, without invalidating our final result, suppose that 
such inclusion is made. 

Again, by §40, under conditions wider than those of the 
present enunciation, we have the asymptotic formula 


Q."(2) tanna _sinm (n+ m) mh (gt) am {i ee taf | 


7 a/ (arn) cosmn 





As will appear in the sequel, these terms are of lower 
exponential order than others which arise from the equality (1). 
We may therefore neglect them. 

As in the simple case just considered, for which =0, we 
may now open out the contour of the integral, if |&|<1—e, 
so as to make a small, but finite, angle with the positive half 
of the real axis on either side of that axis. On the new 
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contour we may employ the asymptotic formula for the 
gamma-function, when |” —s| is large. We find therefore 


TI (1 +2—m)T (4) eee 
(l+2+m) TF (m+) 

1 I (-s) &"ds J, 
RTS EL ihn Ge TE 

2re JT ($+ m-—s) (n—s) n 
when | J,| tends uniformly to zero with 1/| 7]. 

We may now close up the contour so as to embrace the 
positive half of the real axis and the singularity s=m”, and 
by Cauchy’s theorem we get 

Vv _\t ¢2t 
Seer Seder eae 
ot! (4 +m — t) (n—-t) n 
where v is an integer such that v< &(n) =v+1, and we have 
neglected terms of lower exponential order, when | | is large, 
than those retained. 
And, neglecting similar terms once more, we find 


1 oe D(t—-m+tye” VJ, 


T(k—m) 0 (4+) 9 = thn ee 
We finally have the given result. 
Evidently any number of terms of the asymptotic series 
may be obtained in the same way by further algebra. 


(2) 


n 





Asymptotic expansions for P,” (x) and Q,” (x), 


when |m| ts large. 


§49. We now proceed to consider the nature of the 
asymptotic formule for P"(@) and @,"(«), when |m| is 
large, n and « having general complex values. The problem 
will be solved by methods very analogous to those which have 
just been used in the consideration of asymptotic formule 
when |n| is large. The results are of importance in that by 
their means we can determine the area of convergence of the 
expansion of {aw + /(@*—1) cos@}", in cosines of multiples of ¢, 
when n, v, and ¢ have general complex values; and, as will be 
shown later, this expansion can be made fundamental in proving 
the addition formula for Laplace’s functions 


P, [aw + V{@'—1) ey — 1} cos g}, 
Q,,{ax, + /{(a? — 1) (w,’ —1)} cos g}, 
for general complex values of n, «, and ¢. 
VOL. XXXIX. | M 
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The asymptotic expansion of P,"(a), when |arg(—m)|<7—e, 
R(x)>«,, and « not real and less than or equal to unity. 

By the asymptotic expansion of the gamma function, we 
know that when || is meee and meee <7, 


Cea ps sco) 


=_ 


(+1) a" - 





n}—S, (1) +— 


where S, (7) is the r Bernoullian function of 2, and | 1/y(2) | 
tends uniformly to zero as |a| tends to infinity. 
If then we determine the functions L,@=N) by the 


expansion 








N 
exp| 2 (~) 





= [Sn -s(ni}=> 2, 


we shall have, when |a| is large and |arga|<7, 


F(@—n) 1 {3 : Te ae} 











P@F) a Ye wt ae 


where |o/y(«)| tends uniformly to zero as |x| tends to 
infinity. 

We may now show that if |arg(—m)|<w—e, where e is, 
however small, jinite, positive, and independent of m, tf, fur ther, 
Liao, and x is not real and less than or equal to unity, we 
have, when |m| as large, the asymptotic expansion 


PO=poprcacw ee) (Ga) 


«| 3 N(qtn+1) aa 


oo (—myrne Xz (2) + et 
where 
o I (i— as Lived Oe) 
x, (2) =.3 4 ") (= ) > Ge ) 
: wo (t+1) \e+1/ pop! (q-—pt+nt4tl) 


and | J (m)| tends uniformly to zero as |m|\ tends to infinity. 
By §7 we have, if x does not lie on the cross cut — to 1, 


Po" (x) T(- 2) Pim —n) (Sa a. 


zx+1 l+a 
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If 


may take the contour to embrace closely the positive half of 

the real axis, and then it will exclude the sequences », n—1, 

n—2,...,and n—m, n—m—1,.... Moreover |s+m| will 

be large at all points on the contour. We may therefore 
: . C(s+m—n) 

employ the asymptotic expansion for ——————.,, and the 

integral is equal to I (1+s+m) 


Cec a z, (8 I" (s—n) (1=2) as 


5 (of ta (s+ m)"*" l+@a 





argm|<m—e, and ee <1, so that R(x) >0, we 


—_—- — 


1 ieee (=) as 


276 (m + py be t+ 
=> 0 8 ae (SS) sJy 
ome 2 I (é + 1) (1 ~~ thmyn x2 +1 mn tnt 9 


where |3/y| tends uniformly to zero as |m| tends to infinity 
provided & (a) >e,, where e, has the same properties as e. 
The last expansion is equal to 


oD, etn) peony 
peat elit -F 1b) (5 + ‘) 
x (- 2) (Pete (ya sJy 


27 Tiere) m hae ae 


the contour being, apart from a loop if necessary, parallel to 
the imaginary axis. Hence, as in the previous investigation 
of §39, we have 





> eee ae 
r—0 Fe #0 fhe (t + 1) 


Bees = 1{t—n) ( 
x+1 
| 


Se IS( eer ott an (=) mea 
ro U(nt+r+1) plm? © mN™ 





x 





Jn (m) 
nti*+g ; Xo (x) a8 mn et . 








M 2 
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Change now m into —m, and we have the given result 
under the assigned conditions, 


§50. Suppose that (a—1)/(#+1)=re® where e,<|0| <7. 
Then we may show that the previous expansion for P,”" (a) as 
also valid :— 


(1) for all values of logr which do not tend to infinity with 
|m|, provided |arg(—m)|<4r+7, where y ts a sufficiently 
small positive quantity, independent of |m\3 or 


(2) of logr+ e,<|O|tan|argm |, and $75 |argm|>e. 


When r <1, logy ts negative: the inequalities are satisfied, 
and we have substantially the case of §49. When r>1, the 
series for x,(x) is divergent, and we must replace it by the 
contour integral 


q-p 


ee) q (-)?s? LD 
TEE ee 
p=0p| D(q—p+n+l) 


y=—g-, [Pe-n)r(-8) (= 


When r>1, we take the contour of the integral, as in § 48, 
so that at a large distance from the origin it coincides with two 
straight lines drawn from the origin and making an angle, in 
case (1), equal to 4r7—n-—e,, and, in case (2), equal to 
|argm|—e,, where ¢,<e, with the positive direction of the real 
axis. All the quantities ¢ are finite positive quantities, as 
small as we please, independent of |m\. 

We note in the first place that the inequalities imposed 
upon @ uniquely prescribe (=) , and, further, that they 
exclude all points on the real axis. 

In the second place we notice that, if we replace —m by m, 
we may write the contour integral (1) of § 49 in the form 








Wy (iG 1) sm ee (= a, 
27e JI'(st+1) [(s—m+1) sinas aa) 


1-2 
meryal<™ 





In this formula 


1—“z 
and therefore ae ae d+, 


the upper or Jower sign being taken as @ is negative or 
positive. 
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Therefore, if s=ke'?, and & be large, 
T 1—7,° 
sin 7s (==) 
= 27 expk{|—w|sing|+cos¢ logr + | sing | (7 — | | )} 
=< 27 exp(—k{| sing || @|—-cos¢ logr}]. 











Hence, if the ¢’s are suitably chosen, the integrals are 
always, under the assigned conditions, convergent. More- 
over, on the assigned contours, |s—m| is always large and 
| arg(-—s/m)|<7. 


As before, the integral may be written 


ee UGA ORGY ite sJiy 
— Days a e@ eye: | (1—s/m)"" (—*) ds + iy 
Tee: L, tN 
om & ‘ea aa = ees \( ==) D{—s)T (s— 2%) 
Dy restate ler ey 8\" 3) N 
[ASpeeeray 29 (Ge) a6 ee ae 


: = majors (Fs) (9) Pn) ae 


Sin One r=0 (—m 1+ 


e s T(ptn+r+i1) 8? 
po «='(nt+r+1) plm 


= ( : i S —aen [(FS) res) I’ (s—n) ds 


Qa r—0 (— m) 
T(@t+Ntntrtl) eae ae, 3) y 
«| OEE ro (Gye ihe 


the contour Z being apart from a loop, if necessary, parallel 
to the imaginary axis, and cutting the real axis between the 


points 0 and 1. wis 
As in § 29 the previous expression is equal to. 


: (4) re-™ I (—s) ds 





~ Qe J\L +0 
as NO ELV (ptntr+i) (—s? oJ 


So) cee ate PE a <a et 
enya wel Hii ee pe men Go tty 
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where, for any assigned finite value of J, |»/,y| tends uniformly 
to zero with 1/|m|. 
And this yields the given result. 


§51. We proceed now to obtain the dominant terms of the 
previous asymptotic equality. We will show that, of x be not 
on the cross cut, —© to +1, and, further, vf either 


(1) jargm|<m—e and h(a)>e,, 
or (2) fe,<|0|<7,|argm|<grt+ yn where n is a sufficiently 
small positive quantity, independent of |m|, and, for all finite 
values of r, of logr do not tend to infinity with | m|, 
or (3) if €<|0|<7, o75|arg(—m)|>e, 
and logr + ¢,<|0|tan| arg(—m)|, 
x and 0 being defined by the equality («-—1)/(e+1)=re®, and 


the e’s being suitably chosen positive quantities, as small as we 
please, independent of |m|; we have the asymptotic equality 


= ee eens. | n(n+l)ax . (--) 
Ey") ~ T'(m—n) (7 i) m™** {t+ Ja ae BP 


Since S, (a) =4} (a’—a), we have L,=1, L,=} {n(n +1)}. 
Hence, from the previous result under the assigned con- 
ditions, if Lt (x) >e,, 


Py" (é)T (-n) m=) (ZF) "(= 


x+l1 1l+2 


o [(t-—n) /w—1\' ( 1 n(n+1) ; 
- > BM rena m (n+ 1) 
t=0 r (t+ 1) (= + i) ta f 2m"? +. 


3 I (¢—n) (==) (— t) 














—o E+) Acti) a) Pieced) 
aA Wield a—1\"f{, (n+) 
a (1-25) |t4 2m } 





2) (222) 3 Eie1—9) eave 


m'* \w+1/ ¢=0 I (¢+1) ned | 


eed, (=) ji4 et Ne 49 toash 





m l+a 2m m 
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When R(2)<¢, we must work with the equivalent 
contour integrals; we evidently arrive at the same result. 

We thus have the given theorem. 

The result may be written in a slightly different form. 


For 
1 -m ] 
Tl (m—n) =m"? )/(277) e fi42+¥ +} . 


Hence, under the assigned conditions, 


a ~My - —]\" ) { ads me 
Para (Say) tte (FS) Set 


V(27) \e+1 m 2 ne 








§52. The case when m is a positive integer. 

We may now show that when m ts a large positive integer, 
when n has general complex values, and for all values of x of 
jinite modulus, except for those on the cross cut, —« to 1, or 
at a distance from the cross cut, —« to —1, which vanishes 
with 1/m, we have the asymptotic equality 


m 


2 m (*#—1\" 
P m 7 | (— ) ° es ( ) 
pes =) Nam) PE Ne ad 


mn) 65 (+) 
x {i Pree Ene) Bateman ts ar 
ies MI 
aera eas 
For, when m is a positive integer and a does not lie.on the 
cross cut, we have, by § 13, 





wherein | arg 


—m we Day Soe BG in + 1) 
eA Fa )T(apm+) 


Hence, under the assigned conditions, 


os re 24! dm 1 
P(@)=T (n+ m+1) BRT (Z ) — 





7 \etl) m™ 
nin+1)}a oe 

x {142 eS ) +t, 
2m m 


which yields the given result. 


§53. The result of §51 gives the asymptotic expan- 
sion of P(a), for all values of « except those on or very 
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near the cross cut, only when |arg(—m)|< 4+, where 
7 is a sufficiently small positive quantity, independent of m. 
It is evidently eee to try and obtain the analogous 
expansion, when | arg (m His reer 


We proceed to show that, if ¢,<|0| <1, and ¢f either 


(1) jargm|=4mr+y, and r has any value such that logr 
does not tend to infinity with m, 


or (2) #f har = |arg(—m)|><, 
and | log7|+¢e,<|@|tan| arg (—m) |, 


the e’s being fintte positive quantities, as small as we please; 
independent of m, and x not lying on the real axis, we have, 
when |m| ts large, the asymptotic equality 


a P™ (a) ot 1 \i ee n(n+1)2 ? 
—___—_"- *—_ = +4 1 —-—_——_ eee 
P(1+ m+n) =singm (——) m aa an f 

: z ear Oa 5 n(n+1)a 
_ mim | —___. ode ip sn cherie y 
sin 37 € (—— ;) ™ {1+ spy ty (A), 


the upper or lower sign being taken as I(x) is positive or 
negative. 
We have, by the result obtained in § 12, 


7D (x) 
I(l1+ m+n) 


=P (- x) F (m—n) sinma —et™™ sinna DT (m—n) P(x). 


Combine this with the result of §51 and we have the 
given theorem. 

It is evident that the previous»formula yields various 
expansions according to the position of a and the sign of 
the imaginary part of m. Should necessity arise the various 
cases could be discussed after the manner of § 45. 

One question is, however, of particular interest. In §51 
we have shown that, if either 


(3) f(«)>s,, and |arg(—m)|<a—s, 
or (4) &,<|@|<7, |arg(— m)|=37+7%, and for all values 


of 7, such that logy is finite and does not tend to infinity 
with | m|, 
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or (5) e,<|A|<a, 47>\|argm|>e, 

and logr+¢,<|@|tan| argm |, 

we have 

P"(a)T(-m-n)= (== yenyett ~ Mae toot n(B), 


This result must therefore be the same as that furnished 
by the equality (4), under conditions common to (1), or (2), 
and (3), (4), or (5). 

e proceed to verify that this is the case. 

We will limit the discussion to the case when argm is 
positive. 

Then evidently the equality (B) may be written 


7 P,” (x) — 1, e—mun (Ey 1 ese Peta) +.c0f « 
T(l+m+n) ? a—1 2 


The equality (4) becomes 
Talis (a) — 1, e-mim (= ak ;) ne {i ee n (n 48 1) a taf 


T(l+m+n) * 2m 


: = iow ht a bys 
— sinn erm (=) mrtg BOD" tak, 








2m 


the upper or lower sign being taken as J(@) is positive or 
negative. 

We have then to show that, in all cases in which the 
conditions (1) and (2) are included among the conditions (3), 
(4), or (5), the first term of the last asymptotic equality is 
dominant compared with the second. 

Put m=u-+ ev, where pw and v are real and vis positive. 

Then the relative magnitudes of the moduli of the first and 
second terms in the last asymptotic equality are in the ratio 


er(4+26)—Zulogrs etarv—}0v+gulog ", 


the upper or lower sign being taken as @ is positive or negative. 
We must therefore have 


plogr<|@||v| and plogr< {27r—| 6 |} |v, 


whenever e<jargm|<4m, and logr+e,<|0@|tan|argm|. 
And this is certainly true. <A similar investigation holds when 
argm is negative. The verification is complete. 
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Snmming up our results, we see that it is convenient to 
use the formula (A), when |argm|<imr+7: in this case & 
must not be on the real axis or at a distance from the parts of 
it comprised by —o to —1, or 1 to +a, which vanishes 
with 1/m. Such, restrictions are sufficient; we have not 
proved that they are all necessary. It is convenient to use 
the formula (B), when w>|argm|>47—7; in this case # 
must not lie on the cut —o to 1, or at a distance from that 
part of it comprised by —o to —1 which vanishes with 1/m. 
We notice also that, in either case, as regards points on the 
eross cut for which —1+¢6,<a%<1—e, where ¢,>10 and 
independent of m, we are at liberty to take a =cos@+eu and 
make ¢ tend to zero without invalidating the asymptotic 
nature of the formula. 


§54. The asymptotic expansion of P(x) when |m| ts 
large and «x lies on the cross cut so that -1+¢,<x<1—¢s,. 

Suppose now that «=cos0, where ¢, <9<7—¢.,. 

We will show that, when |m| is large, we have the 
asymptotic formula | 


1 (tan 36)" 


C(m—n) mm 


= iL eo 
x i! + Sica Dey: + eo) +. ; 
2m m 





Pe (CORD) == 


when jJargm|<mw —e, if ¢, <<0<4d7—e,, 
and when |argm|<dr+y, if ¢,<0<m7 —¢,. 
For, by § 13, in the limit when e=0, 
P "(cos @ + et) = P™ (cos 8) evar. 
Also (cos @ + es —1)*”= (1 — cos 6)?" erm, 


The given result therefore follows by the result of § 51. 

Similarly, by §53, we may show that, if | argm|=4a+4y, 
if e,<0<m-—e,, and |m| is large, we have the asymptotic 
formula 


aP™(cos?) _ sinam 
V(ilt+m+n) m™ 





cot” 40 i! - meleg Leos? +f 


2m 


sin 7n 


: 1 0 
— Tame tan 39 i! parol p08 f tf . 


2m 
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This result is equivalent to the preceding when 


e, <0<4r—e.,, 
and e<jargm|=tr+7. 


Suppose next that m ts a large positive integer and 
Sie aot <1. 

By § 13 
—m nr m Z| ip (1 aD li mv) 
Oe Ie ae) D(l+n+im)- 


Hence, by the previous result, if m be a large positive 
integer, ¢, <<0<m7—e,, we have, for general complex values 
of n, the asymptotic formula 


t 46 m 
rd+n+m pee 


« 1 EY cos + 4 we. ze 


_ sin 7n 





P." (cos 6) = 


2n 


When x is a positive integer or zero this of course reduces 
to zero, since (p. 112) 


P." (cos9)=0 when m>n, 
m and n being positive integers. 
§55. The asymptotic expansion of @,"(x) when |m| ts 


large and x is not on the real axis. 
We will now show that, if | m| is large and 


e< a ore 


“|<, 








we have 


2Q," (#) T (—m—- tls 
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when jargm|<ida+%m; and that the same expression is 





equal to 
Sy fre Be 1 n(n+1)a 
Fre de ce ee 
4 Gal (—m)"* {1 oneriae ; 
a —1\%" 1 n(n+1)a 
rnd Tere Cr Peers 1 eR EERE EST eco 
ce i) (—m)""* | amare , 


when |arg(—m)|<ja+y, the upper or lower sign being 
taken as {(ax) is positive or negative. 
By §$9 and 10, we have 


sin nr sin nt? 


20," (x)  (m—n) ey 20." («) I (- m—n) 


=T(m—n) Po" (a) e™—T (m—n) Po” (— &). 








If, then, |argm|<dr+7, and < arg < a, « therefore 
not lying on the real axis, we have, by the result of § 51, 


sin nw sin nr 


20°" (x) TI (m — 2) ee Q(x) (—m—n) = 


_  /#—1\™ 1 n(n+1)za 
=— ett 1 fe 
5 @ + i) m”" | enon B32 ' 


a eis 1 {1-202 4... ; 

















xz—1 eG 2m 


These two equalities evidently yield the given formula. 

A detailed investigation of the various cases, in which one 
or other of the two series is dominant, can evidently be 
carried out as in §45. 

The work is tedious and the results, though easy to obtain, 
are not very elegant. 

One particular case may be noticed. If | argm|<ia—e, 
x real and >1, we have the asymptotic formule 











2Q,"(@) T (m—=n) =" = 2.Q."(@) TP (-m—n) 
Gilde n(n+1)2x 
= ase oi 1 ane eerie ed eee e 
= il m4 2m us 


_ Corresponding formule evidently do not exist when 2 is 
real and <— 1, for we are then on the cross cut for @,*"(«). 
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§56. The asymptotic erpansion of @,"(x), when |m| is 
large and a 7s on the cross cut given by miles <oa <li 6: 

We will now show that, when || is Jarge and x = cos 0, 
where ¢,<0<7-€e,, we have, if |argin|<3m+, 


sin nr 





20," («*)  (—m—n) 


_ cos (32 — aft) 7 


mc an" 3 {14 Oe ted 


2m 





cosimmr n(n+1)co 
=~ 25 cot” 36 }! — n(n + 1) cos8 +.| r 
m 2m 


The corresponding formula, when | arg(—m)|=47+7, 
can evidently be immediately obtained trom this by the 
relation 


QQ" (x) T(-—-m—n)=Q,"(@)T (m—n). 


The two formule give the same result when m is on the 
imaginary axis. 

When —1<a<1, we have, by §14, in the limit when 
-€e=0, 


Q," (@)=$ 19," (@ + 1) + @," (w— €1)}. 


Therefore, By §55, we have, if -1+¢<x%<1—e, |m| 
large, |argm|<47+, the asymptotic formula 

















Mi (2) ae ee pe 
= elin-nn(= =a a ‘ es + 
x (te) eine - {1 NR a to 
1—x m 2m 
4 e(n—}m)m (; 7 zy" = ‘ + Be toad 





4m 
an ip ris! a ee ote Ba 2 
m™? 


1-2 2m 
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This immediately yields the given result. 
In particular, we notice that, if 


e,<0<hi7—-e,, | argm|<ir—e, 


and m 1s not an odd integer, we have, when | m| is large, the 
asymptotic formula 


sin 29r 


20)" («@) (-— m—n) 





cos ima nin+1)« 
=~ CO 0 1 m(nt4)2 +eueh 
2 ae 2m 


The conclusion that, when m is an odd integer, 


20)"(«a) (—m—n) 
tan" 46 n(n+1)a 
ao (— hn) Se 
=(— on mr | he 2m ar 


could not be inferred without a separate investigation, for in 
this case the dominant series, which is all that our formule 
pretend to yield, vanishes, as it were, accidentally. This and 
further particular cases we leave to the reader. 


Part III. 


Various propositions in the theory of generalised Legendre 
Junctions. 


§57. We now proceed to apply the fundamental contour 
integrals, introduced in Part I. of the present paper, to obtain 
some of the more important theorems relating to generalised 
Legendre functions, It is evident that the whole known 
theory can be built up in a very general and comparatively 
simple manner by the aid of such integrals. ‘I'o develop such 
an investigation completely would, however, demand more 
space than can be legitimately conceded to a single paper. 
J therefore propose to be frankly eclectic, and to consider, on 
the one hand, such parts of the theory as are of peculiar 
importance, and, on the other hand, results for which the new 
methods lead to hitherto unsuspected generalisations of known 
formule. An example of the former category is the difference 
equation for the generalised Legendre functions: the proof 
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by the present methods is, as might be expected, peculiarly 
simple. Another example is the theorem that 


1 m m yy, ee 
leaes (@) ie (x) it 0, 
when m, n, and n, are positive integers (n, #7), and 


~ 2Pa+m+n) 
a C(l+n—m) (2n+4+1) ‘ 


when n=n,: the new methods enable us to dispense with the 
usual reduction formula derived from the differential equation, 
and to obtain the two parts of the theorem simultaneously. 
To the second category belongs the consideration of 


fo (Py" (@)V dee, 


when m and n are complex quantities; we find that the 
integral can be expressed as a higher hypergeometric series 
of argument unity, and we can determine all the cases in which 
this series reduces to the simple term just written down. In 
a similar manner we can evaluate integrals of the type 


'P ee 2 


Rn ve. [P."(a)}? (1 —a*) de, 


as (a) Q,” (a) dx, &e. 


The results invariably lead to hypergeometric series of 
higher order. And not only can every special case hitherto 
discovered, which admits of expression in simple form, be 
obtained, but we are in a position to find other special cases 
in which a like phenomenon arises. The theory thus outlined 
links integrals connected with generalised Legendre functions 
to special types of hypergeometric series of higher order; 
it indicates the existence of a sequence of higher hyper- 
geometric functions, with special properties, and shows that 
various fundamental integrals, involving generalised Legendre 
functions in the subject of integration, furnish for general com- 
plex values of m and n simple types of such higher functions. 

The theory of some of the most important expansions 
connected with generalised Legendre functions will be con- 
sidered in Part LV.; the investigations are of a somewhat 
different nature and lead up to Appell’s hypergeometric series 
of two variables, 
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§58. The difference equation for the generalised Legendre 


Junctions. 
We will first show that P."(«) and Q,"(«) satisfy the 


difference equation 
(2n+1) af (n) —-(n—m4+1)f(n+1)—(n+m)f(n—1)=0. 


This equation for the case when m=0, and for the function 
P(x), is ascribed by Heine* to Gauss. The completely 
general form appears to be due to Hobson [(125), p. 522]. 

We have seen in § 21 that, when | arg (- x’) | <7, 


i Shee 1 T'(2s+n+m-+1)I(—s) (- x5) | 
"= Kase J Targa ae) ® 


where & denotes the expression 


lr sin(n a. m) or (ES yr 


re sin nr a’ 


The contour of the integral is parallel to the imaginary 
axis apart from suitable loops, if necessary, to ensure that the 
sequence 0, 1, 2, ... lies to the right, and the sequence 
—t(n+m+1),-3(n+m-+4+2), ... to the left of the contour. 
We may obviously, in general, so choose the loops that we 
pass over no poles of the subject of integration when we move 
the contour a distance unity parallel to the real axis keeping 
its shape unchanged. 

Therefore 


(1 -m+1) QO". (2) + (n+ m) Q",_, (2) 


= Kay [{a—m +1) 84 (n+m) (s+n44)] 


I (2s+2+m) I (—s) ( 14 
: N(s+n+3) per)! 
_ -(Qntl)x (T(2s4+n4m+1)T(—-s) 1) 
ee (22)"" | l(s+2+3) GC i) ee 


=(2n+1)x% Q(z). 


* Heine, loc. cit., Bd. 1., pp. 91, 92. The reader may also consult pp. 95-97 and 
a note of p. 197 of this treatise. 
t Cf., however, F. Neumann, Bettrdge, Leipzig (1878), p. 74. 
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Thus Q,”(2) satisfies the given difference relation when 
larg (—2") "<r. 

Since Q,” (x) is an analytic function on the dissected z-plane, 
the given relation is true in general. 

Again, since (§ 12) 
__ tan 27 


PO (2) 


ot} 


{Q,° (#) — OP a (*) fs 





the same difference equation is valid for P.” (2). 

The difference equation just found is, in many ways, 
complementary to the differential equation for the generalised 
Legendre functions with which we started in §1. It may be 
made fundamental in the theory of the functions. For a general 
theory of the linear difference equation of the second order 
with linear coefficients reference may be made to a paper by 
the author,* where the general solution of such an equation is 
given, and references to the literature of the subject will be 
found. 


§59. A generalisation of Rodrigues’ formula. 
For general complex values of n, if m be a positive integer 
and a does not lie on the cross cut (- ~~, 1), we have 


= (a be. 1 ae a . 


Semel ISR \G dam Ae! 


And for similar values of m and n, when -1 <a <1, 


(2 ee 


PE = Sra ah) ae 


1-2)" 
By the author’s investigation of the Binomial Theoremt 
we see that, if | arg (w+1)|<7, 


~ oe JP O-PS darn) Ret! 





and therefore 





ai x (P(s—n) 1 (—s) 9 (a 1)" de = 277 (— 2) (2? 1)". 


* Barnes, Messenger of Mathematics (i904), Vol. XxxIv., pp. 52-71. The 
particular equation, when m = 0, is discussed in § 10 of the paper cited. 
t Loe. cit., § 15 (p. 117). 


VOL. XXXIX. ) N 
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In this formula 
(a! -1)"=(@—1)" (w+ 1)", 
where jarg (wt1)|<7z, 
and the contour of the integral is drawn parallel to the 
imaginary axis with loops, if necessary, to ensure that the 
positive sequence of poles of the subject of integration lies to 


the right, and the negative sequence to the left of the contour. 
On differentiation we see that, if a be a positive integer, 


Rrra Fe 0) Pig) A) Geen one 
2776 2° (s+ n+1—m) 


m 


=n d 2 rn 
Thus, by § 6, 


: 1 a+ 1\h) 
Pa n — ( ) 
» @) M(l+2—m) \x-1 


x F{—-n, n+1; 14+n—m; 4(1-2@)!} 


MEP es ees 
era T(z} da* ‘* as 


the first of the given results. 
If in this result we put w+ es for a, where —l1<xu<1, we 
have, in the limit when e vanishes, 


Fiske (a ue éL) = Pw ta) ol Ras (x), by § 13, 
and {(x ve eu)” ba Bie? foe {1 = (a aE Ta eee Pe i = 
and therefore 


a Pp m=n \ (1— ca ait wks 
CMO Rae ee 





the second of the given results. 
If in either of the previous results we make #=7, we see 
that, when 7 is a positive integer, we have Rodrigues’ formula*™ 


P,(2) 5, oe (@—ay 


* Foy the history of this formula the reader may consult Heine, loc. eit., p. 20. 


. 
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The evaluation of [3 P."(a) x" de for general complex values of 
m,n, and k, such that R(m) <2, R(k)>—1, and also 


when m is a non-negative integer and R(k)>—1. 


§60. Let C be a simple contour passing in a positive 
direction from the origin round the point 1 and back to the 
origin. ‘Then, if &(k)>—1, we may show that for general 
complex values of m, 2, and & 


1 
Tl 


2"T {3 (k+1)} 
M(1—m) TP {dm} DP {4 (k+3-—m)} 





P™ (x) a du = 
C 


x {4 (n4+1-m), 3(—m—n), 1-im; 1-—m, 4(k+8—m); 1}, 


where ,F/ {a,, %, 4,3 9, 8,3 x}, is a higher hypergeometric 
function defined, when | «| <1, by the equality 


aes {5 Oey Os 5 B,, [os x} 


_ F(B)TB) sg Pla+2)P(a,+2)T(a,+2) 
_ Coy Ca.) TC a;) n=0 (Bp, +2) I (PB, + 2) n! ip 


Some properties of such series have been considered in 
a recent memoir by the author, where references to the 
literature of the subject may be found.* It is easily seen 
that the series given in the above equality is convergent if 
fi (k)>-=- 2. 

Let Z be a contour which closely embraces the positive 
half of the real axis, and has indentations to ensure, if necessary, 
that points belonging to negative sequences of poles of the 
subject of integration are not embraced by the contour. Then, 
if (a7 —1)’=(ax—-1)'(v+1)*, where | arg(x+1)|<7, we have 
by the result of § 18 








P(x) 2°T [- 3 (m+n) ls at+1—m)} 


(a — i Wee ik ds, 





«USES le (Ss TD 


27rb I'\(1—m-+ s) 


when |w’-1|<1. 


* Proceedings of the London Mathematical Society, Ser. 2, Vol. v., pp. 59-116. 
N2 
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Hence 
2°" {—4L(m+n)} F{h(a+1-—m)} foP.” (a) x* dx 


If Disth(nt1—m)| Pfs—3(m-+n)| P(-s) 


a —_— —— 


276 Jz I'\(1—m-+s) 


X fo(a? — 1)" ™ a* dae. 
The inversion of the order of integration is readily justified 
by splitting up the contour ZL into two parts respectively 
within and without a circle of large radius 2, say L, and L,. 
By the result of §20 the original integral is convergent, if 
Lt (k) >—-1. 
Also, omitting for brevity the subject of integration in the 
double integral 


oP." (@) eda =fofz,+ folz,- 


Now fcfz,=Jz,fe, provided L(k)>—1, for both contours 
are finite, and the only possible singularity of the subject of 
integration is at ~=0. 

Again, if |w’—1|<1, and, if & is greater than the real 
part of 4m, we have, by the asymptotic formula for the 
gamma function, 


ol=f, 


~. |@'=—1)8 34] 
—< R: 9 





2_ 1)R-km 
elias 


where |/| and |J,| are finite positive quantities independent 

of &. 
J, 

Hence | {cfz, =u fo | Ga? — 1)¥-4m| | * | | dor, 





and this expression can be made as small as we please by 
sufficiently increasing #, if R(k)>—1. 

Finally, {z,{c¢ tends to a definite finite limit as & increases 
indefinitely, and the inversion is therefore justified. 

Now, by Pochhammen’s theory, for general complex values 
of s and m, if R(k)>—1, 


~~ 


Mis (k+1)} 


i a? 1 s—im ,,k mas : 
Je(w ne de ™’T (4m —s) T(s+4(ht3—m)| 
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We therefore have, if R(k)>—1, 
m ; ‘{d k+1)} pte 
PERG IN GH foe wil {4 ( 
Jotn (2) ae= Tm my Tyla t im) 


s (- =) | D{[s+d(mt+1—m)}Tis—d (m+n) T(—s) ds 
2ru) J, VW (1—-m+s) 0 (dm—s)T{[s+d(k+3-m)} 


hy wil {i (k+1)}2™ 
~~ V(1—m)T (Am) 1 {kb (k4+38-—m)} 


x5, (2 (ut+1—m)}, 3(—m—n), 1—ym; 1—m, }(k+3—m); 1}. 








We thus have the given theorem. 


§61. We may now show that, when R(m) <2, R(k)>~—1, 


we have, for general complex values of m, n, and k, 


T{h(k+1)} /a 


f2P (x) a dx =2?") Tid (i—m)j Te (k4 3— m)} 





x Ff {hk (n+1—m), $(—m—n), 1—3m; 1-m, 3(k+3—m); 1}3 


and that if m bea positive integer >0, R(k) >—1, we have, 
Jor general complex values of n and k, 


ipodaniy (2) x* dz 


Sn Val (k+1)}ratmtn) 





x {sk (n4+14+m), §(m—n), 144m; ltm, }(k+34+m); 1}. 


If R(m) <2, the integral to be considered is finite near 
x=1, for, by §18, P(x) (1—«)™ is finite near e=1. 
Similarly, if 2 (4) >—1, it is finite near «=0. 

Also, by § 13, 

NEE tear de lene — oven PCa) cede 
= 2: sin (dam) fP.” (x) x* da. 

If then R(m) <2, R(k)>—1, we have by the preceding 
paragraph the first of the given results. 

Again, when m is a positive integer or zero, we see by (3), 


§ 138, that P(x) (x?—1)*” is finite near e=1. And therefore 
the integral {’P."(2) v* dx exists if R(k)>— 1. 
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Now by the result just proved we have, on changing m 
into — 7m, 
| P{d(k+1)} Vr 
1 “mM (») J ik = Q-3m-1 UPA 
EE nan: Pid +m) Fis (k+34m)} 
x ff {3 (n+1+m), 3(m—n), 143m; 14m, 3(k+34+m); 1}. 


‘ 
ra 








Also, by § 13, when -1<a4<1, and m is a positive integer 
or zero, ’ 
en ALS Ae A ee 
is (x) =( ) vie. laa ee 


Combining these two identities we have the second of the 
given results. 


§62. We can at once show as a corollary that for general 
values of n and k, if R(k) >—1, 
1D (x) akde wor Let) Teta) t+y 
Joa eae V(k+n+2) D{}(k-n) +1} - 
For, if we make mm =0 in either of the preceding formule, 
we get 


a 
[iP a)ardem a, F {3 (n+1), —4n; 3(44+3); 1}; 


and this by Gauss’ theorem is equal to 
Vid (k+1)} TV Gk4+1) 
2r{s(k—-n) +1 {d(k+3+n)}’ 


which, in turn, by the multiplication theorem for the gamma 
function, is equal to the given result. 

The result is, of course, well known for the special case 
when 7 and & are positive integers. References to the work 
of Legendre, Cayley, and Dirichlet will be found in Heine’s 
treatise.* 

When £=0, we have for general complex values of x 


1 
2ri(1— dn) P {3 (m+ 3)} 


Other cases when the general integral {"P, (2) «*dzx reduces 
to a product of gamma functions are readily given by examining 
the relations between *, m, and 2, which must hold good in 
order that the function ,/, of § 61 may reduce to an ordinary 
Gaussian hypergeometric series. 








[.PB(@) de= 


* Heine, loc. cit., pp. 71-74. 


Dr. Barnes, On generalized Legendre functions. 183 
§ 63. We can now show that, if R(k)>-1, R(l+4m) <1, 


we have, for general complex values of l,m, n, and &, 

oe a) a0 Z 2-71 (1-l—im)T {3h (k+1)} 

(1—ay e= NS 

>a I(1—m) 0 {d(4+3—m)—]} 
4 Fifi ne —m), 4(—m—n), 1—t-4m; 1-m, £(k+3-—m)—l; 1}; 
and that, if m is a positive integer or zero, R(k)>—1, 
es Im) <A, we have, for general complex values of n, ¢, and k, 


P(x) x" dee=(-)" TD (14+m+n)0(1—l4+ 3m) 1 {h(k+1)} 
Toes (ee ena 2” 1 (1—-m+n)P (14 m)P{(44+34+m)- lf 
x {3 (nt+l+m), 3(m—n), 1-l+dm; 14m, 3(k+34+m)—l; 1}. 
The theorem is an obvious extension of the result of §61 
and is proved by the same method and argument. 
We first show that, if 2(*)>—1, for general values of 
d, bes n, and k, 
te ey eis (PY og 
Ti) (@*—1)' V(1-m)U{dm+h is (k+3—m)-]} 
F{k(nti-m), §(—m—n), 1-l-3m; 1-m, 4(k+3-m)—I; 1}. 
From this we obtain-at once the first relation. The second 


relation is deduced by means of the identity, valid when m is 
a positive integer or zero and —1<#<1, 


2 ee m+n) 
LC) Me) eee 

Special cases in which the series ,/, can. be reduced to an 
ordinary hypergeometric series which may be expressed in 
terms of gamma functions by Gauss’ formula may be easily 
obtained. 

‘T'wo such cases are perhaps worthy of mention. 

In the first of the given formule make /=3m. Then we 
see that, if R(m)<1, R(k)>-—1,. we have, for. general 


complex ‘values of m,n, and k, 
nw (@) a" Tijd (k+1)} 2" 
| tsa a "Tg (E+8) mi 
F{l(n+1—m), d(—m—n); 3(k+3)—m; 1} 
a 2h (+1) (hk +1) 
~ Pidk+1—d(nt+m) Cd (h4+3-—m4+n)} 


Again, in the second of the given formule, make 7=—Jzm. 
Then we see that, if m be a positive integer or zero, and if- 
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R(k)>—1, we have, for general complex values of nm and &, 
Jo (1 — a*)act Po” (a) de 


pals Js Vig (kt Ij Ge+1) T(1+m+n) 
am? Ti14+3(k+m—n) Ck (8+k+m+n)} VT i-—m+n)- 








The evaluation of integrals of the type 
PalB" (eFC — at) dae. 


§64. The most important proposition in the elementary 
theory of Legendre functions is probably that expressed by 
the equalities 


pa eel a (#) in ON ia 


orien 4) 
meee er VeTarby Oe 


the quantities m, n, n, being positive integers (zero included). 
The theorem can be substantially carried back to Laplace and 
Legendre; the usual proof depends upon the conjunction of 
Rodrigues’ formula with the method of integration by parts.* 
We proceed to obtain the result by applying Cauchy’s 
theory of residues to the contour integrals introduced in the 
present theory. 
When m and v are positive integers (m =n) and -1<a<1, 
we have, by § 13 (p. 113), 
ES) a) ee 
F 2" (1+n—m)l(m+1) 
xF{m—n, m+n+13 m4+1;3 b(1-2)} 
= (— _\n MSE: 2 P(m-tn+14s)T(—s) 
ba = ['(1+2-m-s)l(1+m+s) 


the contour ae a finite oval including the points 0, 1, 2, 
n—m, which are the sole poles of the subject of integration, — 
Hence 


{DP Ae 


=(— ) {| IP (m+n+i+s) 0 (—s)T (m+n,+1+s,) 0 (-s,) 
27 b DP (1+2—m-—s)1(1+m+s) Dl (1+n,—m—s,) 1\1+m+ s,) 


x ft, {F (1 —a) |strtm {d (1 +07) \" dads ds. 


and 








(3(a-«)}'ds, 








ae references the reader may consult Heine, Joc. eit., Bd. 1., pp. 67-70 and 
pp. 291-296. 
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The contour for s and s, are finite, and can be so chosen 
that upon them R(s+s,)+m>—1. Also m=0. Hence 
the inversion in the order of integration is justifiable, and 
we have 

1 


ae Sa 
2I'(m+1)°" 


=-(—) [Jee a +2,) T(m+1—s)P(m+1-s,) 


dm (x) i (2) da 


l (s) ET (s,) T(2+n-s)P(24+7,-5,) 
(sts, 1) 
aCe et 


where the contours include among the poles of the subject of 
integration the points 


s=m+1, m+2, ...,5 N+1, s=m+1, M+2, ..., 2, +1, 


and no others. 
Suppose now that we write the integral, as is evidently 
allowable, in the form 


mie N(s, +2) D(m+1—8,) 2 
270 a ccmmccone : 


~, (Ee ets 5. 


* Qari P(s)T(2+n-s)U(s+s,) 


For any assigned value of s, of finite modulus the second 
integral vanishes when taken round an infinitely large 
contour, for the modulus of the subject of integration behaves 
when 3 | is large like 1/|s|’. 

The last expression is therefore equal to 


he Aye (Pe eee 
= 
27 49 P(s,) 0 (24+ 2,-s,) 
I'(s,+7) 0 (m+n+1-—r-—s,) (-)’ 
et dg 
“Tim+i-r—s)0(G,4rt1+n—m)D(m+i1—ryr! 
1 om (—)’ T(stm+1+n,)C(s+m+1+r) 
pee = ! sal 5 6 
27b 9 r!(m—r)! C(stm+1)0(s+r+24 xn) 
I'(-s) T'(n—r—s) 
“Ten, —m -s) T(-r-§) 


= 





—— 


ds, 
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the contour being a finite oval including the positive sequences 
of poles of the subject of integration. 

Now the subject of integration is a quotient of two 
algebraic polynomials in s. ‘The only possible poles within 
the contour are at s=0, 1, ..., m,—m, and at these points 
1+r+s—n is negative or zero ifn,<n. 

Thus no pole exists within the contour of n,<n, and under 
the same proviso 


Lal AER Ce AN Ga eee a 


In a similar manner we may show that the integral is zero, 
if n,>n. 

When n,=n, there is one pole within the final contour 
when r=m, s=n,—m. We therefore have, when n and m 
are positive integers or zero, 


1 


dF (m41)) tn (x)} do 
_ P@nt1)r(atmt)) 1 
T' (22 +2) T(n—m+1)m!’ 
orf {P.™(@) doa emt?) 


(2n+1)0(n—m+1) 


We therefore have the two required results. 
q 


§65. It is natural to enquire whether the -result just 
obtained can be extended to complex values of m and n. 

We proceed to show that for all values real or complex of 
m and n, except n=—p—+4, where p is zero or a positive 
enteger, we have the relation 


e 27, zesnmml' (1+ m+n) 
(ee Coe (2n+1)T(1—m+n) 


x usin 7m © I(—mtn+1+t) TF (m+n+i4t): 
T(—m—n)Tl—mt+n) ro T(t4+1)P(2n4+24t)G4+n4+)) 7 


where C ts the contour of §60 which passes in a positive 
direction from the origin round the point 1 and back again to 
the origin. The infinite series which intervenes in this 
formula, and which disappears when m and n are positive 
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integers, is a particular type of the higher hypergeometric 
series .F {,, O.) %3 P,) P,3 e}, for which e=1 and a,=p,—1. 
We shall make use of a theorem which may be expressed 


by the formula 


[F'{a, 8; ¥; x} P=, F,[20, 28, y—$; 29-1, 75 a}, 


when a+$+4=y. 

This theorem arises from the consideration of the dif- 
ferential equation satisfied by the square of the solution of 
Legendre’s equation, and has its origin in the investigations of 
Clausen”, F. Neumannf, Appellf, and Goursat§. We shall refer 
to it as Goursat’s theorem, and in Part IV. of the present 
paper it will be established as a particular case of a new and 
more general formula in the theory of Appell’s hypergeometric 
functions of two variables. 


By §18, if R(«)>0, |1—a*| <1, we have 


9” (x es 1 ak 


enim) et 3(—m—n) ; 1—m; 1-2"), 
Hence 
Eds (a — 1 fs 
m hes 
i {"(1—m)}" 
x Ff \nt+1—m,—-m—n, 4—m; 1-2m,1-—ms; 1-2} 


(~?—-1)™ ( 1 


re V(r) V(n+1—m)T(—m—n) \ Qa 


x | I'(-s)l(n+1—m+s)1(-m—n+s)0(4-m+s) (at—1)'do. 
L 


T(1-2m+s)C(l-m+s) 


When | 1 —«’| <1, we may take the contour Z to embrace 
closely the positive half of the real axis, there being indenta- 
tions, if necessary, to exclude points belonging to negative 
sequences of poles of the subject of integration. 


* Clausen, Credle, Bd. 3 (1828), pp. $9—95. 

+ F. Neumann, Beitrdge, Leipzig (1878), pp. 1-156, especially p. 81, et seq. 

f{ Appell, Annales de Ecole Normale Supérieure (1881), Séries 2, ‘I’. 10, 
‘pp. 391-423; and Liouville, Séries 3, T. 10, pp. 407—428, especially pp. 420—421. 
 § Goursat, Annales de [Ecole Normale Supérieure, Series 2, T. 12 (1883), 
pp. 261—286 and pp. 395-430, The formnla is given on p. 284 of Goursat’s paper: 
though due to Clausen, it may well be associatad with Goursat’s name on acconnt 
of his elaborate discussion of the questions which its existence raises. Some 
amount of the previous investigations is given in two supplementary notes in Heine’s 
second volume, pp. 357-360 and pp. 361-873. 
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We therefore have, as in § 60, 


1 


Joe) eo Gl = ye 


x { I (—s)l'\(n+1—m-+s )P(—m—n+s)0(3 


~m+s) 2 s—mt 
I\(1—2m+s )I'(l—m+s) Solx —1) as 


" ~2"P (1) P(L- 9m) 
~ @rT(n+1—m) 0 (-m—n)U(}-m)T(1—m) 





| I(-s)€(n+1-m+s)I(—m—n-+s){\(4—m+s)sin7(m—s) 
x | 2 ee dg 
L I\(1—2%m-+-s )I"(s—m+3) 


2usin 7m 
= Taye —m—n, 5—m; 1—2m,3-—m; 1}. 


It is evident that the last series is always convergent, 
except for special values of m which give rise to infinite 
terms in the denominators of the series. 

The result just obtained may be evidently written in the 
form 


Jol P.” (a) jf de = Cait (1+ m+ %) 


aac oa) 
patel lr (—s)T(n+1—m+s) 
Grok ercronerrsen = 


The contour includes the positive sequences of poles of the 
subject of integration, but excludes the negative sequence and 
the point m— 4. 

When |sj| is very large, the modolus of the subject of 
integration is of order 1/|s|’, We may therefore employ 
the usual process of bending the contour of the integral 
backwards (cf. §6), and we get, if n is not equal to —p— 4, 


ee pe eae, 
: T(l—-m+n) 
E V(¢+2n+1-m) (=) r'(d4n2) 
x | = = oS Ht SS 
0 C1 (—-m—n—t) 0 (24+2n4+t)(t+n4+3) T(g+n)]? 


the isolated term arising from the pole s=m— 3. 
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This result evidently yields the theorem stated at the 
beginning of the present paragraph. 


§66. We proceed to consider certain deductions from the 
preceding theorem. 

In the first place we see that, if m+n is a positive integer 
or zero, we have, for all real or complex values of m and n, 
except n=—- p—4J, 


2Zusina7m T'(1+m+n) 
1 gee CL a a ee ee 
ert ee 2n+1 T(l1-m+n) 


Again, if R “m)<1, we have 
fo{P,," (w)}? da = 26 sin wm [| P.” (a)}* da. 


Hence, for all real or complex values of m and n (except 
n=—p-—4) such that h(m) <1, we have 


Raed, nek C(1+m+n) 
§o (P(e) i) CRs ani g(a 





1 2 T(n+1l—m+t+t)P(l+m+n4t) 
20(—m—n)T(l—m+n) go th (242n4+t)(t+n+3) 


When n#-p—3, R(m)<1, and m+n is a positive 


integer or zero, we have, for all values of m and n, 


F(l+m+n) 


se 1 eeceas Cops CTE SHEET Vs 


We mgy readily prove that this result is also valid when m 
and 7 are positive integers (x>m>0). In this case, by § 13, 
the integral exists, and when 0 <a <1, by § 13, 


r(1-—m+n) 
r(il+m+n)° 





Be) =) ) 


Changing the sign of m in the result just established, and, 
using this relation, we have the required result. We have 
thus re-established the later half of the theorem of § 64. 
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A reduction formula for fo|P.” (x) }? da. 
We can now show that, for general complex values of m and n, 
(2n+1) CV (n+1—m)T(—m—n) fof P.” (a) }* dx 
+ the same expression with (n -1) written for n, 


4ntsinarm 


mm — n? 


For, by § 65, if the contour closely embrace the positive 
half of the real axis and exclude all poles of the subject of 
integration except the sequence 0, 1, 2, .... we have 


TI (n+1—m)T (—- m—n) fof P.” (a) }? dx 
Pre sin 7m [ (—s)T (n+1—m+4 )Ueonsir eas 
M(1-2m+s)($-m+s) 
Hence the expression to be considered 
Rea sinam (I (—s)T(n—m+s)T(—m—n+ s) ems Ods 
2ar T (L—2m +s) : 


20 


where 
re (Qn +1) (s-m+n)+ Sule 1) (s—m— 1) ges 
S—M+ts 
Thus the expression under consideration 


T'(n—m)P(—n 


=4dnisinam rl ee F\n—m,—n-—m; 1-2m; 1} 


4ne sinwm 
pee a ee 
m—n* 


We thus have the given result. 
When R(m) <1, we see that, for general complex values of n, 


(Qn+1)0 (nt+1l—m)U(—n—m) f, {P,"(«)} de 
+ the same expression with (n—1) written for n, 
Sean 
om — 


In particular, when m=0, we have, for general complex 
values of n, 


(2n +1) [2 {P,(0)}?de = (2n—1) [2 {B, ,(@)}' de 
Thus, when x is a positive integer, we have Legendre’s result 
(2n +1) f,{P, (a)}Pde=1. 





2sin 17n 
Tm! © 
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§67. The exceptional case whenn=—p—}. 
We Hk proceed to consider the particular case when 





~=—p—4, which was excluded from the investigations of 
§ 65 and the first part of § 66. 

When x =—43, we have, as in § 65, 

+m) 

Pw See 5. 29 rg 

Sof P43" (x) }? dx = usinam rep 
x ( ~) f r(-s)T(j—m+s) 
2rb (GD Ae 


where the contour of ie integral includes the negative 
sequence of poles m—}—t, ¢=0, 1, 2, ..., together with the 


point (m— 4). 
Now the residue at e=0 of 


P(e) Pl G-m—e)/\F -—m+e) rd—e)e!} 
is —2y—20 (4 —m), 


where y is Euler’s constant and wy (v) = 2 log T («). 
We therefore have, for general complex values of m, 


ria ay +2 (}—™) 





fo{[P.4" (a)? dx =—esinam 


+ gcerdew 2 S| 
Py m)PQ+m) 1 ciP (t+ 1)}? if 
If R (m) <1, we have 


[Pan (@)\'de=-L@t™ wg —m)] 





r(4—m) 
1 e T(}—m+t)F(s4+m+ 28) 
—2CGam)P im t+ 1p | 
Similarly, if m be zero or a positive integer, 
hiPe@y'= Fes ++ m)} 
1 o P(s4+m4+r(4-—m+d) 
21h (4-—m)) a1 {{F(¢+1)} : 


These results can equally be deduced as limiting cases of 
those obtained in §§65 and 66. 
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When n=—p—3 and p is an integer > 0, the reader may 
easily show in a similar manner that, for general complex 
values of m, 


20sinamm I (1+m-+n) 
2n4+1 1(1-—m+n) 





Jot Py" (a) s" dee = — 


usin 77 e Tim”) 
lr (—m—n) ((l—m+n) oT (¢—2n) I (t+ 1) ¢-n—34) ; 


This, again, may be deduced as a limiting case of the 
result of § 65. 


§68. An obvious extension of the procedure of § 65 shows 
us that, for general complex values of m, n, and f, 


m 2 Lat k r 2° iT" (3) 
Fol FAME 1) de aT Gn —#) P(E 8) 


x, F {nti—m, —m—n, }-—m, 14k-m; 1—-2m, 1—m, 3+k-m; 1}. 


The hypergeometric series is convergent, except for special 
values of m and k—™m for which factors of various terms in the 
denominator become zero. 





When k=—1, 0, —m, n-4, —n-—-8, ete., the hyper- 
geometric series reduces to one of lower order. 
Let us take as a special example the case when k=—1. 
We find 
| [Ee Op ae Lee ee 
g a—1 ~ {l(l—m)}? (1 +m) (4—m) 


x ,f {n+1—m, —m-—n, —m; 1—m,1-2m; 1} 


(1+ m+n) 





= — On ee ee 
: ['(—s)U(st+2x+1-m) ; 
( =) P (Lon is) (eee if MeO; 


The contour includes the positive sequence of poles of the 


subject of integration, but excludes the negative sequence and 
the point s=m. 
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When |s| is large the subject of integration behaves 


: 1 : 
like a We may therefore bend the contour backwards 


and obtain 








| AEF esinmm I (1+m+n) 
da= ——$———$$—$—$——— 
gc x —l m WV(l—m+n) 
ee usin mr 2 T(nt+l—m+t)l(n+1+m-+t) 
Tdl-m+n)0(-—m—n) wp) =t!} (64+ 2%4+2) (t+ n4+1) 
This result is valid for general complex values of m and x. 


The exceptional cases can be easily enumerated and considered. 
The most important occurs when m=0. In this case we have 


FEO pe 


cx —l 


When & (m) <0, we have 
| oe da = zesin-mm {| PAO 


qc l- 1-2“ 


Thus, if (m) <0, for general complex values of m and 2, 
we have 





[ SO aes Td+m+n) _ 1 * 
» i-w —— QnhTAi-m+n) 20(1—m+n)0(-m-n) 


oe D(in+t1—m+t)U(n+14+m+t) 
=o 060 t1 (2+ 2n+4+t) (t+n4+1) 





In particular, if R(m)<0, and if n+m be a positive 
integer or zero, we have, for all values of m and x, 


Ih ened al 1 TV(l+m+n) 
ot Wares) Sake ate ae 
, 1-2 om V(l—-m+n)’ 


(An apparent exception occurs when n+1—m is a negative 
integer, but this is excluded by the given conditions.) 

From this last result we may readily deduce that, if m and 
m are positive integers (n> m> 0), we have 


eo de _ 1 T(l+m+n) 


1— 2 ~ 2m PA—m+n) 
VOL. XXXIX, O 
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By what has just been proved, we have, under the given 
conditions, 
germ ai aa 3 
Ae Uae ie In V(l+m+n)- 


But in this case, by § 13, 
-m abe fh m r el —m+ n) 


We therefore have the given result. 

Other special cases can be investigated in the same way. 
We have discussed the special case in question as the result 
(1) is given by Heine*. 


The evaluation of integrals of the type 
f{ Ape (xf dx, eae (x) de (x) dx. 


§69. We now proceed to show that, for general real or 
complex values of m and n, 


~ fol Q,"(a) fide = 


sin? (n+ mn mcosnm T'(n+1+m) 
sin® 27 I (n+1—m) 


os C(m+n4+14+4)T(n+1-m+4t) 
=o 0606 oth (2n4+2414)(2t4+2n41) ” 
where C ts the contour of §60 which passes in a positive 
direction from the origin round the point 1 and back again 
to the origin. 
By §21, we oe when |1—2"|>1, 














§ (3) 2 <7 
m or 2("+1) 
Qa" (2) = sina 2" ET (—m—n)C(n+3 3) ca 


Fig (n+m+1),$(n+1—m); n+33 1/A—2"*)}. 
ee by Goursat’s theorem quoted in § 65, 
a (a°—1)" 
{Q,"(@))"= sin’na 2" " (T(—-m—n)C(n+3)} 
2 
x Li {ntm+1,n—-m+1,n+1; In+2,n4+35; 1/(1-2’)} 
ple i yeti T(1+n+m) 
sin’ 217 [T(l+n—m) 


1 (mts )i(—m+s)0(s)T(n+1—s), . 1. ., 
x (- =) | A eeawe ric us (a?—1)"*ds...(A). 














* Heine, loc. cit., Bd. 1., 47 (a), p. 253, 
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The final expression is valid, provided |arg(a#’—1)| <7, 
if the contour of the integral. be taken parallel to the 
imaginary axis, with suitable indentations, if necessary, to 
ensure that the positive sequence of poles of the subject of 
integration lies to the right of the contour and negative 


sequences to the left. 
If | R(m)|<1 we can so draw the contour of the integral 
that R(s)<1. And then 


mT (3) 


fo(’'—1) ds = 2c sin ms [1 —2”)- ds= TT Gna). 


Thus, under this limitation, 


I Lae ros sin’ Mca ks N(1+n+m) 
moles ONE ade sin’ 27 I (1+n—m) 


( >) [it l'(s+m) I( Cel 
27rb D(n+1+s)C($+s) U(3—-s) 4 


Now the final integral is convergent for all values of 
m since, when |s| is large, the subject of integration behaves 
like 1/|s|?. Further, by § 22, the integral on the left-hand 
side of the equality is convergent for all values of m. Hence, 
since the functions concerned are analytic functions of m, 
we may dispense with the condition | &(m)|<1. 

Using Cauchy’s theory of residues we obtain at once the 
given result. 


§70. We may next show that, if | R (m) |<1, B(n) 


IT (1 +2 —m) [°(Q." (a) de = 40 sin? (m+n) a 
T(il+n+m)*' es sin’ 27 


1 [I (s—m)T(s+m)T (n+ 1—s) 


where the contour of the final integral separates the poles 1, 2,3, ...3 
n+1,n+2,.:.. from 4; 0,-—1,-—2,...5 m,tm—l1,.... 
We have 
[? (a? —1)""de= I (1 —s) I (s—4) 
21 (3) ; 


ift< Bh (s) <1. 


196 Dr. Barnes, On generalized Legendre functions. 


Take the formula (A) of §69. The contour of the integral 
in this formula can be drawn to satisfy the condition 


£<H&(s)<1, if R(n)>-—4, | &(m)| <1. 
Now, at x=], {Q."(a)}? behaves like (1—x)*", by §9. 
and at coe 2 ns 3) ay een 


We thus have the given theorem. 

If we apply Cauchy’s theorem to the given contour 
integral we obtain the value of {°{@™(a)}’de when 
|L(m)|<1, L(n)>—4. The result which involves the 
sum of two particular hypergeometric functions of the type 
Ff’, is somewhat complicated. A reduction formula can, 


3 2 . ° . . . 
however, be obtained which is comparatively simple. 


§71. We proceed to show that, if | R(m)| <1, R(n)>—F, 
we have, for general complex values of m and n, the reduction 
formula 


(xn +1—m) 


2n +1 
ae lian aeter) 


Jr 1," (a) f° dec, 





minus the same expression with (n— 1) written for n 


a sin’ (m+n)ar I (1—m)T(1+m) 
oe sin’ 27 n?—m? ; 


By the result of §70 the expression on the left-hand side 
in this equality 


1. sin’ (m+) 7 ( 1 ) i (s—m)I'(s+m)T(n-s) 
— Seth eee eT ae ie ae ee i Te ne aaa San 

4 sin? 27r Q1rt sin ms I'(z + 1+) 

facet aeee a 
| s—4 
sin’ (m +”) 1 

me sin’ 209r . 
where 


f=- ds, 





oe (f (s— m) I’ (s + m) T (n—s) 
27t sin 7s ['(7 +1 +s) 


and the contour of the integral can be taken to embrace solely 
the sequences of poles n,n+1,7n+2,... and 1, 2, 3,.... 
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By Cauchy’s theorem 
% T(¢+n—m) CT (t+n+4+m) 








eS 
0 Ssinw@nrT(2n+1+ t)t! 
a) & \i=! —— \ Ae 
4 3 I (¢—m)T (¢+m)T (n—2) 
= wI'(n+1+42) 
Pe 1 Wee Et 2) Da) 
sina (n*—m*)  sinan I\(2 +2) I (2—2) 
xX IF {l-—m,1l+m; 2+n,2—n; 1}, 
where 


; ame a8 afott}8(B+1), 
Et en; Y, 95 a Bese x + Ra HSI Ob Oe Pee 





The latter series is convergent when |#|<1, or when 
|e|=1 and L(y+d—a—B)>1. Now, by a theory due 
to M. J. M. Hill* and the author cenjointly, 

Fi —m, L+m; 2—n, 2+n; 1 
=(1+4 2) ff, j\l1—n+m,1-m—n; 2-—n, 2; 1} 


7 
n* —m* 





[P\m—n, -—m—-n;3 1—n; 1}—1]. 


Hence 
Fi {l-—m, 14m; 2-n, 2+n; 1} 
_ n= z: t—n’? TV(1+n) (1-2) 
vam nam Vdltm)ld—m)- 


D(1—m) (14m) 
mn (n* — im’) 





And therefore J= 
We thus have the given theorem.. 


§72. As particular cases of the preceding theorem we 
may obtain results due to: Hargreaves. { 


* Hill, Proceedings of the London Mathematical Society, Series 2, Vol. v., 
pp. 835-341. The extension. of Hill’s theorem was communicated by the author 
to the same Society in September 1907, and was followed by a different proof of 
this extension due to Hill. Jdid., p. xxi. 

* Hargreaves, Proccedings of the London Mathematical Society, Series 1, 
Vol. xX1IX., p. 118, 
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When m= 0, we have for general complex values of n such 
that &(n)>-4 : 


(2n+1) J°{Q,(@)}* da — (2n—1) [1 Q,_, (a) de == 1] 


a result obtained by Hargreaves when x is real. 
Again, by §70, we have 


1@.@y'de=de (- 5) [ep 


where the contour includes solely the poles s=1, 2, 3, ... 
Thus, by Cauchy’s theory of residues, 


{?{Q, (a) }? deo =1 Spit 


t=1 t(¢—- 4) = 


1 1 1 1 
=2 45 tog epee 


Combining this with the previous result, we see that, 
when 7 is a positive integer, 


ee Ge 1 

i Q, (x)}? da = (2n + (2n +1) 0 (oH 1st 
— PO™m+1) 
Un aa ee 


where 2 (z) = ¢ slogT'(e). 


§ 73. A contour integral for P(x) Q,”" (x). 
We may now show that, if | arg(w*—1)| <7, 


P (0) 0," 0) =55 rw 


2sinanvl (vn +1—m) C(—m—n) 


ss pas 
x (5) jFS m)I\(s) (4 TL ts Dy see 
2are PV Ud—-s-m)(s+n2+1) 
the contour of the integral being parallel to the imaginary 
axis with the usual indentations, if necessary. 
By (A), § 69, we have, if the contour of the integral apart 
from indentations be parallel to the imaginary axis, and if 
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larg (a —1)| <7, 
mi sin(m + %) 7 


ee) eo antaa ini nam) TG nie) 


. ( 1 [ream ses EO TOS) was. 








27 r(igt+s) C(n+1438) 
Therefore 
m 12 f yn , 1% o 
(0,"(#)}"-{0",..@F= @ 


~ 2sin*nwl (1+ 2n—m)T(-2—m) 


(=) ee ay eign TOE, 
where 
O=sin(m+n)rsin(n+s)7+sin(m—n)7sin(n- s)7 
=sin(m +s) 7 sin2n7r. 


Hence 


nes | tia. TT? COSNT 
{Q"(@)— 1", (@)} ~ sinnal(L+n—m) I(—n — 2) 


i) fe m) Is) 1(4-s)T(n+1—s) cosas 
27 V(l—m—s)P(l+n+s)  sinw(n+s) 








(w’—-1)* ds. 


Also, by §.65, we readily see that, under similar limitations, 


he Ti COS’ NT 
~ sin’ aa (1+2—m)T(—n—m) 


1 I'(s—m) Is) 1($—s) (n+1—s) sin as 
c=) J [(l—m—s)U(l+n+s) sina (+s) 


Now, by § 12, 
1Q,.” (2)}?— {Q"_,-. (@)}* + mw" cot! mm {P." (ar) }* 
= 2m coturP™ (x) Q.™ (ex). 


a cot?nm {P." (c)}? 








(«?—1)* ds, 


Combining the last three results, we have the given 
theorem. It is evident that this theorem enables us at once 
to express P(x) Q,""(x) as the sum of two series of the type 
,, when |«*—1| is either greater than or less than unity.. 


200 Dr. Barnes, On generalized Legendre functions. 


In the latter case we have the additional restriction 
larg (a’—1|<7. 

It may be remarked that the same result may be obtained 
directly by taking the expressions for P,"(v) and @,”(@) 
given in §§19 and 21 respectively. These are 


"1 (n +4) 


OTe @si—m|russ@—m) 
x F{E(m—n),3(—m-n); 3—n; 1/(1-#")} 

2" (— —+) 2 -h(nt1 

* Ce Guan ee si 


x F {4 (n+ 1—m), $(n+1+m); 3+2; 1/(1-2")}, 
and 


m nt 3 —h(n+1 
So jie e=-i £(n*1) 
@." () 2" sin na T (—m — n) 1 (n+ 8) oct 
x F\s(nt+m4+1),4(n+1—m); +n; 1/(1-a’)}. 


We multiply these two expressions together and use the 
formule 


(F(a, B3 v3 2) =F {2a, 28, y—4; 27-1, 73 4}, 
ee: ial Pace Sane 
=F{4—3+4, B-a+4, 4; 2— 545 z}, 


where y=a+(+4, 2a=n+1—m, 2B=n+1l4+m. 

The first of these formule has been already quoted in § 65 
as Goursat’s formula, ‘The second can be obtained in a similar 
manner, and is also due to Clausen and Goursat.* 


§74. The connection of this theory with that of linear 
differential equations will be evident to the reader. 
The general solution of the equation 
me” 
Es = ie 


eres oe ae ed a 





aa* dx 
is AP * (x) + BO. 


where A and B are arbitrary constants. 





* Goursat, loc. cit., p. 284. 
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Hence the general solution of the equation 


d*) a’) 
(1 - a) 4 — 6a oe 


6x7 — 4m? dy 4n(n+1)e _ 
+ sa es + 4n n+) FE ~—y=0...(B) 
is AYP,” (x) + BE" (x) Q,"(@) + CQ." ey}, 


where A, B, and C are arbitrary constants. 
And we have just proved that three linearly independent 
solutions of the latter equation are 





I (s—m)C(4-s)C(n+1—s)T(—n-s),, Ay 
J (1-—m—s) C(1—s) i eee 
I (s—m)U(m+s)U(s)(n+1—s),, ne 
s P(2+1+s)(4+s) CS 
EE SOLE ee 


A large number of other integrals ean be derived from this 
fundamental set. ‘The equation (J) is substantially (when 
the necessary transformations are made) a particular kind 
of higher hypergeometric equation, whose solutions admit a 
general theory of transformation analogous to the transforma- 
tions of generalised Legendre functions. We are at the 
beginning of a theory of particular types of higher hyper- 
geometric functions of apparently indefinite range. ‘The 
development of such a theory would evidently carry us far 
from the main object of the present paper. 


§75. The contour integral just obtained for P(x) Q,"(x) 
can ni be used to evaluate integrals of the type 
weet ™ (a) a” (a*—1)'dx between the limits 0 and 1 or 1 
and z ene such integrals exist. The existence of such 
integrals i is determined by the consideration that 


P.™ (a) Q," (x) behaves at a= like a* or a2”, 
” ” a=0 ,, unity, 


» 3 C= teens ee (ime ea OF UNILY 
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In order to compress the algebra to which such integrals 
necessarily lead we will merely consider the integral 


Jo P,” (2) Q," (@) dar, 


which exists, if R(m)<1. We will show that, under this 
“imitation, for general complex values of m and n, 


T 

4sinna7t (1 +1—m) I (—n—m) 

1 (lM (s—m)T(s)T(1-s) (1 +n2—s) 
tne “(1—s—m) 0 (s+2+1) (4—s) 


J. ; baa Abe (a) du = 





cos(im—s) mds, 


where the contour of the integral may be taken to embrace the 
positive half of the real axis, and to include solely the positive 
sequences of poles of the subject of integration and the point s=4. 

When —1<2<1, we have, by §§13 and 14, in the limit 
when «=0, 


B"(2) Q," (2) = 38," (2) (@," (@ + et) + Q,” (@ — €t)} 
=43{P (ater) GQ," (a+ ee) ee 4+ P™ (e—er) Q,” (x — et) e-3™™}, 
Now, by § 73, we see that, if 0<#<1, in the limit when e=0, 
| baie 2 Ab ioe ae 
2 sina (x +1—m) I (—n—m) 
1 (I (s—m)V(s) V(4—s)P (14+ n—s) 


* Oat lM(l1—s—m)T (s+n+1) 


BPP fa et) 1) Ae et) 








ets (L—w’")* ds, 


the upper or lower signs being taken throughout. 

The integral is convergent if its contour, apart from any 
indentations which may be necessary, is taken parallel to the 
imaginary axis. For, when s=u-+ev and |v| is large, the 
subject of integration is at most of order 1/|s|?. 

We therefore have, when 0<2 <1, 


oa TQ) 
sey ON CAI 2 sinanl\(n+1—m)I(—x-m) 
1 (I(s—m)T(s) T(3—s) M(14+n-s) ; Te. 
x Se ~ P(i—s—m)V(stntl) cos ($m—s )7( l—wx ) ds. 
Hence, by the usual type of argument, we have the given 
result. 
By evaluating the contour integral we may express 


fo Pe’ (2) Q," (#), 
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when R(m)<1, in terms of particular types of higher 
hypergeometric functions of argument unity. The result is 
complicated. 


§ 76. It is, however, possible to obtain a comparatively 
simple reduction formula for such integrals. We proceed to 


show that, if Rh (m) <1, 
I (n+1—m)T(-n-—m)sin awn (2n4+1) fy) Po" (2) QO," (2) dx 
minus the same expression with (n—1) written in place of n, 


_ mm OP ea) mncos(n + 4m) 3 
m —n* (m* — n°) 





By $75, the left-hand side in this equality 


2 1 (U'(s—m)T(n—s) cos(m-—s) 7 ; 
2meJ T(l1—-s—m)UT(n+1+s)sinsr ’ 








where the contour includes solely the sequences of poles 
S=7, +1, n+2,..; and s=1, 2,3, ...: 


By Cauchy’s theory of residues we therefore have 





_ 7 Cos (4m — n)msin a(n +m) 2 T(n—m+t)T(nt+m+tt) 





sin 77 ‘0 t!I\(2n4+1+¢) 
ra ™NCosy(m7)sinj7m 2 TI (¢—m) T(¢+m) 
sin 77 wi V(l+n+t)Tii—-n+t) 


_ cos(4m— 7) 7 sin (n+) 
SAL Ne aa yeas T pecan er ae 
n —m sin 772 








m—n*  sinwn 7 


si 1 1— 1 ; 
1 Cosa) sin 7m {1 T'(1—m) 1 +) sinh, Srerit 


77 


= Sree {cos(4m—n) w sin 7 (n+m)—cosd (m7) sin zm} 


7m 
1 eer cosd (mm). 


We thus have the given result. 


§77. Various particular cases of the preceding formula 
are of interest. 
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When m=0 we see that we have, for general complex 
values of n, 


(2n +1) {2P,(2) Q, (a) de —(2n—1) J.P, (a) Q,(w) de 
= (cos mn) /n, 
-a somewhat elegant result. 
When n is an integer this reduces to a formula of 
Hargreaves.* 
In the particular case, when m=n=0, we have, by § 75, 


1) ir @Prda-=s) 
- Fi spatial Oi (Penton 
fi P,(2) Q,(2)de=—}(——) [6 aa ayy ommede 
the contour including solely the positive sequence of poles of 
the subject of integration. 


By Cauchy’s theorem the integral is equal to 








42 1 4 lee 1) ee 
> 9 (4-1) t4 1). Geo [241 ot £3) le ee 


We therefore have, if x be a positive integer, 
LD ey ot) ee eee eed 
fa Fa (#) OM ea rrcy | ene es 


CY Gia) on GES ie 


~ 2(2a + 1) 

















where y (2) = log I'(z). 


This is, apart from an cbvious error, Hargreaves’ result 
(loc. ctt., p. 120). 


§78. It is evident that the theory discussed in the 
preceding paragraphs might be almost indefinitely extended. 
‘The methods used perhaps indicate sufficiently the procedure 
by which further results may be developed. The generalisa- 
tions which have been given include, as particular cases, 
practically all of the results which have been previously 
obtained in the restricted part of the theory to which we 
have limited our consideration in the present Part of this 


paper. 
* Hargreaves, loc. cit. (11), p. 119. 
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A CLASS OF GROUPS IN AN ARBITRARY REALM 
CONNECTED WITH THE CONFIGURATION OF 
THE 27 LINES ON A CUBIC SURFACE. 


[SEconD PAPER. | 
By Professor L, E. Dickson. 


If ES the former paper with the same title, Quarterly 

Journal, Vol. XXXIII. (1901), pp. 145-178, the 

writer considered the linear homogeneous group G (/), 

in a general field /, leaving invariant a cubic form in 
27 variables with 45 terms: 


.,6 
(1) C= nS! LY 2, + Bete (4,=—%,), 
aj 
the second sum comprising the 15 terms of the Pfaffian 
[123456]. ‘The form C defines the configuration of the 
45 triangles formed by the 27 straight lines on a general 
cubic surface. When Fis the field of all real and complex 
numbers, G (Z”) is the continuous group of 78 parameters 
forming one of Killing’s five simple groups not occurring in 
Lie’s four infinite systems of simple groups. 

The present addition gives a decided simplification in 
certain of the proofs and in the formule for the inverse of 
the general transformation of the group. ‘The correction of 
a minor error leads to a revised formula for the order of the 
group. At the outset is discussed the solution of a system of 
Pfaffian equations. 


2. We employ the ( : variables 
C= —G: (JH, ey my TAZ). 
The Pfaffian of lowest order is 


[ake ] a Coon ar Coy a Se, 


The equation [7k/]=0 is unaltered by any permutation 
Giz. ), 1, 


TuHeormm. If £40, the (ie ‘ distinct equations 


(2) (apni On. Ci 7a hi lee) 
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. m— 2 : ° ° 
can be derived from the ( 5 ) equations involving © ,: 


(3) [abjk])=0 (7, &=1, ..., m3 J, & distinct from a, b). 


Let 7, s, ¢ be any distinct subscripts no one of which is a 
or 6. From the expansion of | aabrst|=0, we get 


€ [abrs]—€ [abrt]+& [abst] =, [arst]. 


Hence, from (2), [arst]=0. Similarly, [drs¢] =0. 
Let 7, s, ¢, u be any distinct subscripts no one of which is @ 
or 0. Expanding the equal Pfaffians 


[abrstu], [tuabrs], 


we find that €,[7stw] is a linear function of Pfaffians [dstu]) 
[abrs], etc., each involving a or 6, and hence is zero. Hence 
p7'stal |= 10: ‘and the theorem follows. 

A similar proof leads to the more general theorem: 

for € ,#0 and mw even, the equations 


(4) ROR Se Or a 
can be derived from [abj,...j,,5] =. 


3. THuorem. In the Galois field of order p", the number 
of sets of solutions not all zero of the Pfaffian equations (2) ws 


(5) N,, as (pr — 1) Coase ‘= 1) acs (p"— 1). 
If 7, denotes the number of sets of solutions with €., ..., 
€ in not all zero, we have the recursion formula 


(6) N.=N. +m, (m>4). 


m-1 


For any given value £0 of ¢,,,,_,, equations (3) with a=m, 
b=m-—1 uniquely determine the ¢,(7 Sm —2, k Sm—2) in 
terms of (G4 candac ae {ela A eoey. Hence there are 
(p"- 1) prem 4 sets of solutions cal Bae ay 

For ¢ ,,-,=0, and any given value #0 of € _,, we may 

take & 


m(?<m—2) and ©, .(¢<m, pie 2) arbitrary, and 
uniquely determine the remaining ¢’s by (3). Hence there are 


(p" a Dea xe a sets with ce m-1 a 0, ss ma 0. 
The argument may be continued. Tinally, there are 
(p"—1) p"™ sets with € =0@=m—1, ..., 2), ¢, #0, 


since the €,,(1<7<m) may then be taken arbitrarily. 


Prof. Dixon, Class of groups in an arbitrary realm. 207 


Hence, for m>4, we have 


Ge pais (p" 6 1) (ee) + prem 5) +... pl" *)) tis 1 pe 1) pe. 


In view of (6), formula (5) now follows by simple induction 
from m—1 to m, it being true for m=4. 


4, The discussion on pp. 160—165 may be replaced by the 
following simpler treatment based on the normalization of the 
linear functions, 

The functions (17) satisfying (18) are of three types: 

First, let &, ..., &, be not all zero. A suitable product of 

6 


the transformations 4,,,(¢>1, k>1) willreplace = &,7, by z,, 
and hence replace function (17) by a 
HY +E 2 + 0,4 350,2,, (2,7 =2, «.., 6; Gop): 
Conditions (18) thus reduce to 
n,=[3456k, 6,=0 (¢=8, 4, 5, 6). 


Now &, and €,, (7, 7=3, ..., 6) remain arbitrary. Since 
&,, ---, & have any values not all zero in the GF p"], the 
number of sets is 


1G tae 


Next, let &=...=£ =0, and let the €’s be not all zero. 
Then conditions (18) reduce to [7kl]=0 (7,9, &, (=2,..., 6). 
By §3 above, the number of sets of solutions ¢,, not all zero, is 


N,=(p"—1) (p™ +1). 


Since 7, and &, are arbitrary, the number of sets is p'"N,. 
Finally, let €,=¢,=0 (2,7=2, ...,6). ‘Then conditions (18) 

are satistied, and (17) becomes ¢=7,y,+ 6,7, Under S, 

w'=2Z,, “, =. Hence 4,40. The number of sets is 


p (2 ars iy . 
Hence the total number of functions (17) satisfying (18) is 


p™ (p™—1)+ p"N, +p" (p' - 1)=p" (p"—1) (p+ DL): 


5. The complicated proof of the theorem on page 162 may 
be replaced by the following simple one. There are three 
Cases ° 

First, let &,, ..., & be not all zero. Then there exists 
a product of the A’s which replaces 2&7, by «,, each y by 
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a function of the y’s, each 2 by a function of the z’s. But 
there are p'” functions (16) with €,=1, €;,=0(¢>1), by top 
of p.152. Hence, for the present case, there are p""(p*"—1) 
sets. 

Next, let £,=0 (¢=1,..., 6), and let the 7’s be not all zero. 
Then the product WS replaces x, by 


— 29,0, + 36,2, 


As in the first case, the number of sets is (p™+1) N, 
where J is the number of functions 7, + 2¢,2,. For the latter, 


& =1, €,=- =F =0, 7,=9 OSik erie 6). 


4 


Hence conditions (12) and (13) reduce to 
C= 0,ee Lelnnic= OS, Gut, ft — 2) ereeone 


Thus (§3) N=N,+1, the case €=0 being included. 

Finally, let £.=7,=0 @=1,...,6). The number of sets 
is NV, (§ 3). 

The total number of sets is therefore (p°""—1)(p™"+p"" +1). 


6. It is stated on p. 154 that Lemmas IV. and V. may be 
proved by a method similar to that employed for Lemma III. 
However, this is not the case with Lemma V. In fact, suppose 
that ¢,40, so that € =¢,=0. Applying a product of the 
generators C, we may take €,=0 ({=1,..., 4), and obtain 
a transformation S,, leaving fixed «,, x,, ”,, “,, and replacing 
x, by .,2.¢. By the argument in the text, S, replaces w, by 


‘ 


thé o> 


E; a, ap eae (ecm =0, Hy 5s =0). 


aed 


Now A,,, leaves fixed w,,..., 2,, 2,,, and replaces x, by 
x, +7 sHence Oi replaceda any, 


6 
see ta €% 7 Gee) Baas 
I= 
The corresponding conditions 


ce (ce a5 Say, ae 0, a ee “ Cs) = 0, 


combined with the earlier ones, give €&’=€,/=0. Then |S |=0, 
Hence must €,=0. Lemma V. should therefore read: 
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Tf a transformation of G (fF) leaves fixed x,, %,, £4, and x, 
6 

at replaces yx, by DS E.y,. Inversely, there exists in G(F) such 
11 


a transformation for &,, ..., &, arbitrary, &, and E, not both zero. 

When F is the GF p"], the number of functions 3&7, is 
p"(p"-1). This factor must therefore replace the factor 
p" (p"—1) (p" +2), bottom of p. 158. The correct formula* 
for the order of the group G in the GZ’[ p”] is 


ee eg UPS 1) Cp = 1) Cpt — 1). Cp — 1) (p=). 
The minimum order, given by p” = 2, is 
Decoer eat oat as 


7. The inverse of the general linear transformation S 
leaving the cubic form (1) invariant may be found by the 
following direct method. Let C’ denote the form (1) written 

', Let S be given the 


in the transformed variables 2’, y’, 2’. 
notation on p. 167. Since C=C’ under 8, we have 


oC oe 
7 = BN eee 
@) . OY,0%, OY, 0%, 


In the final term (7) the coefficient of x, is 
(8) >( 
summed for j=1,...,6; 74%. The coefficient of y; is 
(9) 5 (a: 02, i 0a, =) 


OY, O%, 0% y_ OY; 

Hence the coefficients (say Z,,’ and M,,’) of «, and y, in az 
are given by the final sums (8) and (9), respectively. Hither 
sum must have the same value for k=1, ...,6; K€. | 

The results on p. 169 may therefore be simplified. The- 
partial sums for each value of ¢ are all equal. 











OY, 02; at OY; 02,4 


fh, eta h nla 
OY, O02, 02, a) (My, ilk © Tye in) 








= 2M, 1y,+ Nou) 


jk juk 


* In all the known systems of simple groups, the order is a product of literal 
factors p*, p*+1. ‘he suspicious factor p”+ 2 led to the present revision, 


The University of Chicago, 
August, 1906. 
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TRANSITIVE GROUPS OF DEGREE p=2¢+1, 
py AND ¢ BEING PRIME NUMBERS. 


By G. A, MILLER. 


(pee groups of this degree were considered by various 
authors, especially by Mathieu and by de Seguier.* 
Since they furnish the simplest examples of constructing 
all the possible transitive groups of a fairly large degree, 
it seems especially desirable to exhibit the simplest possible 
general method of finding all such groups when the degree 
is given. While the method which we shall give is partly 
tentative, yet it involves less than half the number of trials 
used in the latter of the articles mentioned above. Moreover, 
we shall complete the enumeration of such groups to degree 
107 by determining all the possible transitive groups of degree 
83. We shall also be able to give some important new facts 
about the known groups of these degrees. Among these are 
the following :—The four-fold transitive group of degree 23 is 
perfect as well as simple, and by means of this result it is easy 
to prove that the five-fold transitive group of degree 24 is also 
perfect, while the five-fold transitive group of degree 12 has 
a group of twice its own order for its group of isomorphisms. 

It has been proved by means of the most elementary con- 
siderations that the subgroups of order p in any transitive 
group of degree p generate a simple group, and that each 
of these subgroups is transformed into itself by at least 2p 
substitutions of the group unless the group is cyclic. More- 
over, the metacyclic group of degree p contains just as many 
transitive subgroups as there are different divisors of p—1. 
In the groups under consideration the metacyclic groups 
involve four transitive groups of degree p>5 (one of each 
of the orders p, 2p, gp, and 2gp) and this is the smallest 
possible number of such groups of any prime degree greater 


* Mathieu, Liouville, Vol. xvi, (1873), p. 25; de Segnier, idid., Vol. vIIt. 
(1902), p. 280, So Pa pelea 
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than 5. If we add the alternating and the symmetric group 
we have the theorem that there are at least 6 transitive groups 
of every prime degree greater than 5, and if there are only 
6 transitive groups of such a degree it must be of the form 
2q¢+1. It was first proved by Jordan that there are only 
6 transitive groups of each of the degrees 47 and 59. If 
a transitive group of any prime degree contains only one 
regular subgroup it is contained in the metacyclic group, 
and hence we need to consider only those groups of degree p 
which involve more than one subgroup of order p but do not 
involve the alternating group of degree p. In what follows 
such a group will be represented by G. Its order evidently 
exceeds p(p +1). 

If G involved negative substitutions its positive substitu- 
tions would constitute a subgroup of half its order. Hence 
we shall assume that G is positive unless the contrary is stated. 
It will be found that G is necessarily positive for all possible 
values of »<107 which are of the given form. As the sub- 
stitutions of order 2 in the metacyclic group of degree p are 
negative, it follows that a subgroup of order p is transformed 
into itself by exactly gp substitutions of G. Moreover, the 
subgroup (G,) of degree 2¢ which is composed of all the 
substitutions of G, omitting a given letter, cannot involve any 
cycle of order g*, and hence all its subgroups of order qg are 
conjugate as the order of G, cannot be divisible of q’. 

We shall now prove that each subgroup of order g in G, 
is transformed into itself by more than its own substitutions. 
If this were not the case G, would transform its subgroups of 
order g according to a transitive group whose degree (n) 
would be equal to the number of these subgroups and whose 
class would be n—1. Hence all its substitutions, except 
those of order g, would constitute a regular invariant sub- 
group of order . ‘T’his is a special case of the theorem: Jf 
any group involves a subgroup of prime order q which ts trans- 
formed into itself only by ats own substitutions all its substitutions 
whose orders are not divisible by q constitute an invariant sub- 
group of index q.t From this theorem it follows directly that 
a non-cyclic group of degree 2q which involves a cyclic subgroup 
of order q which ts transformed into itself only by its own sub- 
stitutions ts transitive and involves an invariant abelian subgroup 


of order 2° and of type (1, 1, 1, «..). 


* Bulletin of the American Mathematical Society, Vol. tv. (1898), p. 141. 
t Cf, Frobenius, Berliner Sitzungsberichte, 1901, p. 1220, 


P2 
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It should be observed that the last theorem stated above 
is not essential for our present purpose but is given for its own 
sake. If a subgroup of order g and degree 29g would be 
transformed into itself by only its own substitutions under 
G, it would also be transformed into itself by only q sub- 
stitutions of G. This is impossible as G cannot involve an 
invariant subgroup of index gq, since in such a subgroup the 
cyclic subgroups of order p would be transformed into them- 
selves by only p substitutions. As each subgroup of order g 
is transformed into itself by more than g substitutions of G,, 
and as G, involves only positive substitutions, it follows that 
these substitutions do not interchange the systems of intransi- 
tivity of the subgroup of order g, and that they may be found 
by establishing a simple isomorphism between a transitive 
subgroup of the metacyclic group and itself, written in 
a distinct set of letters. Since the group of isomorphisms 
of each of these non-cyclic subgroups is of order q (q — 1) this 
isomorphism can be established in exactly q different ways when 
both the subgroup of order q and the number of substitutions 
are given. 

We are now in position to state the general method of 
finding all the possible transitive groups of degree p=2q +1. 
If any group exists in addition to the six which are well 
known it may be found as follows:—Select a cyclic substitu- 
tion (¢,) of degree p arbitrarily, write its fourth power under 
it and thus find a substitution (¢,) of order g which satisfies the 
equation ¢, ‘¢¢,=¢,". Then find by inspection the negative 
substitution which transforms ¢, into ¢,* and involves all the 
letters which are in ¢,. Find the prime divisors of g—1 and 
represent them by d,, d,, ..., d,. Determine the substitution 
t, which transforms each of the two cycles of ¢, into a power 
belonging to exponent d,(a=1, 2, ..., X) and omits a trans- 
position of 7%. Since ¢, is commutative with t, it is also 
ere ‘with Oe Finally, find the 3 (g — 1) conjugates of 

‘under the first 4 ¥(q—-1) powers of one of the cycles of ¢,. 
rh hese conjugates ‘and t, are the 4(¢+1) substitutions which 
are to be used for ¢, in connection with the factor d,. The 
group generated by t and ¢, is simple and of composite order. 
If it 1s not the alternating eroup of degree p it is one of the 
G’s in question. 

It ¢,, t, generate the alternating group the fact will generally 
become evident from the form of the product #,, since the 
class of G must exceed n/4—1, as it is multiply transitive.” 


* Bochert, Mathematische Annalen, Vol. XL, (1892), p. 179. 
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For small values of » other theorems relating to primitive 
groups may be used to prove that ¢,, ¢, generate the alternating 
group in case they have this property, and in all cases it will 
appear from a few trial products whenever #¢,, ¢, generate the 
alternating group of degree p. The group generated Dy itieate 
includes ¢,, and when it is not the alternating group it cannot 
be invariant under a larger group of degree p except when t, 
is commutative with ¢, since such a group cannot involve 
a cycle of order q. When t, and ¢, are commutative G is 
invariant under one and only one larger group of degree p. 
The order of this. group is twice that of G. When @ is 
contained non-invariantly in a larger group the order of this 
group must be at least » + 1 times that of G, since it could not 
contain less than » + 1 conjugates of G. 

To illustrate the simplicity of this method we shall. re- 
determine the possible transitive groups of degrees 5, 7, and 
11, giving all the details. When p=5, g=2, and since g—- 1 
has no prime divisor, there is no G of degree 5. That is, 
there is no transitive group of degree 5 which involves more 
than one subgronp of order 5 but does not involve all. the 
positive substitutions of this degree. When p=7, g=3 and 
g—1 has one prime divisor, viz. 2. If we let 


h=oucdefg, t.—bec.dfg, t,—bg.cf.de, t,=ce.df 
it is evident that we may select 
ce.df and ce.dg 


as the $(¢ + 1)=2 substitutions which may be used for ¢,. 

It is easy to see that ¢, and ce.df generate the alternating 
group of degree 7. In fact, the group generated by ee two 
substitutions is transformed into itself by ¢, and 4, ¢,, ce. df 
generate the symmetric group since their continued ‘product i is 
ab.cge. Hence we have proved that every transitive group of 
degree 7, which contains more than one subgroup of order 7, 
includes the group generated by ¢,, ce.dg. As this group 
contains at least 8 subgroups of order 7, and involves ¢,, its 
order cannot be less than 168. Since the-abelian eroup of 
order 8 and of type (1, 1, 1) has a transitive group of order 
168 and of degree 7 for its group of isomorphisms, we have 
proved that there is one and only one G of order 168 and of 
degree 7. 

If there were another G it would involve this simple group 
of order 168 non-invariantly, since ce.dg is not commutative 
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with ¢. Hence its order would be at least 8.168 and the order 
of its G, would be at least 192. As G, would be positive it 
would be the alternating group. ‘That is, there is only one 
G of degree 7. It may be observed that this determination of 
the transitive groups of degree 7 does not involve any property 
of the substitution groups of degree 6 except that the order of. 
the alternating group is 360, and hence cannot contain a sub- 
group whose order is as large as 192. By employing the 
substitutions groups of degree 6 it is easy to find all the 
transitive groups of degree 7 without the use of any trial. 
In the above method there is only one trial involved, viz. 
finding the product of ¢,t,¢,. ‘lo appreciate the simplicity 
of this method it may be compared with the one employed by 
Burnside on p. 206 of his Theory of Groups. The method 
has much in common with the one employed by de Seguier on 
p. 282 of the article cited above. 


Transitive groups of degrees 11 and 23. 
Let 
t=abedefghik, t,=befjd.ctkhg, t,=bk.cj.di.eh. fq, 
Lo de, fpacg att: 


The three substitutions which may be used for ¢, are 
evidently 


de.fj.cg.hi, de.fj.ct.gk, de.fj.ch.tk. 


From the product ¢,,t,=ak.bfj.che.dig it follows that 
t,, t, generate the alternating group of degree 11 and hence 
there 1s no G of degree 11 which is invariant under a larger 
group of this degree, ‘his statement follows from the general 
theory. It may also be seen directly, since such a group 
would involve two substitutious of the forms de./j.ci.gk, 
de.fj.ck.gh, as it would be invariant under ¢. Hence it 
would involve a cycle of order g. From the product 


t,.de.fj.ch.tk=abhk.cejtfg 


it follows that every G of degree 11 contains , t,, t,, where 


t,=de.fj.ci.gk, as the class of such a group exceeds 4, 
Since the group generated by ¢, ¢,, ¢, involves at least 12 
subgroups of order 11 its order cannot be less than 660. It is 
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known that the simple group of order 660 involves subgroups 
of order 60, and hence it can be represented as a transitive 
group of degree 11. Hence we have proved that ¢,, ¢,, ¢, 
generate the simvle group of order 660, and every other 
group of degree 11, which involves more than one subgroup 
of order 11, involves this simple group non-invariantly, 
and has for its order a number which cannot be less than 
12.660=7920. Moreover, it is known that the five-fold 
transitive group of degree 12 contains a subgroup of order 
7920 and of degree 11. It is therefore only necessary to 
prove that there cannot be more than one such group. This 
follows directly from the fact that its maximal subgroup of 
degree 10 is of order 720, and hence it is a subgroup of the 
group of isomorphisms of the alternating group of degree 6*. 
As this group of isomorphisms contains 40 substitutions which 
transform one of its subgroups of order 5 into itself the given 
group of order 720 involves 20 such substitutions. This 
includes all the possible positive substitutions in ten letters 
which do not generate substitutions whose class is less than 6. 
Henee the group of order 7920 is completely determined by 
its subgroup of order 660 and the 20: substitutions which 
transform one of its subgroups of order 5 into itself, and there 
$s one and only one transitive group of degree 11 and of order 
7920. 

If there were another G of degree 11 it would involve 
more than 12 subgroups of order 660, and hence it would 
contain at least 24 such subgroupst. Its maximal subgroup. 
of degree 10 would therefore be at least of order 1440; and 
hence its class could not exceed 4, since it would be positive. 
This completes the proof of the known theorem: there are two 
and only two transitive groups of degree 11 which contain more: 
than one subgroup of order 11 bué do not contain all the positive 
substitutions of this degree. It has recently been proved that 
this simple group of order 7920 is also perfect, but the simple 
group of order 660 has a group of twice its order for its group: 
of isomorphisms.{ ‘This determination of all transitive groups 
of degree 11, which do not come directly under well known. 
theorems, is given mainly with a view to illustrate the general 
method, but it is so much briefer than the others which have 
been published that it would appear to be of interest in 
itself. 


* Quarterly Journal of Mathematics, Vol. XXXI. (1899), p. 228; Jbid., Vok 
XXVII. (1894), p. 44. 

+ Bullettin of the American Mathematical Society, Vol. Iv. (1898), p. 144, 

t Messenger of Mathematics, Vol, XX XVII, (1907), p. 54: 


216 Dr. Miller, Transitive groups of degree p=2q +1. 


The writer has used the same method to verify the state- 


ment of Jordan and de Seguier that there is only one @ of 
degree 23, and that no @ exists when p is either 47 or 59. 
The work of determining all the transitive groups of such 
a prime degree p<83 has therefore been done by at least 


two writers. Although the number of transitive groups of: 


degree n generally increases very rapidly with n, yet, when 
nis a prime of the given form, these investigations exhibit 
a decrease rather than an increase. The G of degree 23 is 
the four-fold transitive group of degree@ which is a maximal 
subgroup of the five-fold transitive group of degree (2. Its 
order must therefore be 48.20.21.22.23. If it were not 
a perfect group it would contain an intransitive subgroup 
of degree 23 and of order 48.20.21.22. ‘This is impossible, 
since the alternating group is the only positive group of degree 
11 whose order is divisible by 7, and hence the four-fold 
transitive group of degree 23 is perfect as well as the one of 
degree 11, That the five-fold transitive group of degree 24 is 
also perfect follows from the facts that it cannot be invariant 
under a larger group of this degree, and it cannot involve 
a subgroup of degree 24 and of order 48.20.21.22.23. 


Transitive groups of degree 83. 


When p=83, g=41 and the prime factors of g-1 are 
2and 5. ‘There are therefore g+1=42 substitutions which 
may be used for ¢,. ‘These substitutions may readily be 
written down after ¢, and ¢, have been selected. They are 
so long and the theory is so simple that it does not appear 
desirable to reproduce them. It seems only necessary to 
state that in all cases ¢, and ¢, were found to generate the 
alternating group, and hence there are only six transttive 
groups of degree 83. In addition to the alternating and the 
symmetric group they are composed of the metacyclic group 
and its transitive subgroups. ‘Lhe orders of these tour groups 
are 83, 166, 3403, and 6806 respectively. 


University of Illinois, 
September, 1907. 
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ON THE CONSTRUCTION OF A POINTWISE 
DISCONTINUOUS FUNCTION ALL OF WHOSE 
CONTINUITIES ARE INFINITIES AND WHICH 

HAS A FINITE GENERALISED INTEGRAL. 


By W. H. Young, Sc.D., F.R.S. 


§ 1. [HE function 
BD) aa ae cote ee Uae (iy) 


and functions of the same type with different indices, where 
the a’s are a countable set dense everywhere in the interval 
considered and the coefficients A, are conveniently chosen, have 
from time to time been used to illustrate various points.* 
Pompeju has recently shown that it has a positive differential 
coeflicient everywhere given by the series 


ia ee ee AICO CIC (2), 


Ge Se 


obtained by term-by-term differentiation of (1). The points 
at which this differential coefficient is infinite (+ o ) includes, 
therefore, the points a, and are dense everywhere; for the 
rest they form an inner limiting set of content zero. 

It is of interest to note, what has, I believe, not been 
pointed out, that this latter function /’(«) is a lower semi- 
continuous function whose lower integral is the original 
function f(x). It is, in fact, the limit of the monotone 
increasing sequence of functions, continuous in the extended 
sense, and each integrable, constituted by the partial 
summations. f 

As the function /’(#) is lower semi-continuous, all its 
infinities are continuities, and since these are dense every where, 
there are, of course, no others. ‘Thus this is an example 
of a positive function which is both infinite and continuous 


* G. Cantor, Math. Ann., Vol. XIX. (1882), p. 591. Scheefer, Acta Math. Vol. v. 
(1884). Borel, Lecons sur la théorie des fonctions (189%), p. 67. W.H. Young, 
Mess. of Math., Vol. XXXVII., pp. 53, 54. Pompeju, Math. Ann. Vol. LXIIL. 
(1907). p. 326. 

+ W. H. Young, Proceedings of the Cambridge Philosophical Society, 1908. 
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at each point of an everywhere dense set, and yet has a finite 
integral in the generalised, or Lebesgue, sense. 
Before I was acquainted with the paper of Pompeju quoted, 

I had already built up a function with these properties, and 
I give this function here. ‘Though certainly not so elegant 
as the one above given, it has the practical advantage that its 
value at any assigned point can be assigned with any required 
degree of accuracy, whereas in the former function we cannot 
even say whether a point assigned at random is one at which 
the series converges or not, much iess compute the value of 
the sum of the series, It should be noticed that the function 
given below is the differential coefficient of its lower integral 
at all the points of the inner limiting set dense everywhere at 
which it is infinite, so that the integral function, like that used 
by Pompeju, has the property of being monotone and having 
a vertical inflexional tangent in every interval. 


§2. We have, first of all, to construct an inner limiting 
set dense everywhere and of content zero. Such a set arises, 
theoretically, for example, when, as Borel did, we enclose 
each rational point »/g in an interval of length 2e/ng*, where 
n is an integer, and so get a set of intervals D., which, for all 
values of x, have as common internal points such a set as is 
here contemplated*. 

Practically it is more convenient to construct the comple- 
mentary set, which is, of course, a set of the first category of 
content equal to that of the whole continuum considered. ‘This 
we proceed to do. 

Let G be a set of the first category in the segment (0, 1) 
of content unity. ‘This may be constructed as follows :— 

Let G, be the perfect set nowhere dense whose black 
intervals are got by dividing the interval (0, 1) into three 
parts, blackening the middle part, dividing each white segment 
into 3° parts and blackening the middle part, dividing each 
remaining white segment into 3° parts, and so on. ‘The 


5 
content Z, of G, then lies between 


(1-4) and (1-})+4 


G, consists of G, and the set got by performing a similar 
division and blackening of intervals in each of the black 





* Borel, Lecons sur la théorie des functions (1898), p 44. Young, Theory of 
Sets of Points, Cambridge University Press (1906), Ex. 9, p. 68, 

t Young, Theory of Sets of Points, Ex. 1, pp. 78, 79, where the ternary 
numbers corresponding to the points of the perfect set G, are given. Similarly the 
numbers corresponding to the points of G, may be characterised with the base 2n+l. 
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intervals of G,, taking 5 instead of 3 as basis of division. 
The content of the set inserted in a black interval of length /, 
is then /Z,’, where Z, lies between (1 —1) and (1-3). 

At the next stage we take 7, then 9, and so on, as basis of 
division, and construct the succeeding perfect sets on the same 
principle as before. It is then clear that the content J, of the 
perfect set G, is equal to 


n- Leh elie Es Glee bi ee: yee Lat, 


where (1 al >) <i, <(1- oe 4 


These perfect sets being each dense nowhere, the outer 
limiting set G is a set of the first category, and is of content 


Lt Z.=1. 


77 =00 


n- a 





Fou baking” this set G> let 7; f.,.... be a-monotone 
descending sequence of upper semi-continuous functions 
defined as follows :— 


f,, and all subsequent /,’s, is to be 1 at all the points of G; 
f,, and all subsequent//,’s, is to be 3 at all the points of G,—G‘; 
f,, and all subsequent /,’s, is to be 4 at all the points of G,—G,; 


and so on: in the black intervals of G,, 7 is to be 1/n+1 for 
each value of n. 

The limiting function, which is of course upper semi- 
continuous, is then 1/n at each point of G,—G,_,, and zero 
at all the points of the set complementary to the set G’ of the 
first category. 

This complementary set is, of course, of the second category, 
and, therefore, also everywhere dense in the segment (0, 1). 

Denoting by fF the function which has at every point of 
the segment (0, 1) the value inverse to that of the limiting 
function, we see that #’ has the following properties. It is 
infinite and continuous in the extended sense at an ev erywhere 
dense set of points, whose content is zero, and is discontinuous 
and finite at every other point of the segment. It is, moreover, 
a lower semi-continuous function, and is the limiting function 
of the finite lower semi-continuous functions “=1//. 
Both the lower and the upper integral of this function are 
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infinite, but it is not difficult so to modify our construction as 
to get a function of the same type whose lower integral is 
finite. 


§4. Instead of taking the integers 3, 5,7,... 2n+1, ... as 
bases of the successive divisions in for ming the sets GG ae 
let us take 

9,25, 49, ... (Qnt1)%, ... 


We then have 
wf -f=C1 ie f,) dre < L ate bee 


atl 
where 


, 1 1 1 
W=(1- aaa) = Gag) oe cae) 
Here 


a L Sev piel nee ee Loy aa 
a? (2n+1)?  (2n4+1)f (2n41)?-1 4n*? 
‘ 
so that LH L<: 
4n 


In the construction of the successive functions /, we use 
now instead of n the value x’. 

In calculating the lower integral of H=1//7, so con- 
structed, we use the theorem that the lower integral of the 
limit of monotone ascending sequence of bounded lower 
semi-continuous functions is the limit of their lower integrals. 
Now it is easily seen that all these lower integrals, which are, 
of course, positive and finite, form a converging sequence of 
the same type as the successive sums s,, s,,... of the series 
whose general term is 772. 

In fact, in the case of bounded lower semi-continuous 
function, the lower integral coincides with the generalised 
integral.* Hence 


| F (a) de=1.14(L-1) 3 eee ae 
tif Tht Tes) iinet lice Leeks 


t+ 


1 ] 
1 “75 23 i: Rb te a ean, i Ae 1 
< +3 +o Bee agree eT ee ) 


* “General Theory of Integration,” PAil. Trans., A. 204, 1905, p. 241. 
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Proceeding to the limit we find that the lower integral 
f, 2 («) dw is less than the sum of a convergent series, which 
proves that the lower integral is finite. It is obvious that the 
upper integral is infinite; in fact, the associated upper limiting 
function of Fis infinite everywhere. 


§5. To appreciate the bearing of this example on the 
theory, it should be borne in mind that the function con- 
structed is lower semi-continuous, and that, therefore, its 
lower integral coincides with its generalised integral. Thus 
we have proved the existence of a class of pointwise dis- 
continuous functions infinite in every interval and possessing 
none the less a finite generalised integral. It may be added 
that the example constructed is typical of all such pointwise 
discontinuous functions, In fact, the generalised integral 
of a positive function has necessarily the value +0 if the 
points at which it is infinite form a set of positive content; it 
is therefore a prior¢ necessary for a function to belong to the 
class in question that the points at which it is infinite form 
a set of content zero. ‘This condition, though necessary, is, of 
course, not sufficient, as we have seen, 

It is scarcely necessary to point out that there is no 
difficulty in forming totally discontinuous functions unbounded 
in every interval with a finite lower integral, e.g. take the 
function which is 0 at all the irrational points and 0 at all 
the rational points; its associated lower limiting function is 0 
everywhere, and its lower integral is also zero: its gener- 
alised integral is, however, infinite. 

It is remarkable that a pointwise discontinuous function, 
infinite in every interval, and therefore continuous only at 
points where it is infinite, should have a finite generalised 
integral. The infinities which are continuities, reproduce 
themselves as infinities of the associated lower limiting 
function; this is therefore just such a lower semi-continuous 
function as we have constructed. 


Gottingen. 
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THE DEFINITION OF AN INFINITE INTEGRAL AS 
THE LIMIT OF A FINITE OR INFINITE SERIES. 


By T. J. ’a BRomwicu and G. H. Harpy. 


ib. FINITE integral is an integral of a limited func- 
tion over a finite range, and is defined in the 
ordinary manner as the limit of a finite sum 


n 
3 f 8. 
Pek 


All other integrals are included in the class of infinite 
integrals. Among the infinite integrals which occur in the 
ordinary applications of the integral caleulns we may dis- 
tinguish two fundamental types. 

In an infinite integral of the first type the range of integra- 
tion is finite: we may suppose it to be (0, 1). And the 
subject of integration is continuous except at one end (say 0) 
of this interval, while as a tends to 0, the subject of integration 
tends to «© or —%, or oscillates infinitely: as in 


ul dx 1 La | : 1 
| —, | log da, | — sin (-) ae, 
va? J, aaa 
In an tnjinite integral of the second type the range is infinite, 


and the subject of integration is continuous throughout any 
finite interval included in the range. ‘lhus we may take as 


examples 
0 Ot 0 


2. An integral of either of these types is defined as 
a repeated limit. ‘Thus the typical integrals 


{/@ a [4@ iP 


are defined as 
1 pe 
Hic f(x) de, im T (a) dey, 
ée>0 é Xon 0. 


that is, as the limits of a simple limit. 
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It is common, of course, to meet with integrals which do 
not strictly belong to either of these types. But as a rule 
such integrals may be reduced to the sum of a finite number 
of integrals of one or other type. Thus 

fis ae 
9 l+a 
may be expressed in the form 
[ ada {4 
gi+@ o1l+a 
that is, as the sum of an integral of the first and an integral 
of the second type. 

Occasionally we meet with an integral of a genuinely » 

more coinplicated type, such as 
“log cos’ x 
| Ue ie. 
0 L+2 
This is defined as a triple (repeated) limit. For it is 





Pa <a) 








? 


lim wel: 





and the integral from 0 to X is itself the sum of a finite 
number (increasing indefinitely with X) of infinite integrals 
of the first type. 

But integrals even of this degree of complexity are of 
comparatively rare occurrence in ordinary work, and in what 
follows we shall confine ourselves exclusively to integrals of 
the two standard types. 


The first type. 


3. We shall now consider the standard integrals of the 
first type, 


(1) [ #@ae, 


and the first question which we shall consider is whether tt ts 
possthle, under reasonably general conditions, to replace the 
ordinary definition by means of a double (repeated) limit by 
a definition by means of a single limit. 

Let us consider first the special integral 


(2) | log ada. 
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If f(a) were limited, the simplest definition of (1) would 
be as 


(3) lim (1/n) 3 f(@,) 


where 7, 1s any point in the interval [(7—1)/n,7r/n]. It is 
evident that this definition would fail in the case of the 
integral (2), since, for any given value of n, a, could be 
chosen so that (1/n)f(#,) was greater than any assigned 
number. 

It is, however, natural to suppose that the definition may 
apply if we adopt some restrictive hypothesis as to where, in 
the interval [(7—1)/n, r/n], x, is to be chosen: and the most 
obvious choice is x, =7/n. Our definition would then be as 


(4) lim (1 /n) 3 f(/n). 


It is easy to verify that, in the case of f(x) =loga, this 
expression does converge to a limit equal to the value of the 
integral as ordinarily defined. For 


lim (1/n) 3 log (r/n) =lim (1/n) (logn! —nlogn)=— 1, 
1 
and it is easy to see, by integration by parts, that 


| logada =—1. 


4. The most ordinary case is that in which f(a) ¢s positive 
and tends steadily to © as x tends to zero. It is easy to prove 
that if this condition is satisfied, 


lim (1/n) Sf (r/n)=| £(@) doe 


fl => 00 


whenever the latter integral is convergent*, while in the 
contrary case 


(1/n) a f(r/n) po. 
1 
For it is evident that 


1 
(5) |, @ a 


* This result is included in a theorem given by de la Vallée-Poussin, Cours 
@ Analyse, t. 11. (1906), p. 79. 
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lies between the two sums 


(6) pees [Sf (1/n) +f (2/n) +...4+f{(n—1)/n}], 
(1/nm)[F2/n) ++ fi(n—1)/nf +f], 


whose difference is 


(1/n) {f(1/n) -—f()}. 


But it is a well known result (due to Pringsheim) that if 
Ff (x) steadily increases as w decreases, and [, /(#) d& is con- 
vergent, then limav/(w)=0. Hence 
x->0 


lim (1/n) {f(1/n) - f(1)} = 0. 


Hence the two sums (6) tend to the same limit as does the 


integral (5): and from this our conclusion follows. 
On the other hand, 


/) (FA) 4/2/a) +f }> ff) de 
and so, if {1 f(«) dx is divergent, 
(1/n) Bf (r/n) > 0. 
We may notice that, since 
[g/(2) t= Vion (4 /n) 8 fU (Lm) + (7/0) (= (A/mm) 
the original definition of the integral yields 


Jaf (@) dee= lim Yim (1/n) = f[(1/m) + (n/n) {1 = (1/m)}]. 


m—> 


If we invert the order of these two limits, we obtain 
n 
lim (1/n) Sf (7/n), 
N => co 1 
which is the limit considered above. Thus the result which 
we have proved is really one concerning the inversion of two 
limiting processes. 
5. Examples. (i) If s>-—1, we have 
1 
1 
| De ii ese 
; s+1l 


VOUMEX XX. Q 
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Hence, if s> —1, 
lim (1/n) 3 (r/n)'=1](s +1) 
1 


or lim (1° + 2°+...4 n°) /n?7=1/ (s+ 1). 
This proof is of course that ordinarily given when s>0:; 
but the result of § 4 is required to justify it when 0<s <1. 
(11) The values of a number of integrals of the first type 
are readily calculated by means of the result of §4. Thus 
f, log sin rade 
= lim (1/n) log {sin (a /2n) sin (24 /2n)...sin (na /2n} 
=— log 2. 


This method of evaluating the integral is given in some 
text-books, but without any reference to the theoretical 
difficulty involved. 

(iii) Or, again, asymptotic formule may be deduced 
(as in Ex. i.) from known values of integrals. Thus the 
assumptions 


J (#)=aloga, (logay’ 
lead to the formule 


1092 n__ gn? logn—43n?(1+ en) 
} 2 Ain L: =€ 9 


(log )’=n (log n)’— 2n logn + 2n(1+e,)3 


eMas 


where ¢, denotes a function of x, which tends to zero wher 
n tends to infinity; it is, of course, not the same function in 
the two cases. 


(iv) It is perhaps worth while, before passing on, to give 
a simple example to show the limitations of the method here 
considered. 

Suppose that for e=2” (v=0, 1, 2, ..., 0), f(x) =”. 
Then the sum 


Dn 
(1/2") BF (7/2 
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includes the term (1/2") f(1/2")=1, and others, and so is 
greater than unity. Hence 


m 


(i / am) =f (r/m) 


certainly cannot?tend, as moo, to a limit less than 1. 

But it is easy to define a function f(x) (graphically or 
otherwise), which is positive and continuous for «>0, has the 
special values assigned above, and yet is such that [,'/(a)du<e, 
where e is any assigned positive number. 


6. It might be thought that, if we replace the ordinary 
definition of the integral (1) as a repeated limit by the 
definition of a simple limit which §4 shows to be equivalent, 
we could simplify the treatment of certain cases of the 
ordinary double limit problems of the integral calculus, such 
as inversion of two integrations or integration of an infinite 
series. A typical case is provided when we try to justify 
the equation 


' da Vos on— 1. Tt 
Va AeAweene +) 
Waelder, 21 
ie WORE Dee 


From the abstract theoretical point of view such a problem 
certainly is simplified. For we have now only to deal with 
the permutation of two limit processes instead of three—the 


expression 
1 
1 . 3 2 .2n Soo ] 
> ada 
| a . 4, ° con 





0 

being, when the ordinary definitions are adopted, a triple limit. 
But the criteria already established for dealing with such 
cases* are extremely simple, and to use the simpler definition 
of the integral does not seem to be of any material advantage. 


7. Definition of the integral of the first type as the limit of 
an infinite series. It is also possible to use the definition 


| f (a) dee =lim 3? (w,,—a,) f (2,.) 


__* See, eg. Hardy, Messenger of Mathematics, Vol. XxXv., p, 126; Bromwich 
wid., Vol. XXXVI., p. 1, and Jnfinite Series, pp. 448 et seq. 


Q2 
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where x,(=1), a,, x,, ... is a descending sequence whose limit 
18 Zero, the terms of the sequence depending on a parameter 
g in such a way that 


lim (a 
gol 


y-1— %) = 0 

for all values of v. The only case of interest is that in which 
a=9", where O0<g <1, and it is easy to prove, by means of 
considerations. similar to those of §4, that when f(a) is 
positive and tends steadily to co as a—>0 


(7) Tim (19) (700) +0f @) +9°f ) to} = [ fe) ae 


gol 


whenever the integral is convergent. . 
It is instructive to evaluate a few simple integrals, such as 


I 


| ode, | logrda, 


by means of this formula. 


The second type. 


8. We consider next the standard integral of the second 
type, viz. 


(8) Jo F(x) dae. 


Let us suppose that f/ (x) is positive and tends steadily ta 
zero as a tends to infinity. Then it is easy to frame 
definitions of the integral as a simple limit. For example, 
we may define it as 


him h{f (0) +f (h) +f (2h) +...4-f (nh), 

h-0 
where n is such a function of 2 that nkh->oo ash—>0. But 
such definitions do not, it this case, appear to possess any 
special points of interest. 


9. The more interesting question, in this case, is that of 
the definition of the integral (7) as the limit of an ¢nfinite 
series. ‘his question has been discussed by Dini* and by 


* Grundlagen, pp. 453 et seq. 
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Hobson*, but from too general a point of view to be of much 
practical interest. 

T'he principal results there proved are the following; in 
them 6, denotes an interval depending upon a parameter a, 
and, for any value of y, tending to zero with a, and U,, L, 
denote the upper and lower limits f(x) in 6,:— 


(1) If a system (8,) can be found such that XU,6,, 3L,6, are 
convergent for a>0, and tend, as a-—>0, to the same limit A, 
then |, f(x) dx is convergent and has the value A. 


(2) If [° f(x) de ts convergent and has the value A tt is 
possible to find a system (8,) having the properties described 
an (1) above. 


10. The most interesting set of intervals (6,) is obviously 
that divided by the points 


1 et esa 


where # is a parameter which tends to zero. It is, however, 
easy to see that the fact that f(a) is positive and continuous, 
and {7 f(x) dw convergent, is not enough to ensure the con- 


vergence of | 
L3f (nk), 


for all positive values of h, 
For let f(a) =1 whenever x=2°. ‘Then if h=2™, the 
series includes the terms 


FN), F (2) F (Ady very 


and is therefore divergent. But it is easy to define a con- 
tinuous function which has the values prescribed above, and 
yet is such that {> f/ («) de is convergent and less than any 
assigned positive number e. 

Let us, however, assume that f(a) steadily decreases as & 
increases. Going back for a moment to the general case, let 
x, (=0), #,, x, ... be the points of division of the intervals. 
Then it is obvions that 


Car OF) (©) At E (py B)F as 





* Theory of Funetions of a real Variable, pp, 899 et seg. 
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and therefore 


an (taal ee = Sif (*) da = Se (0.5 Fa) Jae 
in so far as these inequalities have a meaning: that is to say, 
the convergence of the integral ensures that of the second 
series and the second part of the inequality, and the con- 
vergence of the first series ensures both inequalities. 

It is easy to see, by an example, that the convergence 
of the integral does not ensure that of the first series. ‘lake, 
e.g. f (%)=1/(14+ 2%)” and x,=22%. When A is fixed, we 
have, for snfficiently large values of n, 


x) f (a) > Kh22" (22"— 1) /(h22")’> K/h, 


— 
n+l n 


(w 


where & is a constant as nearly equal to unity as we please. 
However, in the case in which #,=nkh, the monotonic 
character f(z) and the convergence of the integral, or of 
either series, is sufficient to ensure that all three converge 
and that the limit of either series as A->0 is equal to the 
value of the integral. 
For if h{/(h) + / (2h) +...} is convergent, so also is 


hi f (0) +f (h) +f (2h) +...}, 


and the difference of their sums, viz. 2/(0), tends to zero, 
as h->0. Thus 


(9) A ai be Ea ce 


11. If the lower limit of the integral is a positive number e, 
and g>1, it is easy to prove in the same sort of way that 


ane (9-1) [f() + 9h (cg) + 9°77 (cg") +-5 = OF (a) dee 


whenever /(#) is monotonic and the integral convergent. 


12. Hramples. (i) The formule 
(Po vep dal.) US edie Oey ce ieee ses 
are easily verified by using the results of $10 and §11 
respectively. 
Gi) The application of § 10 to 


Beek 
if € a (s> 1) 
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leads to. the formula 
oy feet see en oe 
noo la (athe (@eeay Seta 


(iii) Its application to. the integral {Px*"e“dx leads to 
the formula 


lim. A® (e+ 2 te 4 BF te 4...) = (K), 


or lim (1 — x)* (@ 4 2°74? + 3"? +...) =I'(A). 


zl 


(iv) It is easy to verify that the equation (9) sometimes 
holds when f(z) is not monotonic or even essentially positive. 
Consider, for example, the integrals. 


C 


co ° ° 2 
=) 0 0 ey as SET 
9 & ri Ge 


each of which is equal to $7. The formula (9) leads to the: 
results 


: sink sin 2h; : 
lim (1 + ays + Moje 3 = oT 5. 
or lim (sind + $.sin 2.4...) =$7, 
Jd ee in'2h 
and lim i, (sin’s + —— ) =47,. 


which are easily verified. 


18. Such cases: as those of the last example fall quite out- 
side the scope of the results proved by Dini and Hobson or in 
the previous paragraphs of this paper, and require theorems of 
a much more special character. We shall prove the following 
theorem :— 

Tf % (x) is a continuous function of x which tends steadily to. 
zero. as x —> oo, then 


lim hE} @ (nh) sinnk = |? @ (x) sin xdx. 
h-»0 


This theorem is a special case of the following more general 
theorem: 7f (1) (x) ts a continuous function of « which tends 
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steadily to zero as x->am, (2) F(x) ts a continuous function 
of x, and 


h|SF(uh)|<K 
Sor all positive integral values of n, and n, (n,>n,) and for all 
sufficiently small positive values of h, say for 0 <h <a, then 
lim Ad) (nh) F (nh) = fF o (aw) F(x) da. 
h-0 


For, under the conditions stated, the series on the left is 
certainly convergent. Moreover, if € is any fixed number 


iS v 
| Fits) don SEC 
0 h->0 0O 


where y is the greatest integer such that vA<£. It follows 
that 


SK, 








[F@ dx 


4 
and so | F (x) dx | 22K 
E 
for all values of & and & such that 0<&<’. Hence the 
integral [? ¢ («) H’(@) dx is convergent. 
Moreover* 








h| 3p (wh) F(nh) | S$ (6), 
Tense cl 
| 9 @) F@) ae] <20 (6). 


In these inequalities we may replace n, and & by w, and 
if we choose & so that $(&)<e, we have, writing f(a) for 


(x) F(@), 
(10) hk 





[ £@ ae 





Sf (nh) |< Ke, 
provided n,h= €. 





<2Ke, 


* Bromwich, Infinite Series, pp. 60 and 426, 
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Suppose that (n,-1)h< Enh. Then 


(11) a's J (nh) — { /@) ae 











<|a"S fomy—[ F@dae| + |[) fea 


<wE+2Ko (E—h), 


where @ is the greatest oscillation of /(a) in any one of the 
n,— 1 intervals 


(0, A) 5 (Cy 2h) 5 2005 [G4 2) hy (m1) A}. 
But, & having been fixed, we can choose 6 so that 
(12) w<e/h, (5-4) < P(E) te <2e 
for0<h=6. And then, from (10), (11), and (12), we obtain 
[ASC (nh) — Sof (@) dx|<(TK +1) 


for 0<h=6, which proves the theorem. 
‘The simplest case of this theorem is obtained by supposing 


f(x) =sine. 
Then 


TAC Ly ae aie th iicos Gi 2) 008 (a4 4), 4] 


and 4h cosecth < $ if 0<h<2*, so that we may take A= 12, 
Similarly, of course, the theorem holds if E(x) = cos ax. 


14. When we try to apply the result of the last section to 
such an integral as 
{= sin® 5 


we are met by the difficulty that (v7) =1/x—->m as a0. 


* For (sina) /x>(sinl)/1>8 if 0<a<l. 
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This difficulty, however, is slight and not essential. 

Let us suppose that the conditions of §13. are satisfied 
except that @(@)-—>oo as «->.0, in such a way that /(@) is: 
monotonic near #=0 and f, / (a), convergent. 

Let a be any positive number such that /(«). is monotonic: 
in (0, a), and let be the greatest integer such that (A—1)h<a.. 
Also let (A—1)hk=a,. By §4, we can choose 6 so. that 


A-I1 ay 
|, Sf (uk) =| FO) it 
for O0<h= 6. Also 
ye 


From these two inequalities it follows that 


<é 








<(a—-a,)¢6(a—-h) < Kh. 





-1 a. 
HWA Ss aga Ne { f(a) do. 
hod 1 0 


We can now show, by an argument in all essentials the- 
same as that of § 13, that 


lim AS f(nh) =| f («) dm. 
k>0 X @ 


Hence lim A3° f (nb) = | Sf (a) de. 


15. The most interesting examples of §§ 13, 14 are obtained: 
from the integrals 


f, (sine /a*) de=I(1 —s) costsz, 
{> (cosa /a*) dv =I (1 —s) sindsz, 
where 0<s<1. These lead to the results 
lim A** {(sin 2 / 1*)+(sin2h/2°)+...}=F(1—s) costs, 
lim h** {(cosh/ 1’) + (cos 2h /2°) +... }=I(1—s) sin dsc. 
The first of these equations holds also when s=1, if we 
replace 
I (1-s) cosism 


by lim I’ (1 —s) cosdsar = der, 
s->l 
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- These results are, of course, closely connected with the 
known theorems as to the behaviour of the function 


we + (a"/2°) + (4*/3°) +... 
when w->1 along a path lying inside the circle of con- 


vergence: in fact, they define its behaviour when 2-1 
along the circle. 


16. The integral [?(sina/a)’dx, considered in Ex. 4, 
§ 12, falls outside the scope of § 13, the subject of integration, 
though not monotonic, being positive, and the convergence of 
the integral being, of course, absolute. | 

Such cases as this may be dealt with by the following 
theorem :—if (a) ts positive and continuous, and tends 
steadily to zero as x->w, in such a way that 


Jp (%) aac 


as convergent, and F(x) ts a continuous function whose modulus. 
never exceeds a constant K, then 


lim T° ¢ (nh) F (nh) = \> db (x) F(x) da. 
h-0 
Let f(x) = («) F(x), as before. The series and integral 
SF (nh), JPL (@) de 
are obviously both absolutely convergent. Moreover 


| hf (nh) |< KhSo (nh) 


<Kh {6 (n,h) + . (1h) ar} 


<K jig (n,h) + | (uw) du} . 
Choose £ so that 


¢ (E) <¢, [9 (u)du<e. 
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Then, if h<1 and n,h = &, we have clearly 


| AS f (nh) |<2Ke, 


es 





[ sae 





These inequalities are precisely similar to the inequalities 
(10) of §13, and the proof of the theorem may now be 
completed in the same way. 

Moreover the theorem may be extended (as that of §13 
was extended in §14) so as to cover the case in which 
@(0)-> a as «->0, in such a way that f(@) is monotonic 
near «=0 and [, f(@) dx convergent. 


§17. The results of the preceding section enable us to 
deal with the case in which 


F (2) =$ (2) 0 (sin’a), 


where © is any continuous function. When 0 isa polynomial, 
such as sin’x, the result may also be deduced from §§ 13, 14 
by expressing © as a sum of cosines of multiples of «—for 
example, sin’ as 4 (1—cos2z). 

The results of §§ 13, 14 may be similarly extended to the 
case in which 


J (&) = ¢ (&) (sine or cosx) © (sin’* a), 


where © is a polynomial. When © is not a polynomial the 
matter is not so simple (see § 19). 


§18. It is also interesting to observe that if we assume 
that @ («) as well as #() is monotonic and continuous, we 
can deduce the result of § 13 

h>y > (nh) sin nh —> [* o (a) sina dx 


from an obvious extension of the result of §16. For, let 


Ag (nh) = ¢ (nh) —  {((n +1) h} =h¢q' (nh + 8), 
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where 0<O0<h. Then 
Ay sinnh¢ (nh) =h 3% (sink + sin2h +...4 sinnh) Ag (nh) 
= gh cot sh {ip (0)— eh cosnhp (nh +4)} 
+ 4hdPhsinnh d' (nh + @). 
Now [{*¢'(«) dw is convergent, and the limit of the last 
expression is easily seen to be 


$ (0) —J> p (@) cosa da = [? ¢ (x) sina da. 


§19. As was remarked at the end of § 17, we find ourselves 
faced by more serious difficulties if we try to prove that 


lim hd} (nh) sinnh © (sin’ rh) = {Po (a) sina © (sin’x) da, 
h->0 


(x) being subject only to the conditions of §§13, 14 and not 
to the more stringent conditions of §16, while © is any con- 
tinuous function and not merely a polynomial. 

In fact it is open to question whether the series on the 
left is convergent for all positive values of A (though the 
integral is certainly convergent). 

We can, however, show that it is possible to choose 
a particular sequence of values of f, tending to zero, such 
that the series converges and has a limit which is equal 
to the integral. 

Let F(«) =sing © (sin’a). 


We shall prove that if /’(«) is continuous (a more general 
condition than that of the continuity of ©), then 


lim (pe/a) 39 (npr/a) Finpa/a) = {06 () Fla) ae, 


where p is a fixed odd integer and g tends to © through 
integral values. 


For 
(pw /q) 26 (npw/q) (np /9) 


=(pr/a) 3 2 Fin /a) a+ wh 9 \(pn/a) va+m)} 


= (pr/9) 2 F(pru/a) 3 (- 1) 6 (4/0) +B) 
w= r= 
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the convergence of the original series following from that of 
each of the g infinite series in the last expression. 
Let 


w(x) = 3 (- 1)"¢ [pr (r+). 


Since ¢ is monotonic this series is uniformly convergent, 
and ~ (x) continuous, throughout the interval 0 Sw <1.* 
Also 


= 
tis (pm /a) = Fpme/) » (u/9) 


q7o 


= pr | F(pné)¥(&) d 


=p { F(pmé)dé & (-)'o lpm (r+ &)}. 


As the series is uniformly convergent we may integrate 
term by term, and we obtain 


pu 3 | Flpm(E+n)| o lpm E+n)} de 


co rth 
=pr = | F'( prt) o (prt) dt 
7=0 v > 
=pr Jy F (pat) > (pat) dt 
= [? F(x) $ (a) da. 
The same argument would, of course, apply to the case in 
which F (x) = cosxO (sin’ x). 


§20. The argument of § 19 may be applied in many cases 
even when /’(.c) is not continuous. Suppose for example 





0 (sin’ x) =e ; 
/(sin* x) 
er eee sin a fist [2]7) 
so that TA ints ame Le hase 





x See Hardy, Proc, L.M.S., Ser. 2; Vol, Iv., p. 250; Bromwich, Infinite Series, 
p. 114, 
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where [ y| denotes the algebraically greatest integer contained 
iny. ‘Then we can prove, as in § 19, that, if p is a fixed odd 
integer, 


im (pm /9)2(- 1)?!" 4 (np |g) =J2(— 1)" (w) de, 


or, writing ~ (#/7) for ¢(@), and substituting y for w/a in 
the integral, 


lim a (p/) B-1)"b (p= DY) dy, 


p me odd. 
If, in particular, 


Ywy= 


the value of the integral is 


[ dy [ dy +f dy 
Lea B Te ANG Sect Ane ey) aia 
es SP 
= oS * ° . eod s 
a @+2a+2 at+4 





25 ta20), 

















It is easy to verify that this is the limit of the series, 
For ifn=r¢+p (0S u<gQ), p being odd, we have 


eS 1) P!4) =(— jy Pthri2) =(— 1)" tlw /a], 

Thus, writing 3, (— 1)"/(@ + g = (3 (x), we find 
1a me & S(-1 1) lp/al - I B {teen , 
a+ (r9¢+H) (P19) 9 m0 P oe Ae 


Now if g is of the form pk +1, the sign of (— 1) 7/1) ig 
positive when M ranges from 0 to k, negative from &+ 1 to ok 
and generally is the same as that of (—1)” from vk+1 to 
(v+1)&; thus we have 


By Ge eee [tee 
=0 2 p=vk+1 J P 
But, by the ordinary definition of a definite integral, 


im 2a (2+ rla) = e 'B(S)a=f p(t" It 


ko vk+l 2 P 


8="> 
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Thus 


es > "|p (A) a=[ peta, 


k->o 


this transformation following from the fact that p is odd*. 
On evaluating the last integral, we obtain 


V (ga) 1 {3 (a + 2)} 
lim 8=log 2 18 Ea 
roo GHD? 
Bert) ac: 1) lJ 
and this agrees with the value of fs ay ~—_—_— dy found above. 


If ¢ is of the form pk+l (1<l<p), it is not easy to 
specify briefly the values of at which the sign of (— 1)l#p/q} 
changes; but the slight irregularities so introduced into the 
formula for S can have no effect on the final limit, since each 
group of terms is either & or £+1 in number, and the dis- 
placement of the beginning and end of the groups can never 
be more than J places. 

It is not difficult to find other sequences of values of A 
yielding the same limit. But the series 


= (- 1nd | (a + nn) 


is not convergent, if 7=h/w=p/q, and p is even and q odd, 
so that there can be no question of its having a limit as A> 0. 

The proof of the last statement follows at once from the 
fact that, if n=rg +m, we have now 


{— jb] =e (— jr/ad 


so that the signs in the series are repeated in groups each cor- 
taining g terms; suppose that there are « positive and % 
negative terms in each group. ‘Then in the whole series the 
limit of the ratio of the number of positive to the number of 
negative terms is «/\; and this ratio cannot be unity, since 
k+X=gq is odd. Hence, by a theorem due to Cesarot, the 
series cannot converge. 


* Nielsen, Gamma-Funcktion, pp. 16,19. + Bromwich, Infinite Series, p. 53. 

{ Itm ust be noticed, however, that this result does not ‘imply the divergence of 
the series of ; 19, w here @ is continuous. It appears that for these special values 
of h=pr/q (p even and q odd), the condition (2) of $13 is satisfied by the sine- 
series, which therefore converges, and tends (as g > «) to the integral asa limit ; 
but the vosine-series can be made to diverge, for any value of g, by suitable 
adjustment of 0. 
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ADDITION TO PAPERS ON THE EQUATIONS 
OF MECHANICS. 


By Puiuip E. B. JouRDAIN. 


jeu paper contains, firstly, a correction (§§ 1, IL.) of some 

formule in a paper of mine on the equations of mechanics 
which appeared in the Quarterly Journal, Vol. XXXVI, 1905, 
pp. 284-296, and, secondly (§§L1I., IV.), some further 
remarks, supplementary to those in my paper in the same 
Journal, Vol. XXXVL, 1904, pp. 61-79, on those principles 
of mechanics which consist in the equating of the variations 
of certain integrals to zero. 


il 


Some of the results in my paper on “ Alternative Forms of 
the Equations of Mechanics*” are rendered incorrect by the 
slip in calculation involved in putting 


on” Ca’ 
a 
In fact, we have for holonomous systems, 


pee Os ye 
ee es v TF. POP OOO POK Coe Ooe oOo ODS 
x ; Oa, g. an BY Gis 
" tr Ox ow / "oe Ow 
= > v a ne >) : 2 p ) ee 2 9 
< v lg Oy 4 I 090%, +e uy ‘ ology 4 oe ( ) 


and hence 


oa” Ou ; "0 Ca’ 
——> = 2-9, + 22 Re eeeeee. pe 
09, 4 0qu0q," «Oly, «OY, e 


More generally, if the system is not holonomous, that is to 
say, if there is an equation for x which is not integrable, so that 


* Quarterly Journal of Mathematics, Vol. XXXVI, 1909, pp. 284-296. In 
OXLy 


equation (4) on p. 285, and on line 1 of p. 286, for ro read saa 
v v 


VOL. XXXIX, R 
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Oe ease : ; : 
we cannot use or ~ for coefficients in the given equation 


oq, ot 
aie papa iatrg, = B, 


, 
a 


lg 
or v= Are qv + B, 


which now corresponds to (1), we can only write (unless we 
introduce L', which we do not want), instead of (2), 


Ot eae Ou Ou 


my / 
w — > dv tf >= ze dv + ° 
arelepe Tpelipe ot 
lence 
Ue pera, Ore on’ Sagi Ou 





I) ae UL bh ain Tee Ty AA GW Caw 
Gye! Bar Ogu * Oqe 7 Ogedqy | Ogeet 


Ow’ ad Ci. 
aes ae, fy eats a eee ooncpce venaeecueee Cane 


This result (4) includes (3), for if, in (4), the system is 
holonomous, 


Or Ov d oe Ou 
og,’ — 0g, sO that dt 09, —— ag 
Whent Wir eee ce 


we have, if the system be holonomous, 
aw _aW,_ de 
og ogg 
Ou” ‘i Ot" 


as —_- = 


og og” 





* From this, also, we get 
@ox” bx" da! 


dt dgs’ ogy’ qs” 
s0 that (see J/ath. Gaz., Vol. 11., 1903, p. 339) 
6G.0, di 70r, Ce ad oF 
ja — Sm, (a, —; bef + —. 
: ogy” at a ae (2 Ogu “ )+ ogv 


+ This should take the place of line 3 on p. 286 of my paper in the Quarterly 
Journal of Mathematics, Vol. xX XVI. 
t Cf. idid., pp. 286-287. 
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Thus, for such a system, if 
UAE ABO Aes b: 
an alternative form of Lagrange’s equations is 
ae oof 
——=Q, (v=1,2, 
Gi tag tO WM 2 Di 


a form at once verified, since 
eye al ii 
ee (s— )+ ony 
equ # dt \og Og 
The errors in the table on p, 288 can easily be found, and 


we shall now restrict our attention to the most important 
case*, where 


We=t43m, (7,0, +...) =4Y"—T, 
where Y= 425m_(x,'+...), 


r 


and the system is holonomous. Here our equations of motion 
may be written 


d\?oW ceo Ve 
(a) 57 ~ (a) ee ogy te Bea Par rca)? 
the left-hand side of which may be written 


a(S) <, GV (5) 2 Clipe cle ROL 





‘cgnaes qv WG, map 
and this reduces, because 

ay" _a¥ 

Cop IE he 

aye Or "Tl Owe, Ay oY 

J =n Qu 

dq’ Sm, (2, ir + 2 Og" 5 )4+25, oq’ 


CW aS d oe -($ j ae 
0g at oq  \dt/ oq’ 
to the Lagrangian form. 


* Ibid., pp. 289, seq. 
+ Omit the 2 in equation (9), and the preceding one, on p. 289. 
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LE 


Where 6 denotes a variation which affects ¢ also, and 
accordingly 





rei db.c »/ dot 
of dt ee aT) : 
<p Claman 
“Sia eae Median eae 


we have 261V = 2m, {(4," dx, 3 0. oa ski 
= ull? fee dq, + 2, me 7" potter eae (= Ox, =e 


r Ody ot 
i aot a: 


Substituting for x” and x’ in the last two terms in { } from 
the equalities 


; son ; ue 
a ae ae? 
Ye Ae" ae 
= se : 
a” eh ve. ‘+ Ody i Ane 


we get 


Or, Ouse woe Ox. 
i feseas >) i Igy 6 v Ly Oe 3 
20 Ve =m, {( é ca + x, =, ) t+ 3 1c a0, * "a0 ) 59 


Ox, Mgr or, -) 


Ogs dt. "Oqv’ dé 
© ox, ddd, mee Or, y, dots enor ale | 








+23(z 











a ee 
17, irq, odie @ ate, sch aroun 


and hence 











ais aw, 3W,. aw 
PS ak 
a(S Be ces O”y 7 800") 


W ; : 
and not®™ 2 = as coefficient of 69,’, since 
Vv 


on” Oe", 


= 2 ae 
Ogu Oqv 











* ‘The opposite of this was stated on p. 291 of my above-cited paper (cf. also 
Muth. Ann., Bd. LX11., 1905, p. 416, note). 
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When, however, the function W is formed for a position 
ona neighbouring ‘ path’ of the system, this position being 
obtained by giving every rectangular coordinate of the system 
the* virtual displacement, 


62= > ow 


» Ov 


W becomes altered by a quantity which may be called 
a ‘variation’ of W only provided that we do not use the 
word literally 5 that is to say provided that we do not require 
of a ‘variation’ of W (déW), that we have 


ow eee an reall Je 
Ot Ov Ody O”F, 
It is better to uset a new word, say ‘alteration’ (6,); and 
we then have the following definition. If 6 stands for any 
variation en affects the “geometrical coordinates and t, we 
define an ‘alteration’ (6,) of any function (£’) of the 2’s, y’s, 
and z’s and their derivatives to be that quantity that arises 
from 6/ when the dx’s, dy’s, and 62z’s are all replaced by 
expressions for the above virtual displacements. In our dase, 


8405 


SW= i+ 3(5- 


totale 
is to be replaced by 
ér= Sen = 64 — oat dt. 
Pi SS09s Ot 


Thus we have 


d Ox 
17 — es 
20.W = =m, fe." as ” Oqu +x H\ 5) (s a 34.) 


oan op 1 Ot &. , a°0t 
rs ae Te eae 











hOe Ow, Be O, 
x: es Ogee 
zm, | 4 (x, arava ©, a7 HE) Uitay = eS oF 
ov, a*dqy) - gee POOL 
+ = ‘pede in) +.. .|- 4W —— } le 








* Another kind (Routh’s) of virtual displacement is also possible (see below). 
+ After the example of Holder, who said “ Abanderung” (see Quarter/y Jow aal 
- of Mathematics, Vol XXXVI. p. 75, note). 
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AW a ip aW dq, 
09, EASE OFy ir cq 


Hence the vanishing of the integral 


ty dst dt 
é6V—8 2 
[4 W-8U+2WS44y' ood 
is necessary and sufficient that Lagrange’s equations subsist 
for the mechanical system, provided that the 59’s and the 


N 2 
ch) aw Vines 


=23 (5 dt ‘aba 


) Sid 
<2 vanish at the limits of integration.t 


JII. 


Now, it appears at first sight that this discovery of integral- 
principles other than the one 


ddt 


if (3, 7427" 43) di= 0. ees 


which is a generalisation of the principles of Hamilton and of 
Least Action, invalidates my previous assertion{ that (5) is 
the most general integral-variational-principle. But (5) zs the 
most general principle obtained from the differentation of the 
single function T’(when we abstract from the term 6’ U repre- 
senting the external forces); when we admit other functions 
(such as Y and W), we get other principles, and the consider- 
ations in my paper of 1905 show how all such principles can 
be found. 

But there is another question relating to the variational 
principles. We have formulated after Holder the principles 


* This may also be written 


IV aw ow dx,’ dét dar, d2t 
2 v Dm, 2, opel 
a i meh Fearke rah 7 op") ~ 25m, (2 at aime ogee a 


d Or, ) Oly 
= 26 i 9 r == ... 5 
ie oo! {e+ al Ca re ‘) tes at}. 


dé eke : 
+ The requirement that the H's vanish at the limits is not equivalent to the 











requirement that the ddg’s ee a the limits (cf. my above-cited paper, pp. 292— 
293), unless 6¢ always = 0, which makes the ‘ varied path’ a ‘ Hamilton's path,’ and 
reduces the above integral principle to the simple form 


43 WW O Uliires Us: 
Ito 


t Quarterly Journal cf Mathematics, Vol. XXXVI, p. 78 
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with a conception of ‘alteration, allied, but not identical, with 
the strict conception of ‘ variation.” And so the problem of 
discovering an expression (if there be one) whose variation 
equated to zero is equivalent to the system of Lagrange’s 
equations is a different one. This question was naturally 
connected with the principle of Least Action, since 6’U is only 
a variation if a force-function exists, and only 67’ occurs under 
the integral in the principle of Least Action. We will next 
suppose, for simplicity, that such a J exists. 

Our first problem is: Is there a function 


D (91) Jor 0009 us Gay 2889 Ind 2) 


such that, where 6 is a variation affecting the g’s, gs, and ¢, 
the equation 


DY teen reany coral 
to 


is equivalent to the system 


datos Li 


dt ogy ie Cue —sbir 2 veces at), 


where L = 7'+ U, and U is explicity independent of the g's? 
Our (6) becomes* 








ie ob d oe 
Ba: a) as ( (on dt spi) 
dot _ oa , Ob ddty _ 
+ fia (oS Ty eles a)= 


or, integrating by parts, to get rid of the dév’s, 





Od | 4 
| BR (04> — qr’. Of) + .6E I. 


ty Oo d 
iil feeseeet é =U; 
+{ dt> See Ree oF) (8t0— dy not =O 


This form of the equation, when we put = Z, was given 


* Here we get certain terms (which we suppose to vanish) outside the integral- 
sign. Voss (J/iinch. Ber., 1901, pp. 171-177) has used Holder’s generalised 
‘variations’ to formulate very general integral-principles, without this integration 
by parts. 
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by Routh*. He seems to have remarked that the equation 
t 
8 | &.dt=0 is equivalent to the system of Lagrange’s 
to e . 
equations in two (at least) cases: 
(1) Ifbh=7'+ U, 8¢ is always zero, and the 6y’s vanish at 
tlie limits of integration (Hamilton’s principle).t 
(2) Ifm®=7'+ U+h, where A is a constant, and one such 
that 6h=0, the 8q’s vanish at the limits, and, d¢ not vanishing, 
the system 13 conservative and such that 


T—U=h, 


Then we have 


ty ° . ty oL d oL 
3| 2 Tat] oritse uivalent | 3 (<5 or Sqy—G, .6t) |=0 
: 1 wa NBge dt gy) ee 
where 6 represents a variation affecting ¢ also, and in which 
the energy, on variation of the mechanical system from its 
position P (at time ¢) to its corresponding position (P+ dP, at 


time ¢+ é¢) in the neighbouring motion, is constant, or 


S(T 0a 


ANA 


There is one point in Routh’s discussion which must be 
referred to here in some detail, because of a misunderstanding 
to which it has given rise.§ 


* “A Treatise on the Dynamics of a System of Rigid Bodies,” Part II (5th ed.), 
1892, §442 seq. ‘Lhese investigations first appeared (in Routh’s book) in 1877. 


t+ Routh (op. cit, p. 281) claimed the theorem that 6 [iz.de = 0, when the dq’s 


0 
vanish at the limits and the time of transit is given (é¢, = dt), as first given in his 
treatise in 1877. On this claim two remarks are to be made. (tL) This (* Hamilton’s’) 
principle has been long previously given (see note on p. 90 of the Encykl. der Math. 
Wiss. 1V., 1): (2) Routh’s condition 6¢, = 6t) is not sufficient for the purpose; we 
require 6¢=0 in yeneral if 1’ or L contain t explicitly, for only then does 


t T 
(T+ pe : oe | = 
v od, ito 





unless, indeed, 
CST 42 Sn, (2 i: +...) 
r ot 


(see Quarterly Journal of Mathematics, Vol. XXXVU., p. 77, note). 

Jacobi noticed that Hamilton’s principle holds, even when U contains ¢ explicitly, 

I Notice that, in Routh’s formulation, the principle of least action only holds 
for conservative systems. 

§ Cf. Quarterly Journal of Mathematies, Vol. XXXV1., p. 75, note; Math. Ann., 
Bd. LX, 1905, pp. 417-418; and ebid., Bd. LXIV., pp. 158-189, 
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ty 
Where pore MERGED 
to 


Routh, evaluating 8S expressed in rectangular coordinates, 
obtained,* since Z' is a homogeneous quadratic function of 
the xs, 

ty 


$8 | (UO T).3t+ Sme'Sm, 





ty 
+ | > (s- mc," (Sa, —«,'8¢) dt, 


for r 


where the 6x’s are connected by the equations of condition. 
He then stated that, since dv—w'dt is the projection on the a-axis 
of a displacement of m from its position in the actual motion 
at the time ¢ to its position in the neighbouring motion at the 
same time, the part under the integral vanishes by the principle 
of virtual velocities fT 

This can only mean that d@—wa’ét is a virtual displacement ; 
we shall now show that this is, in spite of the apparent contra- 


diction with the fact (see above) that ip a 
case. ot 

If the mechanical system is holonomous—and we need not 
consider the case of non-holonomy when we are developing 
the variation of our integralf—we can express the 3n rect- 
angular coordinates (#,) of the system as functions of k 
independent (and accordingly of not more or not less than £) 
parameters (gy) and of 4§ ‘Thus, if 


é¢ is virtual, the 


L=H Lae VS Ee t), 
we have 


* Here we only write the w’s of the 8n quantities 2,, y,, 2r (7 =1, 2, ..., ). 

t+ Also, to interpret dg—q’d¢, Routh remarked: q being the value of a coordinate 
in the actual motion at the time ¢, g+ oq is its value in the neighbouring motion 
of the time ¢+o¢. But g’dt is the change of g in the time o¢; hence ¢+ dq —4q’dt 
is the value of the coordinate in the neighbouring motion at the time ¢. 

In Routh’s extension to forces Q), which have no force function, he remarked 
that the neighbouring motion must be such that 


< Qy (69, _ q'ot) =0 
(cf. the text later on). v 


t See Quarterly Journal of Mathematics, Vol. XXXVI., pp. 74-79. 
§ Of the geometrical quantities 7, alone, in some cases. 
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But a virtual displacement (dv) of w at the time ¢— 
a displacement consistent with the equations of condition at 
that instant (which brings about that ¢ is to be regarded as 
constant in calculating the vaiue of this virtual displace- 
~ ment*)—is given by both 


62=2 Or 8gy, 


v Or 
and hence 64 = 6% — a bt, 
i ot 
and 6x — a dt =X as (84, — qv St). 


Tn each case of the latter we merely use different displace- 
ments (dg—- @¢/6¢) ef the g’s from those used (6q) in the corre- 
sponding case of the former, 

On the difference in concept between the 9,-process of 
Holder (used by myself), and the virtual variations of Routh, 
Voss (1900), and Réthy, I have dwelt very fully in a paper 
shortly to appear in the Mathematische Annalen. 

The Manor House, 


Broad windsor, 
Dorset. 


BIRATIONAL TRANFORMATION OF SURFACES. 
By A. B. Basset, M.A., F.R:S. 


1. TN a recent paper I employed the theory of birational 
transformation to investigate the constituents of the 
point, line, and mixed singularities of plane curves; and in 
a subsequent one I investigated by a different method the point 
constituents of various kinds ef multiple points on surfaces. 
The transformation which I employed was the quadric one; 
and in the present paper I shall show that the same trans- 
formation may be used to analyse the point constituents of 
various kinds of multiple points on surfaces. One result of 
the investigation is to show that there is an important analogy 
between the theory of curves and surfaces, and that a fairly 
complete theory exists with respect to the changes produced 
in the constituents of a multiple point on a surface, when the 
tangent cone possesses singular generators. 


* This was noticed by Lagrange, who completely anticipated Vieille in showing 
that the equations of condition may contain ¢ explicitly, without his calculation 
being affected (see my note in Bibl, Aath., &. Folge, Bd. vs., 1906, pp. 350-883). 
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The letters $.C., S.S., and M.P. will be employed as 


abbreviations of my papers on Compound Singularities of 
Curves,* Singularities of Surfaces,t and Multiple Points on 
Surfaces.} 


2. Let P be any point whose coordinates are (£, 7, &, w) ; 
let Q=((3, y, 8)?5 and let AP cut the polar plane of P with 
respect to the quadric a’ =Q in P’. Then the equation of the 
polar plane of P is 


2a& — BdQ,,| dyn — ydQ,| df —- dQ, /dw=0....... (1), 
where ©, = (7, , )"; and those of AP are 
io ey G— 01. — ein SAYS eer rer erent cs (2) ; 


whence, if (&', 7’, &’, w’) be the coordinates of P’, we obtain 
from (1) and (2) 


2&6" =h (ndQ,/dn + dQ, /d&+ wdQ,/ dw) = 2hQ.,...(3), 
accordingly, by (2) and (3), 


ogee eG 


QO, 7 C Bers 


From this it follows that if (a, 3, y, 6) and (a’, 3’, 7’, 8) 
be the coordinates of a pair of corresponding points P and P’, 
these quantities are connected by the equations 


an [3 y 6’ 
en =e (BAY cor ess cscaes 4), 
Cas Gea aa (say) (4) 
Substituting the values of (3, y’, 6 from the last three 
of (4), we obtain 
ea da Oh aiekan dik O 


0. 3 Y é 
] po TTP TTT TT tee ccc ccorecccccs D ° 
whence i Pu Ge OOS (5) 
The value of 2 will usually be written in the forin 
CPA) SIM OM chants cen sretd tee (6), 


wuere © = (ry, 3)”. 


3. A conic node, whose position is arbitrary, gives rise to 
a conic node on the transformed surface. 


* Vol. xXxvVit., p. 313. f Vol. XXXVUII., pp. 63 and 159. -{ Vol, xxx1Ix., p-l. 
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To prove this it will be sufficient to consider the quartic 
surface 


a’ (3? + Bu, +v,) +a (206° + B’w, + Bw, + w,) 
+3" + (Aw, — Xv) 3? + BV, + BV, + V,=09, 


which has a conic node at A and also at the point B’, where 
AB iscut by the plane a+AG=0. The transformed equation 
may be put into the form : 


(Q +a)’ 3? + (Q' —V’a’B’) Bv, + (Q+ Aas) af3’w, 
+a° (B°V,+ BV, + V,) + aQ (Bw, + w,) + Q'v,=0. 


This is the equation of a sextic surface which has a 
quadruple point at A, and a conic node at the point B, 
where AB is cut by the plane Aa+($=0. The quadric 
2+ rAaf3=0, in which the plane a+A3=0 is transformed, 
also passes through Bb’. 

It the conic node on the original surface is situated at B, 
~=0; whence the conic node on the transformed surface is 
situated at A. Hence: Hvery conic node situated at a point Bin 
the plane a becomes a conic node at A on the transformed surface, 
which moves up to coincidence with A along the line AB. 


4, We are now in a position to apply the theory of 
birational transformation to multiple points on surfaces. 


(i) A multiple point of order p on a surface corresponds to 
a curve of degree » on the transformed surface, which is identical 
with the section of the tangent cone by the plane a. 

The equation of the original surface is of the form 


n—-p n—p-1 n-p-2 a 
i ie ae A Ps ok” sd EET Be 
and that of the transformed surface is 


n-p et PAC) 2Qn-v-2,, 
ila QU, +o OD uae 


n-p-l a= 
+4Q"°? Unit 2 *u,=0 


The latter surface is therefore of degree 22—~y, and has 
a multiple point of order 2 at A; also the section of (8) by 
the plane « is a multiple conic of order x—p and a curve of 
degree p. 

(ii) Every nodal generator of the tangent cone at A, which 
as not a line of closest contact, corresponds to a node on the 
section of the transformed surface by the plane a. 


ae 
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Let 


I 


tee) atoete [om 0 eee 


Ep Re rod Or DF eae i ites 9), 


pri 


aoe We Oo 


then AB is a nodal generator of the cone w,. Also the 
highest power of (3 in (8) is the (22 —p —1)", and its coeffi- 
cient is aw,, which shows that the plane a touches the 
transformed surface at 6; hence Bis a node on the section. 

It follows from M.P., §3, that every nodal generator of the 
tangent cone at A converts one of the constituent conic nodes 
into a binode; and the preceding result shows that, if the 
plane « touches a surface at 6 points, the transformed surface 
has a multiple point, the tangent cone at which has 6 nodal 
generators. 


pt+2 


(iii) very cuspidal generator of the tangent cone at A, 
which is not a line of closest contact, corresponds to a cusp on the 
section of the transformed surface by the plane a. 

‘This may be proved in a similar manner by putting v, = v,”. 
Tn the same way it can be shown that if the tangent cone at A 
has a singular generator of any species whatever, the section 
of the transformed surface by the plane « possesses a singular 
point of the same character. 

We shall now suppose that the singular generator of the 
tangent cone at 4 is a line of closest contact, in which case 
w,=0. 


(iv) Every nodal generator of the tangent cone at A, which 
as a line of closest contact, corresponds to a conic node on the 
section of the transformed surface by the plane a; and such 
a generator adds an additional conic node to the constituents of 
the multiple point. 

When w,=0, the highest power of 8 is the (2n—p—2)", 
and its coefficient is 


Os. Wie OUD Ue tse ees ccc eerteness ULO), 


which shows that B is a conic node on the transformed surface. 
Also we have shown in §3 that this conie node becomes a 
conic node on the original surface, which moves up to coin- 
cidence with A along the line 4. This furnishes another 
proof of the theorem 8.8., § 13. 


(v) Every cuspidal generator of the tangent cone at A, which 
is a line of closest contact, corresponds to a conic node on the 
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section of the transformed surface such that the tangent cone 
thereat touches the plane a; and such a generator adds an 
additional binode to the constituents of the multiple point. 

In this case v,=,", and the expression (10) equated to 
zero gives the tangent cone at the point B on the transformed 
surface. It followsfrom § 3,or from 8.5., § 13, that an additional 
double point is added to the multiple point at A on the original 
surface, and M.P., §6, (i), shows that this double point is a 
binode. 

The results (iii) and (v) fail when »=23 for in this case 
the cone uw, become a pair of coincident planes and the 
singularity at A on the original curve is a unode. 


(vi) Every binode on the section of the transformed surface 
by the plane « adds a binode to the constituents of the multiple 
point on the original surface. 

Let w,= W(v,+7,), v,=2,7,, then the expression (10) 
becomes 

(a W+,) (aW+7,), 


which shows that the singularity at B on the transformed 
surface is a binode whose axis is arbitrary. ‘The original 
surface may now be written in the form 


a” PB (av, + WB’) (ar, + We’) + 0"? (B? %v, +... v,) 
+o" FP" aie sees De) hi (6° Vi es eee 
bean threo ane eee y Stoner Pre ee pits 


n 


+ a" 


Unis 


By means of the methods explained in 8.C., §§7 to 19, it 
can be shown that the section of (11) by the plane 0, =7, 18 
a curve having a rhamphoid cusp at A and p—2 ordinary 
branches through it. To find the reduction of class, it will 
be sufficient to consider a quartic surface, since the method 
employed is applicable to any surface. Putting n=4, p=2, 
v, = 6, T, =py+ eo, the surface (11) becomes 


(ad + W2”) {a (py + 98) + WS} +0 (Sw, + w,) 
+8 W,+8'W,+8W,+ W,=0...(12), 
and the first polar of D, which may be any arbitrary point, is 
a {a (py +90) + WR") + ga (ad + We’) +4 (Bw, + w,") 
it ae tect we cence LS Ae OS 
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The sections of (12) and (13) by the plane b=py4 gé may 
be written in the form 


(40-2 WS)" 400° At OA. 0 vesreseres. (14), 
and a(ad+ We") +adB, + BL=0 .oeeeeeeee. (15), 


where 4, = B = (8, 8)’. 

Kliminating « between (14) and (15), it will be found that 
the eliminant is a binary septimie of (/3, 6), which shows that 
(14) and (15) have quinquetactic contact with one another at A. 
Accordingly the surface (12) and its first polar with respect to 
any arbitrary point intersect one another in five coincident 
points at A; hence the reduction of class is 5, which shows 
that the singularity at A is formed by the union of a conic 
and a binode. 

The case of a cubic surfaee is peculiar, the explanatioa of 
which is given at the end of M.P.,§17. Let us consider the 
equation 


which represents a cubic surface having a conic node at A. 
The transformed surface, when written at full length, beeomes 


a(6°w,+ B’w, + Bw, + w,)+ Q (B’v, + Bu, + 2,) =0...(17). 


In order that (17) should have a conic node at B, it is 
necessary that w,=v,=v,=0, in which case the equation of 
the nodal cone is 


aw, + v,=9, 
and, if B is @ binode, v,=w,7, and (16) becomes 
aw,T, + Bw, + Bw,+ w,=0 ...... rere Gest 


and the singularity at A is Salmon’s binode L., which, as 
pointed out in M.P., §17, is a singularity of a different 
character to the singular point C=1, B=1 on a surface of 
higher degree than the third. 


5. The preceding results enable us to develop an important 
analogy between the theory of the birational transformation of 
curves and surfaces. 

Let ABC be tlie triangle of reference of the curve, and 
ABCD the tetrahedron of reference of the surface; then the 
following correspondence exists between the different elements 
of a curve and a surface, which is shown in the accompanying 
table. 
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6. The first theorem has already been proved, and the 
others may be established by means of the results of S.C. and 
M.P. For brevity we shall write A\=4p (p- 1), w=4$p (p—-1)’. 


(ii) The first two portions are proved in 8.C., §2, where it 
is shown that when 27 tangents coincide in pairs, each pair 
being distinct, the constituents of the multiple points are 


o=—N— tr Ke 


In M.P., § 3, it is shown that when the tangent cone has 6 
distinct nodal generators, the constituents of the multiple point 
on the surface are 


C=yp-6, B=6. 
(iii) From §8.C., §2, and M.P., §3, it follows that if a 


multiple point on a curve has 7 tangents, each of which 
consists of three coincident tangents, the constituents of the 
multiple point are 

Oe Nie aK =o", 


whilst, if the tangent cone at the multiple point on the surface 
has « cuspidal generators, its constituents are 


C= —2k, B=2k. 


(iv) The first two portions follow from 8.C., §2; and the 
constituents of the multiple point on the curve are 


O=A—-2r41, «=2%r—l, 


whilst the latter part follows from M.P., § 4, which shows that 
the constituents of the multiple point on the surface are 


C=y—-—284+1, B=28—-1. 


(v) By S.C., §3, (i), it follows that if a multiple point on 
a curve has s pairs of tacnodal branches and p— 2s ordinary 
branches, all of which are distinct, its constituents are 


d=X+5, «=0, 


and it follows from the theorem §.S., §13, that if the 
tangent cone at a multiple point on a surface has ¢ nodal 
generators, all of which are lines of closest contact, the 
constituents are 


C=n+0, BHO; 
WO XX XIX, Ss 
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(vi) Putting 2r for + in 8.C., §4, it follows that the 
constituents of the multiple point on the curve are 


6=~A—2r+1, w«=2r. 


Let the tangent cone at the multiple point on the surface 
have 6+ 1 distinct nodal generators, and let one of them AB 
be a line of closest contact. Then it is shown in M.P., §5, 
that if the cone possesses 6+ 1 nodal generators, which move 
up to coincidence along a continuous curve, the total reduction 
ef class is 24+26+1; whence s=25+1. Also it follows 
from M.P., §6, (i), that if one of the generators before 
coincidence is a line of closest contact the constituents of the 
singularity are 

C=y—25+1, B=26, 
since we have shown that s=26+1. 

(vii) The first two portions follow from 8.C., §5, which 
shows that the constituents of the multiple point on the curve 
are 

S=A+5S—2r4+2, K=A%r—2. 

To prove the third part, it follows from M.P., § 6, (ii), that 
if the tangent cone at the multiple point has » coincident nodal 
generators, all of which before coincidence are lines of closest 


contact, 
204+ 38B=2u4+ 4r—2, 


C+ B=pt+r. 


But if the tangent cone possesses 6—,r additional distinct 
nodal generators, all of which are lines of closest contact, their 
effect is to produce an additional reduction of class equal to 
26—2r, and to add 6—r double points to the constituents of 
the multiple point; whence 


204+3B=2n4+28+42r-2, 
C+ B=p+4 4, 
accordingly 
C=p+o-2r42, B=2r-2. 


(viii) Ifin S.C., §4, we put += 1, we obtain the singularity 
in question, and its point constituents are 


é=h, «=, 


I ee 
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and it follows from M.P., §6, (i), that if the tangent cone at 
a multiple point possesses a cuspidal generator, which is a line 
of closest contact, the constituents are 


Li yre od Hea: 


(ix) The first two portions are proved in 8.C., §9; and 
the last two portions in §4, (vi), of the present paper. ‘Lhe 
point constituents of the singularities are 6=A, «=1 for 
acurve; and C=y, B=1 for a surface. 


7. It may, at first sight, appear strange that two such 
different singularities as the ones discussed in (v) and (vi) of 
§4 should have the same point constituents; but the theory of 
curves supplies the explanation. The singularity corresponding 
to (v) in plane geometry isa multiple point consisting of one pair 
of tacnodal branches, one coincident ordinary branch, and p—3 
distinct ordinary branches; and its constituents are given by 
the equations 


Sis Ana Lp ay 8 b=, 


whilst the one corresponding to (vi) is a multiple point con- 
sisting of a rhamphoid cusp and p—2 distinct ordinary 
branches passing through it, and its constituents are given 
by the equation 


CaN baal bf, 


Both singularities are therefore mixed ones, whose point 
constituents are the same, but whose line constituents are 
different. The theory of the plane singularities of surfaces 
awaits investigation, and I am unable at the present time to 
offer any contribution to the subject; but it is beyond doubt 
that the singularities (v) and (vi) of §4 in solid geometry are 
mixed ones, whose constituents consist partly of point and 
partly of plane singularities; and as soon as the theory of the 
latter class of singularities is discovered, it 1s practically certain 
that the plane constituents of (v) and (vi) will be found to be 
different. 


8. The process of constructing singularities by the addition 
of conic nodes and binodes may be carried on to any extent. 
Thus, if the transformed surface has a binode at B, whose 
axis has quadritactic contact with it, the effect is to add to the 
multiple point on the original surface two conic nodes, which 


$2 
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move up to coincidence with the multiple point along a con- 
tinuous curve. And when the multiple point is a conic node 
we obtain a singularity consisting of three conic nodes, which 
move up to coincidence along a continuous curve and is 
analogous to an oscnode in plane geometry. ‘The equation of 
the surface may be obtained as follows. In (8) put 


p=2, v,=75, w,=0, vw,=W(yt+ 8), 
Srey Mean gta | 
W,= (Ay + “d) W 
then (8) becomes 
atu +a" Qu, ,+...+472"* (BY W" + BW, +... W,) 
+ a2"? { WB? (y + 8) + Bw, + w,} + Q" "yd =0...(20). 
Arranging in powers of 8, (20) becomes 
(aW+y) (aW +8) B'"* + {(n—2) AaW+y) (2 V4 8) Q, 
—aW (2aW+y+ 8) 2, +aw, +a? W,} 67? 4+......=0...(21). 
The equations of the axis of the binode are 
—aW=y=6, 


and if these values, together with those of w, and VW, from (19), 
are substituted in (20), the conditions that the axis of the 
binode should have quadritactic contact with the surface are 
that the coefficients of 67“ and 6” should vanish, which 
requires that 

LAM N= NA fice tcccrsoteeee (22). 


The equation of the original surface now becomes 


a“ (ay+ W;3") (48+ W?) +a"? (Bw,+w,)+a"* (6°W+h’W) +... 


where the values of w, and JV, are given by (19), subject to 
the condition (22). 
Substituting the value of JZ from (22), we obtain 


aw, + B° Wi=a (Ly—N6S) (y—8) +Ay (05+ W’) + 4S (ay + WS), 


1 
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and (23) reduces to the form 
a” (ay + By + W?) (ad + way + We’) 

+a" {8 (Ly —N8) (y- 8) +,} 

+a" (BV + BV, +V,) tard, teense, = 0.....(24), 
where V,= (ry, 8)". 


The section of the surface by the plane y=6 1s a curve 
having an oscnode at A; and, when the surface is a quartic, 
the equation of the section can be reduced to the standard 
form 

(ay + u,)' + yu, =0, 


where u,=(@, y)". 


9. The quadric transformation does not explain why a 
multiple generator of order g on the tangent cone produces 
a further reduction of class equal to (g—1)*; but as soon as 
this has been established by other methods, it will be found 
that a theory of multiple generators on the tangent cone exists 
analogous to the theory of multiple points developed in 8.C. 
One example will be sufficient. 

Let the equation of the tangent cone at a multiple point of 
order ¢ + 2 be 


70,7, + B00, ,9F Wag =O eveesee eee eee (25), 


where v,=y+6, and w,=(y, 6)*. Proceed as in M.P., §4, 
by writing down the first “volars of Cand D, and eliminating (3; 
and it will be found that the eliminant is 


An ae = Cx 


2gtl-~ ag+b 2q4+3? 


where A, B, and C are binary quantics of (7, 5) of the degrees 
indicated by the suffixes. ‘This shows that the first polars 
intersect in 4g +6 ordinary points, and that B absorbs 


(G8), 4g oe ei eee (26) 


points; hence the right-hand side of (26) gives the reduction 
of class produced by the multiple generator on the cone. 

In the same way it can be shown that, if w,=v,"w,_,, 80 
that * ordinary sheets of the cone coincide with the pair of 
tacnodal sheets, where 7 >1, the reduction of class produced, 
by the generator is 

(q+1)P+r+2. 
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Putting g—2 for g, we thus obtain the following theorem :— 

If the tangent cone at a multiple point of order p possesses 
a singular generator, which consists of a multiple line of order q 
having one pair of tacnodal sheets, r ordinary sheets which 
coincide with the pair of tacnodal sheets, and q—1r—2 distinct 
ordinary sheets, the reduction of class is 


PAPA) TT 2) aa 


When the generator is not a line of closest contact, the 
value of C+ Bis 4p9(p-—1)*; hence C and B are known. 
The foregoing result may be easily extended to the cases 


in which the cone has any multiple generator of the kind 
considered in 8.C. 


10. The theory of the quadric transformation also fails 
when the tangent cone at the multiple point is of the form w,?. 
In (7) and (8) let p=2, u,=0", so that the singularity at A 
in (7) is a unode, whose constituents, as we already know, are 
three conic nodes. ‘Ihe last three terms of (8) now become 


oO" *u, + aQ"u, + Ste On 


and if B be one of the points when the line BC intersects the 
cone u,, it follows that the highest power of (3 is 3°", and that 
its coefficient 18 

a’ W* + aw, + &. 


Hence B is a conic node on the section of the transformed 
surface by the plane BCD, whose nodal cone touches this 


plane; and, since there are three of such points, it ought to 


follow from § 4, (v), that the constituents of a unode are C=], 
B= 3, which shows that the theory fails. 

In a paper which is shortly to be published in the 
Rendicontt del Circolo Matematico di Palermo, I have 
obtained a proof of the theorem that the point constituents 
of a multiple point of order p, the tangent cone at which is 
anautotomic, are $p(p-—1)* conic nodes. ‘This completes 
the proofs of the theorems given in M.P. and the present 
paper. 

Fledborough Hall, 


Holyport, 
Berks. 


— 
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NOTE ON LEFT AND RIGHT-HANDED 
SEMI-CONTINUOUS FUNCTIONS. 


By W. H. Youna, Sc.D., F.R.S. 


§1. iE a previous paper in the Quarterly Journal* J showed 
that the upper (lower) right-handed associated 

limiting function of a function of a single real variable differed 
from the upper (lower) left-handed associated limiting function 
at only a countable set of points, or with the notation of that 


paper 
gr=or=?, Yr=tr=y, 


except at a countable set of points. 

I showed further that @ is upper semi-continuous, and that 
at each of its points of continuity both gz and gz are continuous, 
as was there pointed out. Hence gz, gz, and similarly Wa, Wz, 
are point-wise discontinuous functions. 

In the following note I give a general theorem, of which 
this is a special case, viz. I show that any right or left-handed 
semi-continuous function belongs to Baire’s first class, that 1s, 
it 1s point-wise discontinuous with respect to every perfect set. 


§2. Lemma. If f ts lower semi-continuous on the right, and 
jinite, dn -f has the lower bound zero. 

For, if Pbe any point, it is known} that any limit approached 
by ¢z, or by f/, as @ approaches Pas limit on the left is <gp(P). 

But, by the definition of @2(P), we can so choose the 
sequence described by « that f(a) has the limit rz (P), hence 
or (w), which, when / is lower semi-continuous on the right, is 
never less than f(a), has the same limit. Since this limit is, 
by hypothesis, finite, it follows that dz (x) —/(«) as @ describes 
this sequence, sinks below any. positive quantity, which proves 
the lemma. 


* In the present Volume, pp. 67-83. 

t+ I may say that I have succeeded in extending this result still further, having: 
proved that the two multi-valued functions defined at each point by all the limits on 
the left and all the limits on the right respectively differ only at a countable set of 
points. The statement that at a point of discontinuity there 1s no distinction of 
right and left except at a countable set of points is now therefore to be interpreted in. 
this extended sense, 

I Lee. cit, p. 71. 
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Similarly :-— 

Lf f is upper semi-continuous on the right and finite, f—Wp has 
the lower bound zero, 

Two similar results hold interchanging “left” and “right.” 

It is to be remarked that, although the associated functions 
are usually defined with respect to the continuum, they may 
equally well be taken with reference to any perfect set, as 
Baire points out in his original memoir; thus the above 
lemma may be taken to refer to a segment or to any perfect 
set, and in the theorems which follow the terms ‘ continuous ” 
and ‘set of the first category’? may be taken to mean in 
reference to the continuum, or to any perfect set. 


§3. We now state and prove the theorem in question. 

THEorEeM. Jf f is a function which is lower (upper) semt- 
continuous on the right (left), it 13 continuous except at a set of 
the first category. 

Since / is lower semi-continuous on the right, 


SJ <vr< bp 


everywhere, therefore 
PR =r = 0, 


and determinate in any interval throughout which ¢z, is finite. 
In such an interval, moreover, dz —/ 13 upper semi-continuous 
on the right, so that the points 


dr-f2k 


form a set which is closed on the left.* If this set were dense 
everywhere in any part of the interval considered, it would 
therefore fill up the partial interval, which is impossible, by 
the preceding lemma. 

‘Thus the points 


br—f=k 
are for each value of & dense nowhere, so that the points at 
which 
pr Pape 0; 


form a set of the first category. At the remaining points, 
since dz cannot be less than Paz, 


Pr =f or Lr, 


* Loe. cit., p. 72, 


right-handed semi-continuous functions. 265 


so that f is continuous on the right. Since there is no 
distinction of right and left except at a countable set of points 
it follows that / is continuous except at a set of the first 
category. ‘Thus the theorem holds in any interval throughout 
which 2 is finite, and therefore in any interval in which the 
points 6g=+o« are dense nowhere. 

Now at any point where ¢g=- 0, f=—o, and is there- 
fore continuous on the right. But the points at which the 
lower semi-continuous function f=—oo form a set which is 
closed on the left, and therefore fills up any interval in which 
it is dense everywhere. Throughout such an interval 6g=— , 
so that f is continuous. ‘hus the theorem is true in any 
interval in which the points épg=— are not dense nowhere. 

Similarly it is true in any interval in which the points 
¢r=+o are not dense nowhere. Tor the points ¢g=+0 
form a set which is closed on the left, and therefore fills up an 
interval in which it is densé nowhere. In such an interval 
the points f<k, which, f being lower semi-continuous on the 
right, form a set closed on the left, must be dense nowhere. 
For otherwise at every point of some partial interval we 
should have f<k, and therefore ¢g<k. ‘Thus in such an 
interval the points /# + o form a set of the first category, in 
accordance with the theorem. 

Since, by what has been shown, the whole continuum may 
be divided up into a set of intervals in which ¢g=+ 0, a set 
in which @g=—oo, and a set in which the points ¢g=+o 
are dense nowhere, and the theorem holds in each interval 
separately, it holds in the whole continuum.* 


Cor. A function which ts upper (lower) semi-continuous on 
one side, and whose lower (upper) bound in every interval is 
zero, is a null function. 


Gottingen. 





* Tt should be noted that the theorem just proved is not a consequence of the 
main result of the paper quoted. A function may be totally discontinuous and yet 
upper (lower) semi-continuous except at a countable set of points :—e.g. the familiar 
function, which is unity at the irrational and zero at the rational points. 
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ON ELLIPTIO-FUNCTION EXPANSIONS IN WHICH 
THE COEFFICIENTS ARE POWERS OF THE 
COMPLEX NUMBERS HAVING 2 AS NORM. 


By J. W. L. GLAISHER. 
Introduction, § 1. 


§1. Oe p. 33 of the last volume (Vol. xxxviit.) I have 
assumed the truth of the formula 


Kk'p'= 162" x,(7) 9"; 


where y,(n)=13¢*, ¢ being any complex number having 
a as norm, and stated that the proof would be given in 
a separate paper which would be devoted to the consideration 
of the class of elliptic-function expansions in which the 
coefficients are powers of the complex numbers having 
m as norm. 

In the same volume (p. 300) I have also assumed the 
formula 

(Ak°k™ + kK") p? = 642" x, (n) 9", 


where x,(n) =}, leaving the proof to the same subsequent 
paper. 


§2. The present paper is the one referred to. Its prin- 
cipal object is to investigate the g-expansions in elliptic 
functions which have as coefficients y,(n) where y, (nm) =}30". 

The proofs of the two formule which have been assumed 
in the previous papers are given in §§ 13-14. 

The second portion of the paper (§§ 28-34) relates to the 
functions A(m), P(m), Y(m), Q(m), of which considerable 
use has been made in previous papers of this series. The 
definitions of the functions as coefficients are derived directly 
from their definitions in terms of representations by any four 
squares. 

The third portion (§§ 35-49) relates to the function © (n), 
which was introduced for the purpose of expressing the 
numbers of representations by sixteen squares. From the 
coefliicient-definition of O(n) arithmetical definitions are 
obtained by which it is expressed in terms of representations 
by any four squares, and, when m is uneven, also by four 
uneven squares. 

In the concluding portion (§§ 50-69) the functions X(m), 
P(m), Q(m), 2 (m) are expressed as sums of the first, second, 
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third, and fourth powers of certain complex quantities derived 
from representations by four squares. 


EXPANSIONS IN WHICH THE COEFFICIENTS ARE POWERS 
OF THE COMPLEX NUMBERS HAVING THE 
EXPONENT AS NORM, §§ 3-26. 


Notation, dc., §§ 3-4. 


§3. The notation used is as follows, H and LH being as 
defined in Jacobi’s Fundamenta Nova. 


2K i : 
os ER G=H-k°K, I= k—K, 





AKT 4k 4KT 
ar ta keg oe) mark ae 
so that e=gtk'p’, t= 9—k'p’. 


§4. The expansion formule upon which the results obtained 
in the paper depend will be deduced from the following general 


theorem in which & denotes 15,7 
€ 


E (Rp gPet) = YAMA p" (BL y +n) Ayton 
+(yta—n—m+r) igh e+ (a+ 84m) t"ghe™ 
= at Tghteyn ey Bittge te wf yt igh ey} 
Values of 3" nig", Sn g™, de. §§ 5-9. 


§5. I start with the four fundamental formulee 


(1) eee ie o C 
(i) BP, (— 1)*g" = k'%p?, 
(ii) Sg? = Ap, 


(iv), Somat = hk tps, 
where (as also throughout the rest of the paper) denotes any 
number, m any uneven number and m’=(—1)*"m, so that 
m’=m when m is of the form 44+1 and =—m when m is of 
the form 4% + 3. 
In all the g-series the sign 3% refers to n or m. 


* This formula is given in this form on p. 249 of my book on the Zeta Function 
(still unpublished). It may be easily deduced from the formula on p. 333 (§ 44) of 
Vol. xx. of the Quarterly Journal. 
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§6. Operating with € upon (1) we obtain 3°. ng”, operating 
again, 2° n'g”, and so on. ‘Treating similarly (ii), (iii), (iv) 
we may obtain by repeated use of the theorem in §4 the 
values of 


=" (2n)" gray, BP (—1)"(2n)*" gan", SE m*gt, 
Sem oe gare 
orig 128 o eee 
§7. Operating with € on (i), ..., (iv), we find 
5 (0?) Bias 
E(kpl) = Bhp 
C(kip’) = 4h be 
G (kik 'pt) = hki pl (t+ +e), 
and, operating again, 
C(p!) = pgp (g? + 2ge— Bet + 249), 
Ck 4p?) = poh tpt (c? — Qge + 2et + 229), 
Cr(kipt) = pehtp* (e? + 2ge + 2et — 279), 
C (ki ot) = eh pd (e744 g? + e+ dye + 4et + 42g), 
and, again, 


&* (p*) = ip (g*+ 2ige +t 6g’e + 6971 + 8e"'g + 82g —8ie’—81'e), 
( ag h'*p* (t+ 2tge + 607%e + 607g + Bet + 8g"t—8ge"—89’"e)s 
C2 p*)) Sut "(e+ Qige + 6ge"+ bie"+ 8g’e +82*e—8g1’—8g"t), 
O° (Ak tt) = Atk pi (0* 49° +e4+-9779g +919" +9g'e+ 9ge"+90'e+ Ite" 
+ 48zge), 
and so on. 


§8. It is, however, rather more convenient to express 
each result by means of one only of the three quantities 7, g, e. 
‘Thus we have 


(pt) = ayo? (8g°+ 2h*K0'), 
C8 (h'tpt) = h’tp! (32?— 2h%0'), 
C’(ip*) =p hip? (3c? — 2k"), 


O° (Atk) = Lekth pt {1597 + 10g (hk? — hk) p*+ (1 — 647k) p't, 
&e. Ke. 


a eae —— 
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§9. By operating upon (i), .., (iv) with Z, 2’, ... and 
expressing the results in terms of only one of the letters 1, g, e, 
we obtain the following results :— 


age rae p*, 
2 S29" = pig, 
23" ntg"= pl(3g'+ 2i*k"p'), 
2°79" =p" {159° + 30gk*kp* + 8k7k (hk? — k*) pt, 
2° Seg” = p*{105g*+ 420g°k*ko* + 224.9k7k'?(k'?— k*) p® 
+ (82h7k*— 132k) p*}, 
Ke. &e. 
BA (-1)"g" =", 
9? re (- tye Ae k's, 
3°, (— 1) ntgh= hip! (Bi? — 229%), 
2° Sng (— 1)" n° gh = k'4o# (152% — 80¢k*p* — 8k* (1 + kh”) ph, 
BF oe (— 1)" n°gr* = h'4p? (105¢4 — 42077k? ot — 2240? (1 + k”) 8 
— (82k°k* + 132k") p*},* 
Ke. Ke. 
Se giv = Rpl, 
Smigi™ = kipte, 
=m'ga™ = kipt (3e?— 2h’), 
an ,m'ga™ = kipt{15e°— 800k" p* + 8k? (1 + k'”) p54, 
ze, mgam = kip*{105e*— 420k‘ + 224k? (1 + k’”) p®, 
— (82h + 132k") p®, 
&e. Ke, 
Sm git = iho, 
SA m'tgin' = hhph (8g + (KK) ph, 
Ve m'?gim = kk pt {15g’ + 10g (kh? — k’) p? + (1 — 627”) pt, 
SP mgm = kh? {1059° + 105g (hk? — k”) p? + 21g (1 — 647k”) p* 
+ (K?— 2) (1 = 108K") pt, 
Ke, &e. 
* The second set of formulze may be derived from the first by changing the sign 


of g. By the change of ¢ into —q, ¢ is unaltered, but 7 and g are interchanged, and 
p, k’p, kp become k’p, p, \(—1) Xp respectively. 
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Complex numbers, § 10. 


§10. If n=a’+0’, where a and dare different and neither 
zero, there are, corresponding to this partition of n, eight com- 
plex numbers which have n as norm, viz. the four associated 
numbers | 

a+b, ia-— b, —a—1b, —ia+, 


and their four conjugates. If a=6 (in which case n is the 
double of a square), or if one is zero (in which case n is 
a square) there are, corresponding to this partition, only four 
complex numbers having n as norm. 

The sum of the eight (or four, if a=0 or if one is zero) 
complex numbers is zero, as also is the sum of their squares. 
The same is true also whenever the exponent is even, or when 
it is even and of the form 4442, but not if it is of the form 4k. 


Expressions for x,(n) and y,(n), §§ 11-12. 


§11. If a and 3 are different and non-zero, then the sum 
of the fourth powers of the eight complex numbers, corres- 
ponding to the partition n=a’+ 0’, is 


8 (a*— 6a’b’ + b*), 
and the sum of the eighth powers of these numbers is 
8 (a*— 2805S? + T0a*b*— 28a°b* + L°), 


If a=), or if one is zero, these quantities are to be halved. 


§12. If then we define y,,(n) as }¢, where ¢ is any 
complex number having as norm, we have 


x, (n) = 23 (a‘— 6a7b' + D*), 
and x, (n) = 23 (a*— 280°? + T0a‘d* — 2807b° + 0), 


where = applies to all the partitions of n, it being understood 
that a term corresponding to a partition in which the two 
parts are equal or one is zero is to be halved. 


Proofs of the formule quoted in $1, §§ 18-14. 


§13. The value of y,(m) which has just been obtained 
shows that 4y,(n) is equal to the coefficient of g” in the 





whose coefficients are powers of complex numbers. 271 


expression in ascending powers of g of 
23° n'g™ x BS" g”—6 (22 n’q")’, 

that is, substituting for the series, their values given in § 9, 

4B x, (7) a= rep (6g' + 4h'k"p*— 6g") 

= Leh'p’ 
that is, Vk'p’= 1630 y,(n) 9", 
which is the first of the formule quoted in §1. 
§14. Similarly 4y,() is equal to the coefficient of g” in 
the expansion of 
237 nigh x BP gt — 56" n'a” x SA n'g’ + 10 (22 nign’)*, 

whence, substituting from §9 and reducing, we find 

43°, (2) g"=step (64h? + 16K*h'*) p®, 
that is, (4i°k? + k*h'*) p*= 643° x, (22) 9", 


which is the second of the formule quoted in §1. 


The function y,(n), § 15. 


§15. The function y,(n) =12¢ and is therefore equal to 
one fourth of the number of complex numbers which have 
nas norm, ‘Thus 


1+ 42,°x, (2) g"= (22.9) = p- 
The function y,(n) is therefore equal to #,(n) where &, (n) 


denotes the excess of the number of real divisors of n of the torm 
4k +1 over the number of real divisors of the form 44+ 3. 


Primary complex numbers, § 16. 


§16. ffm is an uneven number and a’ +0’ is a partition 
of m, a being uneven and 6 even, then among the eight 
complex numbers connected with this partition the two 


(— 1)" (a + 1b) and (—1)K*? (aid) 


were termed primary by Gauss. If is zero (in which case 
m is a square), there is but one primary number having m as. 
norm, viz. (— 1)**" a. 
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Definition of x, (m), § 17. 


§17. I define y.(m) as the sum of the +" powers of the 
primary complex numbers having m as norm. ‘Lhis definition 
is in accord with that of y,,(7) in § 12, for (including the case 
of k=0) the sum of the (44)™ powers of all the complex 
numbers having m as norm is equal to four times the sum of 
the primary complex numbers having the same norm. ‘Thus, 
if a’? +0’ is a partition of m in which a is uneven and b even, 
we have 


x, (m) = 25 (— 1) Ya, 
Ns (m) =23 (a? —0’), 
X_ (7m) = 2B (— 1/4" (a? — 3ab?), 
x, (m) = 23 (a*— 6a°b’ + 3), 
x, (m) = 235 (— 1)" (a> — 100°? + Sab‘), 
x, (m) = 23 (a — 15a‘* + 15a°B —b°), 
x, (m) = 235 (— 1) (a7 — 210°? + 85a°d‘ — Tab*), 
x, (m) = 23 (a® — 28a°” + 700d‘ — 28a°d' + 0°), 
Ke. &e. 


The uneven number m must be of the form 4h +1, for 
a number of the form 44 +3 cannot be the sum of two squares. 

As already mentioned, when the suffix r is of the form 44, 
the value of y,(m) is included in that of x, (7). 


Values of yx, (4n +1) gi@r+1), §§ 18-19. 


§18. Taking the quantity y,(m), the first formula of the 
preceding section shows that 


250 x, (An + 1) qtr) = 3° m'gim’ x 3° (— 1)" 9" 
saith pt. kipi= ce o. 
The second formula shows tbat 
20H, (An +1)grnt!) = SP migam’x 32 qr—E"(2n)*gv x32 gam 


= kipie.p'— pig. kip' = k'p (e— g) = hp’. 
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Similarly 
22° x, (4n + 1) giant) 
= Thm gam’ x EP (— 1)" g” — 832m’ gam x BP (2n)?(— 1)" 9" 
= KR (1 +k’) p', 


and so on. - 
We thus obtain the system of expansions: 


k'p = 237 x, (4n + 1) grt), 
Kik'p'=23°x (4n + 1) gin), 
kik? p* = 2° yx, (4n + 1) giant), 
Wik’ (1 +h’) p= 23° x, (4n +1) gaan), 
Kk "p? = 23, x, (4n + 1) gal4r+)), 
keh’ (1 — 6h? + kh) p= 235°, (4n + 1) gal4n+h, 
Wk? (1 + 14k? + k*) p'=23 > y,(4n + 1) gter+D, 
Whi (1 + kh’) (1 — 6h +) p® = 232 yx, (4n +1) girth, 
KR“ (1 — 66h'+ k*) p?= 23° x, (4n + 1) giG@eth, 
&e, &e, 
The fifth and last of these formule may also be derived 
from the expansions involving x,() and y,(m) in §§ 13 and 14. 
§19. Changing the sign of g in these expansions, we find 
ek*p = 235°(—1)" x, (4n +1) gird), 
kik p? = 23° (- 1)" x, (40 +1) ga4r+)), 
Lip = 23 (— 1)" x, (An 1) gin), 
kth’? (kh? — k?) p*= 23° (—1)" x, (4n +1) girth, 
Ktk’p® = 23° (—1)" x, (4n + 1) gin), 
kek? (1 + 47h) p®= 23° (—1)" x, (4n +1) girth), 
kik? (1 — 16k°h"*) p'= 239 (—1)" x, (4n + 1) greet), 
«BRE (kK? — ke) (1 + 4K) p? = 239 (— 1)" x, (40 + 1) giant), 
kik’! (1 + 647k") p? = 23° (—1)"y,(4n + 1) girth), 
&e. Wes 
VOL. XXXIX. T 
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and by changing g into q’ the expansions of § 18 give ‘ 
ko= ADS y 4nFi1jq reg 
kktpt= AD y, (4n4+1) gh ™, 
kk’p®?= ASP y, (4n+1) qe 
RE*(14 87) p'= 83 y,(4n+1) gi ™, 
REM p = ASS x (An + 1) Qe 
kh’? (1 — 6h? + k'*) p?=— 1633 y, (4n +1) gh,” 
AKL —RE") p= AB y,(dn 4 1) ght, 
Rkt(1 + RB?) (1 — 6h" +4 hb”) p?=— 8230 x, (4n + 1) ghO™, 
kk? (1—-h—4k, p?= 4B? y, (4n + 1) gi™, 

Ke. Ke. 


Representation by fourteen squares, § 20. 


§20. Besides the formule involving yx, (or Z,), x. x, and 
x, (which have been used in previous papers for the expression 
ef the numbers of representations by sums of squares), only 
one of these expansions supplies a new formula relating to 
such representations. ‘This is the seventh equation of §18 
which is equivalent to 


a 5 1s co ! 
(k® + 13%? —18k' —h*) p’=23°y, (dn +1) girth), 
and therefore affords another equation connecting k'p’, kip’, 
kip’, k'?p’, in addition to the two (xv) and (xvi) on p. 183 of 
vol. xxxvilt. One more equation is needed, however, in order 
to. obtain the expansions of these four quantities. 


The function x (ny, §§ 21-22. 


§21. The functions y,(m) and y, (7) were first used in the 
last volume of the Quarterly Journal (vol XXXVHI., pp. 20 
and 290). The functions y,(n)=4,(), x,() under the 
notation y(n), and y,(”) under the notation A (n) have been 
used in several papers published during the last twenty-three 
years. 

I first used the function y (mz) in vol. xx. of the Quarterly 
Journal (p. 81), and it formed the subject of a special paper 
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(pp. 97-167) in that volume. In the course of that paper the 
function A (m) was introduced (p. 145). In the same paper 
also (p. 109) the function (n), there denoted by £(n), 
which had been defined by means of the real divisors of 2, 
was considered in connection with the complex divisors. 
Ihe y-notation is referred to in the note on p.230) of “vol: 
XXXVIII. 


§22. Although, as was pointed out in §20, only the 
functions Xn Xe Xo Xo Xq are of use in connection with 
representations by sums of squares, it seemed to be of interest 
to determine the elliptic function quantities which have y,.(m) 
as coefficients also for uneven values of r; for, next to functions 
depending upon real divisors, the functions y(n) and y,(m) 
are among the simplest arithmetical functions depending upon 
divisors of m and m which can be constructed. 

2 


Another method of obtaining the values of 
= x, (n) g” and x, (n) 9", §§ 23-25. 


¥ § 23. It may be noticed that the values of =? y,(n) g” and 
=, xX,(7) g" can be obtained in a slightly different manner 
as follows :— 


We have (§ 12) 
Vv, (n) = 23 (a*+ 6'— 6a°b’) 
= 23 {(a’+ 6’)’— 8a°b"} 
= 23n’— 16a°2? | 
=n’ L.(n) — 162a°6", 
and similarly 
x, (n) =n E (n) — 642a°b’ — 64Ea°D" + 128240", 
whence it follows that 
Sy, (n) g= EPn'B,(n)g"—2 (B2,n'g""), 
Py, (2) = Sn EB, (n) g"— 163%, n'g” x Sng” 
+16 eS g i. 
§24. In order to obtain the values of the two series 
involving E,(n), we have only to apply repeatedly the 


operator Z to the formula p=i+43°L,(n)Q". 
T2 


276 Dr. Gluisher, On elliptic-function expanstons 


We thus find 
axe Fn) =) 

Isrn B(n)g°= hog, 

AE? n'B,(n) g"= 4p (29"4 EL"p') 

AS? n’H (n) g’= Ap [6g°+ 9gh’k?p*+ 2h" (kh? — K*) pt, 

43° nth (n) g*= yep (24g* + 129k" p* + 32gk7k? (kh? —k*) p@ 
+ (407k? — 15h") p*y 

&c. &e, 


§25. Substituting the values of the g-series from the pre- 
ceding section and from $9, we find 
Zr x, (2) g"= Nop (29° + Wh" p* — 29°) = qe k'k'p’, 
and, after reduction, 
aX; (2) gq =e (487K? 4+ eke e, 


which agree with the results obtained in §§13 and 14. 


Values of x,(m) and y,(m) expressed by partitions of 2m, § 26. 


§26. The values of y,(4n+t)-and y,(4n+1) can be 
expressed by means of the partitions of 8n+2 as a sum of 
two unequal squares; for, from the fourth group of formule 
in §9, we find 


kk p= (22 m'ginty, 
2kK! (1— KK") p'= 5 (32,m'*gim)# — 3 (S2,m'tgint) (32 m'qin'y, 


These equations show that the coefficient of g*"™ in the 
expansion of kk’p* is equal to 82a’f3’, and in the expansion of 
kk (1 —k*k*) p' is equal to 25 {10a°8"—3 (a°3' + 4’B*)}, | 
where = applies to every partition of 82+2 into two uneven 
squares a+ (3°. When 4n+ 1 is a square there is a partition 
a* +a and the term derived from this. partition is to be halved. 

Comparing these coefficients with those in the second system 
of expansious in § 19, we see that : 


xX, (40+ bt) = 230'8', 
xa(toeb 1) = 43 [10483 (eB + a 8) 
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The first of these results has been obtained or referred to 
in several previous papers, as e.g. vol. XXXVI. pp. 342, 345. 
It was derived from the value 2¥ (a’ — 0”) of y, (m) in vol. xXx , 
p- 147, by passing from the partition a’ + 0° of m to the partition 
(a+ 6)’ +(a—6)* of 2m. ‘The second result may be derived 
in the same manner from the value 23 (a°— 15a°b’ + 15a7b* — 0°) 


of X, (77). 
THe Funcrions ’(m), P(m), Q(m), Q(m), §§ 27-34. 


Arithmetical definitions of the functions \(m), P(m), Q(m), 
Q(m), § 27. 


§27. These four functions have been defined on p. 319 of 
vol. XXXVI, by the equations 


Rito TGS NM) ge 
ek Goel Geel (in) ye. 
ih? p= 163° Q (m) 9”, 
kp’ = 16552 (m) 9”, 


and from these definitions it is deduced on p. 323 that if 
a’ + (3° + 7+ 5 is any partition of 412 into four uneven squares, 
and, if a’ =(—1)4° a, 6 =(—1)X? "8, ..., then 


V(m) =) a’, 
P(m) =} [a'B) 
@ (m) = f2O[aB'y'], 
Ln) a Oy Oy 


Bere: [a']=a' th +y'+8, 
[a' 3’ ]=a'R’+a'y' + a’8' + B’y’'+ B'S +48, 
Ba [a'B’y'] =a'B'y' + 0'8'S' + a'y'8' + B'y'8, 


and the summation symbol 5 refers to all the compositions 
of 4m as a sum of four uneven squares. 

By algebraical transformations it is shown (pp. 329-334) 
that X (7), ... may be expressed by means of the representa- 








* The function X(m) is the same as x, (m) ($21). In the rest of this papce 
i retain the notation A(m) for the sake of uniformity with previous papers. 


278: Dr. Glaisher, On elliptic-function expansions 
tions of m as a sum of any four squares by the following 
equations: 
v(m) =430(— 1) a, if m=4k41 
=0, 1f m=4k+3; 
P(m) = 2 (8a? — 3? —c? -— d’); 
Q (m) = 220 (—1)Ma(a’- BP -— c— d*), if m=4k +1, 
= 430 (—1) bed, if m= 4k + 3; 
Q (m) =22 (at + b+ 8 4+ d*— 2a7b? — 2a’c’ — 2a*d* 
— 2b%¢*? — 2b°d* — 2c*d") 5 
where = refers to all the representations of m as a sum 
a’+b°+c’+d’* of four squares, a being uneven and 3, c, d, 


even when m=4k+1, and a being even and b,c, d uneven 
when m=4k4+33; ands=a+b+e+d. 


Derivation of the coefficient-definitions from the arithmetical 
definitions, §§ 28-32. 


§28. The formule in §9 enable us to obtain directly the 
elliptic-function quantities which have as g-coefficients the 
functions A(m), P(m), ... defined by these last equations, 
that is, by means of the representations of 7. 

Tor, taking these detinitions, 


8r (4n+ 1) = 2 (— 1) Ma 
= the coefficient of g44”+)) in 45° m'gim® x [3° (— 1)" g}-4n?}8 # 


that is in 44°28. kip? = 4h?hp’. 
Since the g-preduct, when multiplied out, can only contain 
terms of the form g4(@"+!), we have therefore 


Kth'p® = 232 (4n +1) qi4n+)), 
which, since \ (4n + 3) =0, may also be written 


kik p® = oan (m) gam, 





* Jn general, when v is partitioned into / squares a?+6?+ ¢?+..., sucha quantity 
as, say, 2(")[asd*esd ‘e!f“] is equal to the coefficient of g” in the expansion of 
k! 
B12Ql11(k—6)! 





eo nig”?}3 x {re ntgn}? x pet ntign” x (oo. qh} 6. 


The square brackets have the same meaning as in § 26, viz. [asds...] denotes the 
ae of all the terms of the type ads... that can be formed from the & elements, 
MD, Dy sees 
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§29. In the case of P(m) the definition is 
24P(m) = 2 (80° -—b? —c’—d’), 


and, since @ is uneven when m is of the form 4k 4-1, this 
equation shows that 24P(42 +1) is equal to the cdoriuient of 
gs(antl) | 1D 


3.45% mga’ x (3 gaan)? 


— 1235, gi" x 32, Qn) ght x (38, gly, 
that is, in 


12 (Aipte. pt — k'p'.p'g.p) =12k'p" (e — 9) = 12k p' ; 


and, since the expansion of the g-expression can only involve 
terms of the form g3(4"+!), we have therefore 


tk 'p' = 23° P(4n +1) gtH4nt), 


Similarly we see that P(4n +3) is equal to the coefficient 
of g#(4n+3) in 


2 (2n)? ge 4n* x (25 gum) 


— 1232 gl te! x 32 mtg x (32, g0"")5 
that is, in 
12 (pig. kipi —p*.Mple.kp) =— 12kik%p' ; 


whence, we have 


kik’ p* =~ 23> P(4n + 8) gt (n+), 


§30. Writing for the moment 
a eh, Gat se 32 —1)"n' gt An, 
we have, a being uneven and J, c, d even, 
8Q (4n4+1)=20(—1)"% av’ - 0 -c—d’) 


= the coefficient of g#@"+)) in 4u,v,*— 12u,v,v,7, 
that is, in 


Ahk! 9% {3g + (hk? — h*) p*} kt? — 12k? 040k’ p 
= 4h'k'’p* {3 (g—2) + (kK? — k*) p*} = 4k" (14+ 8") p”. 
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The g-expression, when expanded, consists only of terms 
of the form g#(4”+1), so that we have 


Kk’? (1 +k?) p® = 23° Q (4n 4 1) gaint). 


Treating in the same manner the case of a even and 0, c,d 
uneven, we have 


4Q (4n +3) = 30 (—1)") bed 


= the coefficient of g#(4r+3) in —4y,*v,,* that is, in —443k"p° 5 
and therefore 


KK %p® = — 3B” Q (4n +8) gi(tn+4), 


§31. The expression for Q(m) is the same, whether m is 
of the form 44 +1 or 44 +83, viz. 


80. (m) = 3 fa‘ + BF + c'4+d*— 2a*b’ — 2a’c’ — 2a*d* 


— 2b’c* — 267d? — 2c*d*}, 
Putting for brevity 


M, = PED mig, N, = De (2n)° gh : An” 


we see that 8Q (42 +1) is equal to the coefficient of g#(4"+4) in 
the expansion of the g-expression 


4(MN*+3N,N?2M,—6M,N,N?-6N{N.M,), 


and the value of this expression on reduction is found to be 
Akt? (1 + 3k*) p’. 

Since the g-expression, when expanded, can contain only 
terms of the form g3(4"+1), we find therefore 


kth? (1 + 8k") p? =2 37 Q (4n + 1) gal4etd), 
Similarly 8Q (47 + 3) is equal to the coefficient of g*(4e+8) in 
4 (NM) + 3M MN, - 6N,U,M* -—6M7MN,), 
that is, in —4/34" (3+ %*) p°; whence 
kik? (3 +h) p°=— 235 Q (4n + 8) gilints), 


* The minus sign is due to the fact oe in the product p43) the term bed has the 
gign (= 1)44+4(2-1) 4-1) H4(4-}) = — (— 1a 
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§32. Thus, from the arithmetical definitions of X(m), ... 
in terms of the representations of m as a sum of four squares, 
we have derived the expansions: 


Rk'p’= 23° 0 (4n +1) girth, 

Rk'p'= 237 P(4n+1) gtn+)), 

Rk? (1 +k") pe= 239 @ (4n + 1) gamed, 

Kk? (14+ 3k") p= 237 Q (4n + 1) gi4n+)), 

and kik? p* = — 23° P(4n 4 8) gt(in+s), 
kik’p’=— 3X, Q(4n + 8) gt4nts), 

kik? (8 + k*) p®=— 23° Q (4n 4+ 8) gi(4nt8), 

From these equations, by changing g into q’, g into —q, 
adding and substituting, &e., we may obtain all the expansions 
involving X(m),... given on pp. 342, 346, 349, 350, and 353 
of vol. XXXVI. 

The function Q (n), § 33, 


§ 33. The arithmetical definition of the function Q (m), by 
means of the representatiuns of m as a sum of four squares, is 
equally appropriate to the case in which the argument is even, 
viz. we may define 2(m) for any value of n by the equation 


OQ (n) = 32 ([a’]—2 [ad], 
where a’+ 0’+c’+d’ is any partition of n into four squares. 
Adopting this definition it is evident that 80(n) is the 
coefficient of g” in 


45% n'g™ x (379" 2.6 (2zn'g™) (29")’s 
that is, in 
she (4p! (By? + 21°K%p") pt — 12pg*.p} = 3K'R%p%, 
whence we have 
kop = 102s ny gees 

Changing the sign of @, the left-hand side becomes — k’h'p', 
which shows that Q (n)=0 when n is even. 

Theorem relating to representation by four squares, § 34. 


§ 34. The result just obtained, viz. that if V be any even 
number, 2 (VV) = 0 shows that, for any even number J, 


30) {fa‘] — 2[a°B]} =0. 








* This equation was taken as the definition of Q(m) in vol. XXXVIIi.,, p. 201. 
Previously I had only defined Q (m). 
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We may also write this equation in the form 
3!) {2 [at] —N*} =0, 
whence, since the number of representations of N is equal to 
24A (NV), we have 
2S) a= Ve Aa 

that is, = (at + b+ c+ d*) =12N’A (NV), 
which is a curious theorem giving the value of the sum of the 
fourth powers of all the elements of the representations of V 


as a sum of four squares. 
As an example take N=10. ‘The partitions are 


374+ 174+ 07+ 0" and 274+ 274 174+ 1’, 
which give rise to 48 and 96 representations respectively. 
Thus the theorem gives 


48 (3°+ 1+ 0'+ 0°) + 96 (2°+ 2°+ 1+ 1°) =12 x 100 x 6. 


THe FUNCTION O(n), §§ 35-49. 
Derivation of arithmetical definitions of © (n) from the 
coeficient-definition, §§ 35-42. 


§35. For expressing the number of representations of 2 as 
a sum of sixteen squares use has been made of the function 
© (n) defined by the equation 


kp? = 320 (n) ght 
It will now be shown that from the formule of §9 we may 
derive an arithmetical definition of © (nr) depending upon the 


representations of n as a sum of four squares. 
Denoting, as in §31, 2%, (2n)*g™ by N., we have 


NEN =e G7, NNN = 0 (89° + 290k" "), 

N,N, = p’ {159° + 80gk*k"p* + 8k°k? (kh? — k*) p*}, 
whence we find 

8h°k? (hk? — k*) p?= N,N — 15 NNN,’ + 30N,'N,. 


Denoting any partition of x by a’+0°+c’+d’ the coefficient 
of g” on the right-hand side 


= 2 43a") — ]32[a'0"] + 392 [ ad] 





* Vol Xxx Vb; ps 193, 
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and therefore the coefficient of g” in the expansion of 
hk? (k? — k*) De 


= 23" {(a°] — 5 [ab] + 30 [a2d*e']. 


Now kip = 163°0(n)q’, 
and kik’p°=— 323°0 (2n) 9g”, 
whence 


(h’k* — k*k*) p® = 163°°0 (m) g™ + 48370 (2n) 9”. 
Thus, putting 
A = {[a*]—5 [a*d’] + 30[a7b’c’}}, 


we have 6 (n) = 3A or 5A according as n is uneven or even. 
Taking as a numerical example n= 13, the partitions of n 

into four squares are 3°+ 27+ 0°+ 0? and 27+ 274 27+ 1? which 

give rise respectively to 48 and 64 representations. Thus 


LA =6 {[3°+ 2°— 5 (3'27+ 23") + 30.0} 
+8 {3.2°+ 1°—5 (3.271743. 142? +4 6,242?) 4. 30 (3.27271? + 27272”)} 
= 6 (793—2 340) +8(193—2220 +3360 )=—9282 +10664=1382, 


which is the value of 6 (13) (vol. xxxvVIIL, p. 198). 

Taking as another example n=14, there is but one 
partition 37+ 2°4+ 1°40’, giving rise to 192 representations. 
‘Thus 


ig A=8 | 3°4-2°4- 19-5 (31274 2437434174 14374241? 4-1'27)4+30.37.2".1"} 
=8(794—2890+41080) =—8 x 1016 =— 8128, 


which is the value of © (14) (vol. xxxvIII., p. 198). 


§36. Since a’+ 0°+¢’+ d’=n, we have 
=” {[a°] + 8 [a*b"] + 6 [a°%e"] = On’, 
and 30 ®=8n°A (n) or 24n°A (n) according as n is uneven or 
even (vol. XXXVIIL, p. 8). 

We may therefore remove from the value of A any one of 
the three terms in [a°], [a*”], or [a’l’c*]. For example, if we 
remove the term in [a’|, we have 

A = SOn?— 83 [a*b"] + 243 [0707], 
which =8{ n®A(n) — 2 [a'd"] 4+ 33[a%'e']}, 
or = 8 {3n°A (n) — 3 [a*b"] + 32 a’d'c’]}, 


according as 7 is uneven or even. | 
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It is, however, more convenient to remove the term in 
[a‘d"| as being the most complicated of the three: we thus find 


A=} {8d [a*] +1202 a7d'c7] — 5EOn'}, 
and therefore, m being any uneven, and N any even, number, 
@ (m) =4 {TO [a*] + 15E [a*b?c*] — 5mn*A (m)}, 


ak 
3 
@(N) =} {2 [a*] + 158” [a°b'e"] - 15N*A (N)}. 


§37. As an example take m=45, The partitions of 45, 
with the numbers of representations to which they give 
rise, are 

67+ 274 274 17(192), 6°+ 3°4+ 0°+4 0° (48), 


5*4 4742740°(192), 4°4 474 3°+4 27(192), 
and therefore | 
© (45) =} {[S[a®] + 152 [a*b’c*] — 5. 45°. A (45)} 
= 1 {192 (6°+ 2,2°+ 1°) + 48 (6°+ 3°) + 192 (5° + 4° + 2°) 
+192 (2.4°4 3°+ 2°} | 
+ 5 {192 (6°272"4 2. 6727174 27271”) + 48.04 192.5472? 
+192 (4747374 4747274 2,473°2)} — 3 45°. 78 
= 1.16781040 + 5.1336320 — 11846250 
= 429030. 


Since 9 (5)=—210 and 6 (9)=— 2043 (vol. XXXVIIL., 
p. 198), we therefore find that 


8 (45)=0 (5) 6 (9) * 





* When calculating the table © (¢m) in vol. XXXVIII., p. 198 the only means at 
my disposal were afforded by two recurring formule, neither of which was very 
satisfactory. ‘lhe formula obtained in the text, viz. 


@ (m) =4 {D7 [a®] +1524”) [a2b2c?] — 5m3A (m)} 


enables us to calculate any isolated value of 0 (m). 

When writing the paper in vol. XX XVIII. I was only able to verify (on account 
of the small extent of the table) the formula 0 (m,m,) = © (m,) © (mz) for m,, m,=3, 5 
and 3, 7, one of the factors thus being of the form 44+3 in both cases (p. 198) In 
the case of m,, m,=5, 9, which is proved in the text, both factors are of the form 
4k+1. We have therefore grounds for inferring that the formula is true generally 
when m, and m, are prime to each other, and it probably admits of being proved by 
the methods used in the paper in vol. XXXVIL, pp. 36—48. 

‘lhe results obtained in §$34—40 of the present paper have been referred to on 
p. 198 (note) and pp. 234-5 of vol. XX XVIII. 
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§38. We can express 6 (m) also by means of the com- 
positions of 4m as a sum of four uneven squares; for, pro- 
ceeding as in §35 and using, as before, I, to denote 
=" m'ge”, we have 


MM,=k'p’e’, M,M,M,'= k'p’ (3e°— 2ek‘), 
M,M, = k'p’ {15e?— 30ek'"p* + 8k (14 hk") pt, 
whence 
8h'k* (4 + k*) p’= M,M,—15M,M,M,7+ 30MM, 


Now, if a number is the sum of four uneven squares it 
must be of the form 8k + 4=4m, m being any uneven number, 
and therefore the expansion of the quantity J/,M,’—, &c. can 
only involve uneven powers of g.* 

Let a’+ 6’ + y'+ 8 be any partition of 4m into four uneven 
squares, then, reasoning as in §35, we see that the coefficient 
of g” in 8h*k?(1 + &”) p® is equal to 


2 |[a'] — 5 [a'ps"] + 30 [a°6*y"]}, 


and therefore, passing from representations to compositions, 
the coeflicient of g” in k’k"(1 + hk”) p® is equal to 


ae ical ih [a 8*] + 80 [a?8*y"}}. 


§39. Now #k'4p*=163°0 (n) g*, 
and kp’ = 163° 8 (— 1)" (n) 9”, 
so that (kik? + k’k") p°= 822° 0 (m) 9”, 
and we therefore find 


© (mn) = eh 2 [lt] - 5 [a9] + 80 9y'T. 


§40. We can (as in §36) get rid of any one of these three 
terms; for, since a’ + 8*+9°+ 6’=4m, we have 


SO (La’]+3[a'B"] + 6 [a’B’y7] = 264m = 64m*A (m). 
Substituting therefore for the term (([a‘3*], we find 


© (m) = 5h {S[a?] + 1520/0? B?y?] — 40m? (m)}. 





* Tt is evident also that. the expansion of (k?/’2 + k?k’4) p® can only involve un- 
even powers of q, for, changing the sign of q, this qnantity becomes (—h7k'4—k7h’?) o®, 
that is, it becomes the same expression with the sign changed, 
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§41. Taking the same example as before, viz, m=45, we 
have 4m=180, and the partitions of 4m into four uneven 
squares, with the numbers of their compositions, are 


13°74 3741°417(12), 11°4+7743°417(24), 1174+5°457+437(12), 
974 9°43" 43°(6), 94747417(12), 97+77457457(12). 
Thus 
Sf a? ] = 12(13°43°42,1°) + 24(11°4-7°43°4 1°) + 12(11°4 2.5°43°) 
+6(2.9°4+2.3°)4+12(9°42.7°41°) +12(9°4+7°42.5°) 


= 148682520. 
D(] a? Bry"] = 12 (2.13371? + 137171" 4 37171") + &e. 
= 9728280, 
and 40m°A (m) = 40.45°.78 = 284310000, 


whence, by the formula in § 40, 
© (45) = 5}, (148682520 +15 x 9728280 — 284310000) 
= g},.10296720 = 429030, 
as before (§37). 
§ 42. Doubtless the two values of © (m) which have been 

found in §§ 35 and 389, viz. 

O(m)= 42 {[a®]- 5[a°d"]+4 30[a°b’c"]}} (§ 35), 

8 (m) = gg2 [Lo] —5[a'B"] + 30 [a’B"y"]} (§ 39) 


can be transformed into one another by the same formule of 
transformation as those by which the two values of Q, viz. 


QO (m)=42 {[a*]—2[a%b*]} (vol. XXXVI, p. 334), 
Q(m)= 3d’ B' y's (vol. XXXVL., p. 323) 
were connected in vol. XXXVI., pp. 331-2. 


Other forms of the values of © (m), §§ 43-46. 
§43. We know that 
= {[a*] —2 [a*b"]} = 8Q (n), 


where Q (7) =0, when 2 is even. 


whose coefficients are powers of complex numbers. 287 


Multiplying [a*]—2[a’’] by [a7], we obtain as product 
[a®| —[a*d" |] —6 [a°b'c?], and therefore 


= {fa®] —[a*d"|] — 6 | a*b°c*}} = 8nQ (20), 
or, putting for brevity 
Sy SAG AR 8 DURA OAR COLO 2 We antead 

this equation is 

A— B-—6C=8nQ (7). 

We have also, from § 36, 

A+3B+6C= 3 n'*, 

and, from § 35, 
A-5B+30C=8 {2+ (—1)"} O(n). 


§44. Taking first the case of m uneven, the three 
equations are 


A- B-— 6C=8mQ(m), 
A+8B+ 6C=8m'A (m), 
A—5B+30C0=80 (m), 
whence, solving for A, we find 
2A =O (m) + 10mQ (m) + 5m*A (m), 
giving | 
(i) @(m) =2=[a"] — 10mQ (m) — 5m*A (m). 
If we solve for C, we find 
6U= 0 (m) — 2mQ (m) + mA (m), 
giving 
(ii) O(m) =6>"[a7b’c?] + 2maQ (m) — m*A (m). 
§45. Taking now the case of m even, =, the three 


equations are 


A— B— 6€=0, 
A+3B+ 60=24N'*A(N), 
A—5B+300=210 (N); 
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whence, solving, we find _ 
24=30(N)+15N*A (N), 
20="0 (N) + NAN); 
giving 
(ii) O(N)=23[a*]—5N*A(N), 
and (iv) O(N) =23[a’b'c*]— N*A (NV). 


The formule (i) and (ii) express © (m) in terms of 2[a*} 
or &[a*%b’c*| only, if Q (m) is already known,* but even then 
they possess but little advantage over the formula for © (m) 
in § 36. It is otherwise, however, with the formule (iii) and 
(iv) for 6 (NV), which are simpler than the formula for 6 (VV) 
ints 36su5 | 


§46. Since 6 (2m)=— 80 (m), the formule (iil) and (iv) 
afford expressions for © (m) in terms of the representations of 
2m by four squares, viz. if a,’+,’+¢,'+d," is any partition 
of 2m into any four squares, then =~ 


8 (m) =— 7, 2 [a,°] + 5m?*A (m), 
and 6 (m) =—F2[a,7b70,"] + m?A (m). 
Other formule for © (mm) are given in § 49. 


Representations of m, 2m, and 4m, §§ 47-49. 


§47. The partitions into any four squares of any number 
of the form 4N, where JN is even, consist of even squares only, 
and are derivable from those of N by quadrupling all the 
squares in the partitions of V. In connection therefore with 
the representations of even numbers by four squares, we need 
only consider numbers of the forms 2m and 4m, m being 
uneven. In the former case the partitions consist of two 
uneven and two even squares; in the latter case they consist 
(1) wholly of even squares (derivable from the partitions of m 
into four squares by quadrupling the squares), and (11) wholly 
of uneven squares, 


§48. Let a, b,c, d refer to any partition of m into four 
squares, a,, 0,, c,, d, to any partition of 2m, a,, 0,, ¢,, d, to any 





* A table of Q(m) up to m= 51 was given in yol. XXXVIIL, p. 56, 
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partition of 4m, and a, 3, y, 6 to any partition of 4m into 
uneven squares. ‘Then, from § 35, we have 

OQ (m) =4S{fa®] +15 [a7b’c*]} — 3m°A (m), 

© (2m) = $2 {/a,°] + 15 [a,7b,’c,"]} — 38m*A (m), 


© (4m) = 25 {[a,°] + 15 [a,°0,"c,"]} — 364m*A (m). 


Py me! 


Since © (2m)=-—80O(m) and © (4m) =640 (m), these 
equations give 
= {[a,°]+15 [4,7b,"c,"]}=— 2430 {[a°] +15 [a7b’c?]}+240m°A (m), 


Teste t 


and 3 {[a,°] + 15 [a,7b,’c,?]} = 1925 {[a®] + 15 [a*d*c?]}. 


22% 
T'his last equation shows that 
= [fae] +15 [a7 By? ]}} = 1285 ([a°] +15 [a7b'c?]}. 
§49. The formule (iii) and (iv) of § 45 show that 
© (2m) = 23[a,°]—5.8m°A (m), 
© (4m) = 23[a,°] —5.64m°A (m), 
and © (2m) = 23 [ a,7b,7c,7] —8m'A (m), 
6 (4m) = 23 | a,°b,%c," ] — 64m°A (m) ; 
from which we may derive the relations 
= {Ta,*] +8 [a,"]} = 960m*A (m), 
= {[a,"b,"c,"| + 8 [a,70,7c,7 || = 64m*A (m2), 
which may also be written 
= {64 [a*]} + 8 [a,°] + [a°]} = 960m°A (2), 
> {64 | a7b°c* | + 8 [.a,70,7c,"] + [a’B’y? ]} = 645A (m). 
It may be remarked that we have also 
8 (m) = ho ([4,']—8 [a] 
= gd {[a,°b,’c,’ | —8 [a,°b,'c,"]}. 
EXPRESSIONS FOR A (m), P(m), Q(m), Q(m) AS SUMS OF 
POWERS OF COMPLEX NUMBERS, §§ 50-69. 
§50. I have obtained expressions for A (m), P(m), Q(m), 


© (m), as the sum of the first, second, third, and fourth powers 
of certain complex numbers derived from the representations 
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of m by four squares. ‘These complex numbers (which I have 
termed primary derivates of the representations) are defined 
and considered in the next six sections. 


Derivates of representations and partitions, §§ 51-53. 


§51. 1°. First consider a partition a’ +64 c’+d’, in 
which a is uneven and 0, c, d even, or in which @ is even and 
b, ce, d uneven, a, b, c, d being all different and none of them 
zero. ‘This partition gives rise to 384 representations in 96 of 
which a stands first. Restricting ourselves to representations 
in whiclr a stands first, and denoting by (a, 6, c, d) the repre- 
sentation a’ + b*+c’+d*, so that for example (a, —c, b, d) 
denotes the representation a’ + (— c)’+ 0°+ d’, suppose that all 
the 96 representations of m in which a stands first are written 
down, and that from them we form 96 complex expressions by 
multiplying the first element of each representation by 1, the 
second by 2, the third by z*, and the fourth by 2° (that is, the 
four elements are multiplied by 1, 7,--1,—z). It will be 
found that in this manner we obtain, each twice over, the 
following 24 complex numbers. 


atibt+ce+id, at+tbt+ict+d, at+b+t+ictid, 
a-itb+c+id, a—ibt+ict+d, a-—b+ic+id, 
atib—-ctid, a+?b-itc+d, a+b—ictid, 
atib+c—itd, at+tib+ic—d, at+6+i%c- id, 
a-—?ihb—c+itd, a—ib—ict+d, a—b—ic+tid, 
a—th+e—id, a-—ib+ic-d, a-—btic—id, 
at+ib-c-id, a+tb-ic-—d, a+b—ic—id, 
a—ib—e—td, a-—ib-—ic—d, a-—b—ic—id, 


in which the sign of a is positive, and also (eack twice over) 
24 complex expressions which differ from these only by a 
change of sign of the whole expression. 

Each of these complex expressions may be conveniently 
called a complex derivate, or simply @ derivate of the repre- 
sentation from which it is derived, and the whole system may 
be called the derivates of the partition from which they are 
derived.* 


* Tn writing down the system of derivates I have put in the first line those in 
which all the signs are positive. The second line is obtained by changing the sign 
of 6, the third of ¢, the fourth of d, the fifth of 6 and ¢, the sixth of 4 and d, the 
seventh of ¢ and d, and the eighth of 6, ¢, and d, 
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2°. Consider now a partition of the form a’? +4? +c'+ 0’, 
that is, one in which two squares are equal and there is no 
zero square. 

By writing down all the representations in which a stands 
first, and forming from them the derivates, we obtain the 
following system of 48 derivates, viz. 


a+b, a+ib+ctice, 
a—b, a-—th+cr+titce, 
atib—c+te, 
a+ib+c-—ice, 
a—ib—c+ie, 
a—ib+c—te, 
at+ib—e—te, 
a—ib—c— ic, 
occurring twice 
at+b+2%c, a-—b+2ic, 
a+6—2ic, a—b—2e, 
occurring once; and 24 others differing from these only by 
a change of sign of the whole derivate. 
3°. If three squares are equal, so that the partition is 
a’ +6? +b? + 6’, in which neither a nor 6 is zero, the derivates 
are found to be 
a+b, a-—Q6d, 
occurring twice ; 
a+6+2ib, a—b+2ib, 
a+b—27b, a—b—2ib, 
occurring once; and 8 others differing from these only by 
a change of sign of the whole derivate.* 
4°, A partition of the form a’+6’+c’ +0’, where a, }, ¢ 
are different and non-zero, produces 48 derivates, viz. 
atib+c, atib+ic, at+b+ie, 
a—itb+e, a—-tb+ic, a—b+tice, 
at+ih—c, a+tb—-ic, a+b—e, 


a—tb—c, a-—itb-ic, a—b—ie, 


* The case of all four squares equal does not arise, as we are only concerned 
with the partitions of uneven numbers, 


U2 
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occurring twice; and 24 others differing from these only by 
a change of sign of the whole derivate. 

5°. A partition of the form a’ + 4’+6"+ 0°, where a and 6 
are different and non-zero, produces 24 derivates, viz. 


a, at+b+2b, 
a—b+ib, 
a+b—ib, 
a -b—1b, 


occurring twice 5 
a+22b, a— 2b, 


occurring once; and 12 others differing from these only by 
a change of sign of the whole derivate. 


6°. A partition of the form a*+0 + 0°+0', where a and } 
are different and non-zero, produces 12 derivates, viz. 


a+b, a—ib occurring twice; 
a+b, a—6 occurring once; 


and six others differing from these only by a change of sign 
of the whole derivate. 


7°. A partition of the form a’ + 0’ + 0’+ 0’ produces only 
two derivates a and — a. 


§52. If in the derivate 1° we put d=c, we obtain 96 ex- 
pressions which are identical in groups of four; if we discard 
half of these, leaving 48 which are identical in groups of two, 
we obtain the derivates in 2°. 

Similarly, if in the derivates in 1° we put d=c=8, the 
96 expressions so obtained are identical in groups of 12 and 
of 6. If we retain only two from each group of 12, and one 
from each group of 6, we obtain the derivates 3°. 

With respect to 4°, 5°, 6°, 7°, in which zeros occur in the 
partitions, the derivates are found to be See from those 
in 1° by taking respectively 4, 4, 4, and z4 of the members of 

each of the groups of identical expressions which result when 
the changes required to transform the partition in 1° to those 
in 4°, 5°, 6°, and 7° have been made.* 





* These results might have been predicted generally; but it seemed safer to 
actually work ont separately the derivates for each form of partition. It also 
seemed to be of interest to exhibit the actual derivates in the different cases, 
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§53. It follows therefore that if the sum of the x" powers 
of the 96 derivates in 1° is denoted by A, (a, 4, ¢, d), then the 
sum of the 7" powers of the derivates 


eee sO nO. Cael 


te eat da 

» 4° = +A (a, b, Cy 0), 
5° = 

99 a 


1A (a, 5, b, 0), 
9 2 = s4,(a, 6, 0, 0), 

39 =7),A_ (a, 0, 0, 0}, 
where A (a, 6, c, c) denotes what A, (a, 0, ¢, d@) becomes when d 
is put equal to c, and so on. 


Primary derivates, §§ 54—55. 


§54. The derivates are ordinary complex numbers, and 
from them I select those (one-half in number) which are 
primary according te Gauss’s definition. Denoting by s the 
sum of the elements of the partition (each element having the 
positive sign), then, if m is of the form 44 +1 (in which case a 
is uneven and 0, c, d are even), the primary derivates of the 
partition are those in which the sign of a is positive, each 
multiplied by (— 1). 

But, if m is of the form 4448 (in which a is even and 
b, c, d uneven), one-half of the primary derivates consist of 
derivates in which the sign of a is positive and the other half 
of derivates in which the sign of a is negative, all multiplied 
by (—1)*”; or, stated otherwise, if we derive the primary 
derivates entirely from those in which the sign of a is positive, 
half of the primary derivates are obtained by multiplying 
half of them by (-— 1), and the other half by multiplying 
the other half by —(—1)**. Thus, taking the derivates 
(with sign of a positive) written down in 1° (§51) the primary 
derivates consist of those in which all four signs are positive, 
and those in which two are positive and two negative, mul- 
tiplied by (—1)*°, and of those in which three signs are 
positive and one negative, and those in which three are 
negative and one positive, multiplied by — (—1)#*™. 


55. It is evident that results similar to those in § 53 hold 
good also in the case of sums of powers of primary derivates. 


Value of ® (m) in terms of primary derivat?s, §§ 56-58. 
§56. It it now convenient to distinguish by means of 


wy 2 


suffixes, between the different forms of partitions in I’, 2°, ..., 7 
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($51), viz. the forms of the partitions to which the suffixes 
relate are: 
1°, 4/+67%+6¢74+d,’, 
2°, a, +b +c, +.¢,", 
3°, ds +0, + b+ b,”, 
4°, a/+6b7+6¢74+0', 
5°, a, +074+62 +0, 
6°, a, +6'+0° +0, 
7, a, +0° +07 407. 
§57. If m is of the form 4/4 +4 1, 
W (m) = 3B (— 1)! Ma_ ($27), 
that is, separating the partitions of the different forms, 
A (m) = 483 (- 1) MoD a, + 243 (- 1)KMe-Da, +83 (—1)}6-D a, 
+ 243 (—1)3-1) a, +12 (— 1)46s-D a, 
+ 63 (—1)86eDa.+ 3 (—1)8 Da, 


where the  ’s relate to all the partitions of each form, and s, 
is the sum of the elements in the partition 1°, s, in the 
partition 2°, &e. 


§58. Consider now the sum of the primary derivates of 1a 
when m is of the form 44+1. By adding the derivates in 
which the sign of a is positive in 1° (§51), and multiplying 
by (—1)26:-), we obtain 48(—1)2(:-Ya, as the sum. The 
corresponding sum in the case of 2° is derivable from this 
result by division by 2 (§§ 53,55) and is therefore 24 (—1)#—Da,; 
the corresponding sum for 3° is derivable from 1° by division 
by 6, and is therefore 8 (— 1)3(@s-)a,; and those for 4°, 5°, 6°, 7° 
are derivable by division by 2, 4, 8, 48, and are therefore 
24 (—1)3(-)) a, 12 (—1)3s-Da,, 6 (—1)8 sD a,, and (—1)2(—)a,. 

These are the same quantities as those which, subject to 
the sign 3S, occur in the expression for X (m), and we therefore 
find that, when m is of the form 4/4 +1, 


» (m) =the sum of the primary derivates of all the partitions 
of m into four squares. 


It is evident that this result also holds good when m is of 
the form 44+ 3, for then A (m)=0 (§27); and the sum of the 
primary derivates in 1° is zero, and therefore also in 2°, 3°, ..., 7°. 
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Value of P(m) in terms of primary derivates, § 59. 


§59. Consider now the sum of the squares of the primary 
derivates of m. In this case we do not have to distinguish 
between the cases of m=4k+1 and m=44+3, and we only 
require the sum of the squares of the derivates written down 
in 1° (§ 51), as the factor (— 1)* disappears when squared. 

The sum of the three squares 


_ (atiwbtetid)’, (atibt+utd)’, (atb+i+1d) 

is 

3a’ — b’—c’—d’*+ (444+ 2) a(b+e+4+d)+4 (42-2) (be + bd+ cd), 
and by deriving from this expression seven others by changing 
the signs of b, of c, of d, of 6 and c, of b and d, of ¢ and d, 
and of 4, c, d, and adding the eight expressions, and doubling, 


we obtain for the sum of the squares of the primary derivates 
in 1° the value 


is(arte Duet.) 


Thus the sum of the squares of the primary derivates of all 
the partitions of a is 


= {16 (3a," — b,? — ,* —-d,?) + 8 (3a,’ — ,? — 2c,”) + 8 (a, — 4,°) 
+8 (3a, —6— 0) +4 (3a,* — 25,7) + 2 (3a, - 3,9 + a}, 


the second and succeeding terms being derived from the first 
(§§ 53, 55). 
This expression is equal to P(m), for the value of P(m) is 


gi 3 (3a? —--c— - d") (§ 27), 
which, when expanded, 
= pl = [384 (38a,’ -— b,°—c,’ —d,”) + 192 (3a,’ — 0,’ — 2¢,”) +...}. 
‘Thus we find that P (m) is equal to the sum of the squares 
of the primary derivates of the partitions of m. 
Value of Q(m) in terms of primary derivates, §§ 60—61. 


§60. In the case of the cubes it is necessary to treat 
separately the cases of m=4k+1 and 4h +3. 

First, suppose m of the form 4k +41. 

The sum of the three cubes 


(a+ib+ce+id)*, (at+tht+ict+d)’, (a+b+%c+id)’ 
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may be expressed in the form 
3a°—(2¢—4) (F+c4 d*)4+3(2i+1) a (b4+e4d)—8a(b’+ 07+ a’) 
—3 (0+ 0c’ +d") (b+c4+d)+6(2¢-1)a (bet bd+ed)—18bcd ; 
and, changing the signs of 0, of c, of d, of 6 and e,..., and 
adding the eight expressions, and doubling, we obtain as result 
48a°— 48a (b+ c’+ a"). 
Thus the sum of the cubes of the primary derivates of 1° is 
48 (— 1)a-) fa *’—a, (62+ ¢,74+-d,")}, and therefore the sum of 
the cubes of the primary derivates in 2°, 3°, ... are 
24 (— 1) fa,°— a, (6,7 + 2c,”)}, 8(— 136s) (0,>—3a,0,”), «.. « 
Now, when m is of the form 44 +1, 
Q (m) = 43 (— 1) a (a?— 0? —c?—d’) (§ 27), 


so that for this form of m, @(m) is equal to the sum of the 
cubes of the primary derivates of the partitions of m. 


§61. To calculate the sum of the cubes of the primary 
derivates when m is of the form 44+ 3 it is convenient to use 
the theorem 


(at b+c+d)’—(a—b+c+d)'—(a+b-—c+d)*’—(at+b+c-d)® 
+(a—b-c+d)’*+(a—b+c—d)*+ (a+6-—c—d)*—(a—b-c-d)*=48bed. 
Putting for 5, c, d in this identity tb, c, ad; 7b, de, ds 
b, ic, td respectively and adding and doubling we see that the 
sum of the cubes of the primary derivates in 1° is 
(—1)2(-1) 6 x 48 x —d,c,d 


L717 1) 
from which the corresponding results for 2°, 3°, ... may be 
derived as before. 
Now, when m is of the form 4k +3, 
Q(m) = 43 (— 1)! bed (§27), 
which = 963(—1)2(-)) bed, +483 (— 1) b,0,d,4.... 


2°22 


It follows, therefore, that, in the case of m=4k+3, the sum 
of the cubes of the primary derivates of m is equal to -3Q(m). 
Value of Q(m) in terms of primary dervvates, § 62. 


§62. Treating the fourth powers in the same manner as 
the squares in § 59 we find that, for both forms of m, the sum 
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of the fourth powers of the primary derivates in 1° is equal to 
48(a,*+0,'+c,'+d,'—2a,"b?—2a,7c,—2a,"d,*—2b 7c? 26,"d,’—20,7d,’) 


and comparing this expression with the second value of Q (m) 
in §27 we see that Q(m) is equal the sum of the fourth 
powers of the primary derivates of the partitions of m. 


The functions » (m), P(m), Q(m), Q (m), §§ 63-66. 
§63. If we introduce a new function Q’(m) derived from 
Q (m) by the relations 


QYU(m)= Q(m), if m is of the form 4441 


=—3Q (m), 19 ” » 4k+3, 


then the four functions A(m), P(m), Y’(m), Q(m) are 
respectively equal to the sum of the first, second, third, 
and fourth powers of the primary derivates of the partitions 
of m into four squares, 

All these four functions satisfy the relation 


d (mm, ) =¢ (m,) p (m,) 


if m, and m, are prime to each other. 


§64. This relation was only imperfectly satisfied in the 
ease of the function @(m), viz. if one or both of m, and m, 
_ are of the form 44+ 1, then @(m,m,) =Q(m,) Q (m,), but if 

both are of the form 4/+3 the relation is 
Q (m,m,) =—3Q (m,) Q (m,).* 


This irregularity disappears when Q(m) is replaced by Q’(m). 
§65. It may be remarked that the elliptic-function expan- 
sions in which @(m) occurs as a coefficient are 
Kk? (1+ 6k +k*) p?= 23° Q'(m) gi”, 
kk (1 +k’) p’= 43° Q'(m) g3", 
Rk? (1+ kh") p?’= 323° Q' (m) q™.T 


ay Ol XX XVIL, Dp. 47, 
t The corresponding expansions involving Q(m) are 


kik” (1—k)?p§= 25° Q(m) qa am 
kk 5— 4>° Q (m) gi”, 
K2h!3 p5= 165% Q(m)q™ 
(vol, XXXVI., pp. 349-350). 
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§66. It is only in connection with A (m) and Q(m) that 
it is necessary to introduce primary derivates, as the functions 
P(m) and Q (m) are equal to one half the sum of the squares, 
and of the fourth powers, of ald the derivates. 


The primary derivates, §§ 67-68. 


§67. The primary derivates possess a general resemblance 
to the primary numbers having m as norm which have been 
used in connection with the functions y,(m), viz. if a*+ 0’ is 
a partition of m into two squares, a being uneven, 


(- Ly, (a nis tb) 


is a primary number having m as norm, and if a‘+ b*+ c*+ a? 
is a partition of m into four squares, a being uneven and 8, ¢, d 
even, or a being even and 8, c, d uneven, 


(— 1); (a +7b + 7 4 ed) 


is a primary derivate; but in the case of two squares the 
primary numbers are divisors of m and this is not the case 
with the primary derivates. 

Although the primary derivates do not seem to be analo- 
gous to divisors or to offer much help towards a simpler 
explanation of the multiplication property than that given 
in vol. XXXVIL, pp. 36-48, still 1 was very glad to obtain 
any quantities which would express A(m), P(m), Q'(m), 
Q(m) as sums of consecutive powers. 


§68. The primary derivates have been defined as derived 
from the representations by the formula a+7+77%c+7°d, 
but they might have been derived by the simpler formula 
a+b+¢(c+d). In fact, if, from the partitions of m, we 
form every possible combination of the four elements (each 
having the positive or negative sign) by adding two and 
adding the sum of the other two multiplied by 7, there being 
therefore one such complex number corresponding to every 
representation of m, then among these complex numbers 
those which are primary are the primary derivates. 


Quaternions having m as novi, § 69. 


§69. The complex number a+ 7 is a divisor of a’+ 0’ and 
the functions y,(”) are defined arithmetically as sums of 
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powers of numbers having n as norm, so that it seems natural 
to inquire if P(m), Q(m), Q(m), which are derived from 
representations by four squares, can be expressed by means of 
the quaternion divisors of m which have m as norm. 

i pening the square and the fourth power of a+7b+jc+kd, 
we fin 


(a+b +je+ kd)’=a'—b’—c?— d?+2a (tb +je+ kd), 
and (a+7b + jc+ kd)*=a'+ b*+ c+ d* 
— 6a’b*— 6a’c’— Ga*d? + 26°C? + 207d? + 2c'd' 
+ 4a (a*—b'—c'—d’) (tb + jc + kd). 


When a, 6, c, d are different and non-zero there are 384 
quaternions involving these four letters and having a?+07+c?+d’ 
as norm,* and it is easy to see that the sum of the fourth 
powers of these 384 quaternions is equal to 


384 (a’ + b'+ o'+ d*—2a°b?— 2a%c? —2a*d? — 2b’c? — 26d? —2c'd’), 


whence it follows that Q (m) is equal to one-eighth of the sum 
of the fourth powers of all the quaternions having m as norm. 

As regards the squares, however, I do not see how to 
connect P(m) with the sum of the squares of quaternions 
having m as norm. 
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ON COLLINEATIONS OF SPACE. 
By C. M. Jessop. 


T has been remarked, without formal proof, by Segre*, in 
his paper on the classification of homographies, that the 
collineation determined by the equations 


4 
pe. = Bd;.¥,, (@=1, 2, 3, 4) 
1 


may be obtained by a double reciprocity, viz. by taking the 
poles « and y of any plane with regard to the quadrics U and 
V; and that the invariants of the collineation are expressible 
in terms of the invariants of the system U+ AV. 

The present paper begins by showing that any collineation 
is equivalent to a double reciprocity with regard to two corre- 
sponding members of the triply infinite system of quadrics 


DA,S,=0; the dependence of the invariants of the collineation 
1 


upon those of a pair of quadrics is discussed, and hence the 
geometrical meaning of their vanishing is easily determined ; 
other problems connected with collineation are investigated 


by the method described. 


§1. The equations giving the general space-collineation are 


4 
pr= 2d, IY, t= 1, 2,3, 4. 
1 


Any collineation has at least one ‘united’ or self-corre- 
sponding point, arising from the quartic for p obtained by 
making «,=y, in these equations; and also at least one 
‘united’ plane. ‘Take this point as the vertex A, of the 
tetrahedron of reference, and this plane as the plane a, of the 
tetrahedron, In «, there is at least one line which coincides 
with its corresponding line (and passing through A,); take 
this line as the edge A,A,; while the intersection of the 
corresponding planes 


oe 0, AU + M0, + A), + 0, = 0, 


may be taken as the edge A,A, of the tetrahedron of reference, 
whence a,,=a,=0. ‘The plane a, is now fixed; to it there 


* Sulla teoria e sulla classificazione delle omografie, Atti Lincei (3), X1x. (1884). 
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corresponds a definite plane, and we may take the point in 
which the latter meets 4,A, as the vertex A,. 

Lhe effect of the choice of tetrahedron of reference which 
has been made, is to reduce the equations of the collineation 
to the following: 


pt.= any, ar Qo 


pr, = As Yyt 1,54; 
pr.= Ay,Y,+ 45,9 
pre,= MY 


This form includes both the most general collineation 
possessing four distinct united points, and also every special 
collineation, up to that which has only one united point. 

Denoting by U the quadratic form Ya,,7.0, (a,,= 4.) 3 
multiply these equations respectively by a,,, @,,, @,;, 4,, and 
add, we obtain 


oU 
Pam Autti itt Aone) I 
] 


a es +P (0450+ As4%,3) Js o (44,45 sr Ca A Ya 
similarly 


oU 
Di eared da} + Qs% at Cay%as) Yo 
2 


Ie CAE An 5,055) Ys =P (5 4%eq ay Oys% a0) Ya 


nN 


oU 
P ar, =, 454, OF (4,,0,,+ AA.) Y, 
v3 


nF Cae 3" gga) Yt (a, ,05 7 Oy M45) Yar 
oU 
P aw = 4,0, 9, + (4,4, 25 Ay,%,,) Y, 
4 


mF (4,0, zs Baa %y4) Ys a (454% oY shes) Jy 


If now the expressions on the right of these equations are 
the respective partial derivatives with regard to y of a quad- 
ratic function V, the following conditions must hold: 


HiT. a; HU 0 aa a, 1%19) Osa %og + 5745 = OTe + Ay s%ooy 


AU, aC 1,305, a, 1%159 Aya a4 v Oy Uy cod 115% a5 14% ou9 


M5 a4 1 Osa = a, 1% 14) Osea a8 O54 Ug oe On 4%og LE A 4V ge 
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These six equations are seen to be independent of each 
other; hence the 10 quantities a, satisfying the above 
equations, are definite linear functions of four arbitrary 
quantities; aud it is proved that any collineation whatever 
can be reduced to the form 
oU_oV 


Pas = By. Paleo BRA CLs 


where Uis ofthe form AS,+y"S,+vS,+0S,, 
Vi ” ” AS) + WS, + v8, + oS), 


and the quadrics S,’...S,' are determined by the collineation. 

The equations I. state that corresponding points x, and y, 
in any collineation are the poles of the various planes u, of space 
with regard to two quadrics U and V ; It follows similarly that 
corresponding planes u, and v, of the collineation are the polar 
planes of the points of space with regard to Uand V. 

In the general case when U and V have a common self- 
conjugate tetrahedron, the vertices of this tetrahedron are the 
united points, and the faces the united planes of the collinea- 
tion. Here the triply infinite system of quadrics have a 
common self-conjugate tetrahedron. 





Classification of collineations. 


§2. There are 5 principal types of pairs of equations for 
U and V corresponding to special relationships between them, 
The general type is 


U= Br, Va Xan’, 
the corresponding general collineation is then 
PL, A Yes i= 1, 2, 3, 4. 


In the sub-case [11 (11)] a,=a,, the quadrics touch in two 
points and intersect in 2 conics, the collineation is axzal, since 
we have x,/x,=y,/y,; the line joining corresponding points 
meets the edge 4A, of the tetrahedron of reference. 

In [(11) (11)], the quadrics have 4 common generators 
forming a quadrilateral, a,=a,, a4,=a, and we have, in the 
corresponding collineation, | 

ee Veen 3s: 

ee | Bee hae 

Obs RTA te ee 
the collination is doubly axval, the line joining 2 corresponding 
points mects two fixed lines, 
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In [1 (111)] a,=a,=4, the quadrics touch along a conic 


and 
Mes alge, se wha 
the collineation is here central, the join of corresponding points 
passes through the fixed point A, while {APLQ}=a, L being 
the point in which AP@ meets the fixed plane a,. 
In [112] we have 
Uz= w+ x) + 24,2, 
a 4,2," + yy Ly af 20, 0,0 + U5 
here Uand V touch; the corresponding collineation is 
PL =AY\5 PL= UY a PX = AzY 35 PL = 4,,Y, + Y3- 
In [13] we have 
U=4x°4+4x,4+2x,2, 
VE a, 0) +4,, (4, + 2%,7,) + 22,7,; 
here Uand V have stationary contact; the collineation is 
pr,= WY i9 pxL,= Un3Y 94 PL, 453Y, + Yo) pr ,= Ans Yt Y3¢ 
In [22] we have 
U=2,4,+2,%,, 
V = 20,,0,0,+ 20,,0,0,+4,'+ X,'; 
here Uand V touch along a generator; the collineation is 
PL =AeYy, PLA AUYsrt Yr PL3=A3,Yg0 PL L= As,Y,t Ys- 
In [4] we have 
J=2,0,42,2,, 
P= 2a,,(% 0, + v,L;) + 22,0,+ ay; 
the quadrics have a common generator which touches their 
residual cubic of intersection; the collineation is 
Pt = AY: pr,= UY,tY,> pr,= UY3t Yas pr.= A Yt Yy: 
Hence the varieties of collineation as deduced from the 


different relationships between U and V are seen to coincide 
with the known varieties of space-collineation.* 


The invariants of the collineation. 


§3. By aid of this view of space-collineations we can find 
~ the geometrical meaning of the vanishing of the 4 invariants. 





* See Segre, loc. cit. 
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In the collineation px,= a,7,, the equation to determine the 
united points is |a,—p|=0, or 





Pim pt, os pt, 6 pil,+ | a. ale 
The meaning of the vanishing of the invariants ¢,, ¢,, ¢) || 
is easily determined by the method of this paper. For the 
collineation being p(dU/0dx,)=0V/dy,, the equation for the 
determination of p is seen to be 
p'A — p'0 + p'® — p0’+ A’=0, 
where A, 0, , 0’, A’ have their usual meanings.* Hence 
cals: _® ao me 
nee? OEE Ae i is ae za ° 

If A’=0, V is a cone, and the polar plane of y for V passes 
through the vertex A of V; hence the corresponding point « 
lies in a fixed plane, viz. the polar plane a of A for U. Again 
to any point « of space there corresponds in general no definite 
point y, since the polar plane of « for U does not in general 
pass through 4; while, if w lies in a, its polar plane for U is 
some plane u passing through A, and any point y in the line 7, 
polar to the plane u for V, corresponds to a. 

Again, if © =0, we can inscribe in V a tetrahedron self- 
conjugate with regard to U. ‘This condition being supposed 
satisfied, take 4 such points Y, on V3 their polar planes 
u,...u, for V are the tangent planes to V at these points, and 
since wu, passes through Y, its pole X, for U lies upon the 
polar plane of Y, for U, z.e. the plane Y,Y,Y,, ae. X, lies 
upon Y Y,Y,, and soon. Hence u,=0 expresses the condition 
that the tetrahedron X,X,X,X,, corresponding to the tetrahedron 
Y,Y,Y,Y,, ts inscribed in the latter. 

Sunilarly «,=0, or @’=0, expresses the condition that 
a tetrahedron of points X, can be found circumscribed to the 
tetrahedron of corresponding points Y,. 

If ©=0, then the edges of a tetrahedron self-conjugate 
with regard to either quadric will touch the otherf. Refer, 
therefore, the two quadrics to such a tetrahedron, and their 
equations will be 


apa Be Wee Ps 

Sa,0,'—23a0,00,=0, Se =0; 

the equations of the collineation will then be 
Pay ( A 0, — AW, — Aw, — a,,), 
Coa i= A,0, + M0, — Oy a,2,), &e. 


* See Salmon, Geometry of three Dimensions, chap, IX., 4th ed. 
{7 Salmon, Geometry of Three Dimensions, p. 175, 
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Hence to the edge A,A, of the tetrahedron of reference will 
correspond the line 


—6,U,- 40,+40,—-a,0,=0 

—A,0,—AXL,—- Av,+ae,=0, 
or A, + A,0,=A0,— A,v,=05 
but this is a line meeting A,A, and 4,A,; and so on. Hence 
two tetrahedra of corresponding points can be found such that 


each pair of opposite edges of the one meet the corresponding 
patr of opposite edges of the other.” 


Conjugate tetrahedra. 


§4. Ifthe polar planes a,’...a, of any four points 4,4,4,4, 
(not co-planar) be taken with regard to any quadriec /, we 
obtain a new tetrahedron whose vertices are the poles of the 
faces of the original tetrahedron with respect to #. Such 
a pair of tetrahedra may be called conjugate. 

It can be shown that the lines of intersection a4, a,4,, 
a,0,', @,0, of corresponding faces lie on the same requlus. For 
taking the points 4, as vertices of the tetrahedron of reference, 


and taking £to be 
Va,,v,' + 2a,,(#,%,+ @,0,) + 2a,,(@,0,+ 7,2,) 
+ 2a,,(@,0,+ v,0,) =0, 
consider the quadrie £” whose equation is 


2 2 2 2 
Pe oe oe a, +a 
Sr++ _"* @2,.4+2,2,) +-t_+* @9,4+4,2,) 
4 ana to 2 a4 a 13 24 
13°14 12°14 
2 2 
Oe 
—__18 (7 @ + 00 Va) 
eee 14 23 


The equation of the Jatter quadric may be written in the form 


2 2 2 2 2 2 
agate ty Meo oie fig a, +d, 
8 Mg + A + + — 2, 


ar 
H,\ 4%, + 
yA, sd Yad O25 


v, x, x, 
+ (a,,7,+ AL, +4,L,) thy, e ip: iy a. ape 0, 
which meets the plane a, (of reference) in the lines 


£,=9, 4,0, + 4,,%,+ 4,,0,=9, 


13°53 
x x x 
Ayo as Qi, 


* ‘This result was shown otherwise by Segre, Mem, Ace, Torino 11., 37. 
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The former of these lines is the intersection of a, with the 
plane a,,7,+ My, +050, +a, ,2,=0, 7.ethe plane a,. Similarly 
the lines 01,04, G4, 4,4, are seen to lie upon J”. 

The converse of this result is also true, since if we take the 
tetrahedron A as that of reference, then since any quadric £” 
inscribed in the tetrahedron of reference, has an equation of 


the form 


2 
Peat Rar + £,%,) + Oia ay Cr rs) 
12438 A.A, 
4 Su tis ee (Cu; +x,0,) =0, 


Ais 14 


and since a side o of the tetrahedron A’, by hypothesis, meets 
the corresponding side « of A in one of the lines of contact of 
#’ with a, it follows that A’ is formed either by the planes u, 
or by the planes u,', where 


U, SNe saath ee t= =0, 


ui, S Aw, + + 4 2 += 0, Ke. 
Ay, Cys C4 
One of these tetrahedra is conjugate to A for the quadric 
whose equation is DA,7,°+ Ya,7,0,=0, the other is conjugate 
to A for the quadric whose equation is 


D0) + > aml == 0. 
‘ik 
Hence 7f 4 sides of a tetrahedron meet 4 sides of another 
tetrahedron in 4 lines belong to one regulus of a given quadric, 
the tetrahedra are conjugate with respect to %* quadrics (since 
the quantities A, are arbitrary). 


The collineation of period 4. 


§5. Among collineations, one of special interest is the one 
which cyclically permutes the point of space in groups of 
four; by taking as tetrahedron of reference such a group it is 
seen that the equations giving the collineation are of the form 


PL =AYo) pr,=AzY3) pLz=A,Y,, pL=AY,- 

The united points of the collineation are determined, on 
making x, = y., from the equation p*=A,A,\,4,; and thus two 
varieties of this collineation arise, viz. when A,A,A,A, 18 positive 
and negative respectively ; in the former case two united points 
are real and two imaginary; in the latter they are all imaginary. 


X2 
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By suitable choice of the coordinate system the collineation is 
seen, therefore, to be given either by 

PL= 4 PLL = Ys PL3= IY) PL.= 43 
or by = p®,=—Yoy PL,=Yoy PT=Yay PLL=Y- 


Consider the first of these collineations ; it is obtained from 
the equations 


ee Vas 
poe ae t= 1, 2,3, 4 
Pox, Oy. 
if we take Usalt+ef+2x,c,, VE2(y,94+ YoIs)s 
orifwetake JV=ax7+a/4+2x,0,, V=2(y,y,4+ ¥,Y,): 
Since the collineation has four distinct united points, the pre- 
ceding four quadries have a common self-conjugate tetrahedron. 
Consider the o* quadric «, having the equation 
w, (4, +2, + 22,0) + 2u, (e+ 0,2,) 4+ uc, +e Poe) 

+ 2u, (22,4 2£,7,)=0, 
or u,S,+u,S, +u,S,+u,S,=6, for which the tetrahedron of 
united points is. self- -conjugate ; ; the polar planes of the 
vertices 4,....A, of the tetrahedron of reference are 


/ 


A, HUN + UT et UM, EU 0, 
wh = Ue; + ULL, + Uu,r.+ Uuxc,= 0, 
on = are rE Ur, UT, + Ut. = 0, 
a, = uo,+u,rt,+ ut, + u,%,= 93 


each plane arising out of the preceding | one by cyclical per- 
mutations of the wv, Now a, a, a,', a,’ are the planes 
u,=0, and those fits which this plane is successively per- 
mutated by the collineation; hence, having given one tetrad of 
points A, determined by the collineation, the others are obtained 
as vertices of tétrahedra conjugate to the first tetrahedron 
or different members of the triply infinite system of quadries 
3'1,8=0. 
Moreover, taking instead of ®, the quadrics 


bP, =u,8,4+ u,8,t v,8,+ u,S,= 0, 


b,=u,8,+u,S,+ u,S,+u,S,=0, 


3 


b =u,8,4 u,8,4+ u,S,+u,S=0, 


which are formed from @, by cyclical permutation of the w,, it 
is obvious that the polar planes of A,...4,, forming ‘the 


—— = 
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tetraliedron A’, for these quadrics, give the same conjugate 
tetrahedron A’ as before; hence, since A and A’ are conjugate 


in four different ways,* the intersections of their sides are 


co-regular in a four-fold manner. It may be noticed that the 


lines belonging to the same regulus are in these 4 cases, 
respectively, 


f f ’ ? ° , e 
O.%,, 4,0,, 0,%,, 4,2,, since A and A’ are conjugate for ®,, 


U t ’ r an 

aa, ? a,%, 9 a,%, 9 ao, ’ +) 9 ” 2) 
‘f la ‘ f @p 

aa, ) Ao, ? Ha, ? Ah, ’ 99 29 9 3? 
f , / f 

a4, ? a4, ? ao, ? a2, 9 ” 39 29 ®,. 


4 

We may also obtain these results as follows:—let Q, R, 8 
be the positions into which P is successively displaced by the 
given collineation, U and V being a pair of quadries deter- 
mining the collineatien, and let 


Q'S’ be the polar plane of P for U, 
I sofa FP . > A ae 
ee rata r + ay Re 
ETM oy oa. Fees He pS rare 


then P’ is the pole of the plane QZS for U, and P’'Q'R'S’ is 
conjugate to PYLS for U; but since Y corresponds to P in 
the collineation 


the pole of Q'A’S’ for V is Q, 

and similarly —,, pil TSE TE Ee ey Cs 
Seige pees: Aiki arama es 

" are aC) eames ae 


? 
hence the pole of QRS for U being P’ and for V being S’ it 
follows that P’ and §S’ are corresponding points in the 
collineation; similarly S’ and Lf’, & and Q’, Q’ and P’ are 
corresponding points. By taking other ‘quadrics of the triple 
infinite set to which U belongs we should obtain all the 
tetrahedra P’Q'R'S' of closed set of four points. This proof 
applies to either of the two collineations of period four. 

It is also to be observed that the tetrahedra PQRS, 
P'Q'R'S' are conjugate both for U and for V; hence the 
necessary and sufficient condition that two quadrics should 


* Schur, Math, Ann. XX., discusses, from another point of view, such a relation- 
ship of two tetrahedra, Ueber ein besondre Classe von Fldchen vierter Ordnung. 
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possess a common pair of conjugate tetrahedra ts that 
0==0'=0; since the collineation being 
PL, =AYo) pL,=, Ys; PL=AzY,, pPL=AY) 
the equation to determine the united points is 
p SAA, AN 


23 4) 
whence 1,=1,=1,=0. 


The collineation of period three, 
§6. The collineation established by the equation 


PXU=i pl,= X,Y; PEL=AYy) PLL=AYy 4 


where A,A,,= 1, is of period three; and it is easy to see that 
any collineation whose period is three can be defined by 
equations of this form. It possesses a line of united points, viz. 
©, =U, , ©, = VC, 5 
while there are an infinite number of planes which correspond 
to themselves, forming a pencil whose axis is 
e=0, @,4+A,0,+ r,A,0,=0. 
The quadrics U and V which give rise to the collineation 
here form, exceptionally, a quadruply infinite set, viz. 
Aw, + 2p (0,0,+ 0,0,+0,0,) + v (we, + 20,0,) 
+ p(x, + 20,0.) + o (5+ 27a) a0, 
We now consider the necessary conditions in order that 
two tetrahedra A,A,4,A4,, A, A,A,A, may be unaltered, 
both by a collineation of period four and by a collineation 
of period three. It is clear that, in order that this may 
happen, two vertices, say A, and d,’, must lie on the line of 
united points of the latter collineation, while the planes a,, a,’ 
opposite to _A, and A,’ must meet on the axis of this collineation, 


Taking the tetrahedron A,d,4,A, as that of reference, 
and the collineations defined by 


PL = Yo) PX = Ys) PL= Yay PU, = Yi 
OL,=I\ OL, =X, Ys, OL,=AzY,5 OL, =,Y,5 
the points A,’, A,’, A,, A, will be, respectively, 


(w,0,0,0,), (%,0,0,2,), (x,0,0,0,), (0,000 ,)y 
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since they are subject to the first collineation; while, since A,’ 
lies on the uneted line of the second collineation 


YHA, Ly=AM 5 


moreover 4,, A,, A,’ pass into each other cyclically, since 
they are subject to the second collineation, hence, since A, 
corresponds to 4,’, 


OXL,=%,, TH =AL,, CL,=AW,, TH,=AH,, 


therefore A,=A,=+V/A,, and since A,A,A,=1, we may take 


= (considering real collineations only), so. that either 


A,=A, =A, =1, or A=A,=—A,=—1. These conditions are 
easily peed to he anna aa necessary to ensure that Ae 


A,, and A, are connected by the second collineation. We 


find, therefore, that there is an infinite number of tetrahedra 
each of which ts transformed into itself by the given collineation 
of period four, and by a collineation of period three 
pi Rae ETD TL, = Ys Os See et OE Fico i) 
the faces ef these tetrahedra are easily seen to be, m being 
arbitrary, 
MLA+L,+2L,+2,=0, £,4+ML,+2,+2,=)9, 
L,+L,4AML,+2,=0, £,440,+40,+mxr,=0. 
Similarly the faces of the tetrahedra formed by the planes. 
ML, +Hg—Let+H,=0, mMae,+0,—X,+7,=0). 
ML3—XL,+H,+%4=0, mae.—%144+H,+27,=0, 


are seen to be permuted into each other by the given. collineation and by the: 
collineation 
Opa tree ee Sha ORO v4— Se: 


But this is merely the modification of the previous case involved in the change to- 
the coordinate system obtained by changing the signs of a, and 2. 


In the next place consider the collineation of period four 
represented by the equations 
PB, =— Yo, P= Ys. Pes Yas PML Vir 
and let any collineation of period three be 
OL, =Y\, TL=A,Y3) TLL=A,Y,y TLL=M,Y,3 AAA, = 1. 
The four points A,’, 4,’, A,, A,’ will be, respectively, 
(G0,0,0,), (4,—U,0,2,), ae L,— €,%L,), (€,—X#,—2,- 2,). 


Also since A,’ is to pass into A,, and A,’ into A,’, by the last: 
collineation, we must have 


TH, =H, TL{=AN,L,, TX,=AL,, CHA=— A,X, 
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and also 
’ , 
CU= 2, OU = Nb a0 ty No, 0 Ce 
If x, were not zero we should have 
A= A, and r,"=A,=— 2d, 


hence with A,A,A,=1, we should have A,7=—1; excluding 
imaginary collineations, we must therefore have cither 2,=0 
and A,.=—A,=—A,=1, or #,=0, ’,.=—A,=A,=— 1, The 
point ae is then determined either by the equations 


v,=0, %=%,, %,+2,=0, 
or by the equations 
©,=0, c,+2,=0, 7,—27,=0. 


A corresponding result holds for the two collineations of 
period three which leave the vertices A, and A,’ unaltered, 
&ce.; hence, etght collineations of period three may he associated 
with a given collineation of period four of this species, so as to 
leave unaltered 2 tetrahedra belonging to the latter collineation. 

The equations of the faces of the second tetrahedron are, in 


the first case, 
C,+2,—x#,=0, 2,—2,+%,=0, %4+0,+%,=0, a,+0,-2,=0. 


The second tetrahedron is circumscribed to the first tetrahedron 
(that of reference), and is also easily seen to be inscribed in it. 


Quartic surfaces which admit of both collineations. 


§7. Ifa surface admits of the collineations 


PY ee a gs ek omnes: P®=Yr5 

deat re FED dee jem hE tek PEAR So ER 
it will admit of all the 24 collineations obtained by associating 
@,, L,, ®,, ©, With Y;, Y;, Yr» Yy» Where 4, j, kh, U is any 
permutation of the numbers Sees Mes Rice Iw Rai oe such a surface 
is expressible in terms of the ‘symmetric functions S,, S,, .-. 
of the x,, where $= r,, S8,= xax,, &e. 

The | ‘quartic surfaces of this “description are therefore 

represented by 


AS‘+ BS?8,+ CS 8,+ DS,+ ES3=0. 


The first four terms of the left-hand side can be expressed in 
the form 


4 4 
I] (S,+ a,/m) + AT (CS, + a,/n) 
1 1 
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in two ways; for equating these expressions we have, for the 
determination of m, n, A, the equations 

1/m?+r/n?’= B/A {1 4+1/m+rA(14+1/n)}, 

1/m°+2r/n?=C/A{1L+1/m+rA(14+1/n)}, 

1/mé+A/n?=D/A{L+1/m+rX(+41/n)}3 
whence B-C(m+n)+Dmn=0, 
and B(m*+mn+n*>+m+n)—- Cmn(m+n+1)—-A=1, 


These equations determine two values for mn and m+n, 
either of which gives one way of expressing 


AS i+ BS/?S,+ CS,8,+ DS, 


in the required form. We conclude, therefore, that all 
quartic surfaces admitting of the stated collineations are 
included in the form 


4 4 
IL (S,+ a,/m) +20 (S,+ 2,/2) + HS,'= 0. 
1 1 


I’. Schur®* considers surfaces analogous to these, viz. surfaces 
of the form 


HH LU rH (w+ v5— a) (x,t 1 irae r,) (et Har 2, ) Co Let 2, ) =0. 


It has been shown, § 6, that these surfaces admit of a collinea- 
tion of period four of the second kind, and also a collineation 
of period three. It is shown by Schur by synthetic methods 
that this surface possesses 52 lines. ‘The determination of 
these lines is easy from the equation of the surface. Tor if 
we seek the conditions that the line 


ve B= MM, 

LU, = N2,, 

may lie upon the surfaces, then since 
w +v,+4,=2,(1/m+1/n)+2,A/n—1/m-+ 1), 
2,—U,t2,=2%,(1/n—1/m+1)+2,(11/n+1/m), 


on insertion of these values we obtain, as the condition to be 
satisfied, 


vv,+a(m+1)(n—1)[(2,'4+ 2°) 1/m+1/n) A /n—1/m-+1) 
+ 0,0v,{(1/m+1/n)’+ A/n—1/m+1)*}] =0. 


* loc, cit., Math. Ann., XX. 
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This requires that edther 
1/m+1/n=0, lL+a(m+1)(n—-1)(1/n—-1/m+1)’=0; 
giving 4 solutions, and therefore four lines, lying on the quadric 
x ip 
os an 23 aU: eae 
or 1/n—-1/m+1=0, 1+a(m+1)(n—1)(1/m+1/n)’=0, 
giving 4 solutions, and therefore four lines, lying on the quadric 








iv & 
2 Ba Bs 
+a x, Piper 








Now it can easily be shown that a quadrice which intersects 
a quartic surface in 4 lines belonging to a regulus will meet 
the quartic in 4 other lines belonging to the complementary 
regulus; hence each of the preceding quadrics will meet the 
quartic surface in 4 other lines. But in each case, two of 
these lines are 


v,=0, v7,—-2,=05 7,=0, 7,4+4,=03 


which are the lines of intersection of two faces of the 
tetrahedra A and A’; excluding them, it is seen that each 
of the two quadrics meets the quartic in six lines, 

Similarly we derive two other pairs of quadrics from 
considering the conditions that the lines 


Li —- LL = ML, UAL =NA,3 L,—L,=MA,3 Uj, +2,=NL,y, 


should lie upon the surface; giving six quadrics each of which 
meets the-surface in 6 lines; hence there arise 36 lines in all, 
which, with the 16 intersections of the sides of A and A’ give 
rise to 52 lines on the given quartic surface. 


Collineations which leave a quadric unaltered. 


§8. By aid of the method of this paper, the condition 
aT in another manner by Segre (Jem. Acc. Torino 
37), that a collineation should leave a quadric unaltered, 

can easily be obtained. 

For let #= Sz,’=0 be a quadric unaltered by the collinea- 
tion determined by U and V; this requires that if wu is the 
polar plane with regard to U ‘of any point w on J, then the 
pole of w with regard to V is y, a point on /’; in other 
words the polar reciprocal of / with regard to U 1 is identical 
with the polar reciprocal of £ with regard to V. Now since 
the equation in plane-coordinates of °F is Sud ‘=0, then if 
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w is the pole with regard to U of a tangent plane w of F 
we shall have 


i= 
puso, (a hee ee © 
ule 
Hence, by the condition mentioned, 
0 U 2 0 V 2 
DS(—)=K. (-—) : 
(Ss) = On, 
where /{ is a constant depending on the coefficients of U and V. 
Differentiating this identity we obtain 


4 4 
=a... OU. Ksp,2" i= 124374: 
1 [ 02 1 y On 
: V 
Now if pu,= De, uae . 


then w and v are corresponding planes in the collineation 
determined by U and JV, and hence from above 


4 4 
Lute =p K Xb, v,, = 1, 2, 3, 4. 
1 1 


This shows that w and v are also corresponding planes in the 
collincation determined by the quadrics 
La, U,=0, Bh, uuU,=05 

d.e. for the collineations determined by the quadrics U' and V’ 
whieh are the polar reciprocals of U and V respectively 
with regard to #; and these latter quadrics are in point- 
coordinates 

a em ene Dt oe Oe 
The invariants of the original pair of quadrics Ya,.7,v.=0, 
XO,,.v,.2,= 0 being denoted by A, 0, ®, 0’, A’, it is easy to see 
that the invariants of this latter pair are 

AP EO AL AN De OA nA’ 
and the condition requires that the absolute invariants of the 
two collineations should be equal, ae. that the following 
equations should hold 


Q' Dive, Da. Q' GA” A' INE 


8 ' 
m—=n—, m—=n'—,_, m—=nr?—~_, m—=n'—,. 
A aA A A A A 


AS a 
‘These are all satisfied by the single condition 
A@E—=WN.O) mOleen— ett 
It is clear, denoting by / the polar reciprocal of & with 


regard to U, that fis also unaltered by the give ncollineation; 
both f/ and £ belong to the infinite set of quadrics thus unaltered 
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ON FAMILIES OF QUADRATIC FORMS IN A 
GENERAL FIELD. 


By Dr. L. E. Dickson. 


1. Es an investigation, as yet unpublished, on the types 
of commutative linear groups in a general field 
(domain of rationality) #, I have shown that the problem of 
the normalization of the groups involves the normalization 
of families of quadratic or bilinear forms X,g,+...4A,,g,, by 
transformations in £’ both of the m parameters A, and the 
a variables entering the g,. For the field C of all real and 
complex numbers, Jordan* has quite recently investigated 
the latter problem for certain sets of values of mand xn. In 
addition to the simple case n= 2, I treat in the present paper 
the case m= 2, n=3, for a general field; viz., the case of two 
linearly independent ternary quadratic forms. ‘The results are 
exhaustive for the field C, the field & of all real numbers, and 
any finite field. ‘he main difficulty lies in the case in which 
the family contains no binary forms, and that in which the 
binary forms are all irreducible. Neither of these cases occur 
when the field is C or 2, so that the problem is quite simple 
for these fields. : 
For C, there are 8 typesf: &,’, €,7+ 22,2; and &é, with 


For £, the 13 types are the preceding 8; &,”, &,7+&,’5 and 
C Ge uith 2a eee eae ie eee 
For the GF p"}, p> 2, there are 15 typest, 
é°-€,8,, 26,4 €°+a8,' («2 —4ax4a irreducible), 
E°—vé,, 6, —76,' + 286 &, (v and r°—4vs” not-squares), 
é" with &,’—vé,” or &.’+ 28 €,, 
é €, with one of the following, where p=0, J, or v: 
Pim teat AE ye bee RL Ses 
Es —p&rs &,'—p&,', 6,8, 66,4 &,". 
* Journal de Mathématiques, 1906, pp 403-438; 1907, pp. 551, 


+ These are equivalent to Jordan's types for m2, a2=2 and 3. 
} Here a, v, 1", s may be given fixed values in the field, 
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2. The maximum number of linearly independent binary 
forms is three. For m=3, the family contains &,’, &&,, &,’. 
Next let m=n=2, and let # be any field not having 
modulus 2. The family may be assumed to contain 
22 2 
S + ké, 9 2s€,5,+ ‘hey b 
If s40, we may transform the second into 2¢,£,. Hence the 
family contains 


(1) b=E*+7E,, 6,=28 E,. 
2 


If s=0, we derive Ey é”. These may be transformed into 
(E+ é,)" and (&,—&,)” , from which we derive a pair (1). 
Te determinant of ab ty), isre’—y*. The discriminant 

r of the latter is invariant up to a square factor when the 
variables €, & and the parameters x, y are transformed 
linearly. Hence two families (1), with the parameters r,, 1, 
are equivalent in I if, and only if, r,=p'r,, where p ts an 
element #0 of F. 

For m=1, n=2, the canonical type is &,’+ 7é,’, where, as 
before, 7 can be altered only by a square factor. 

Families based on two linearly independent ternary quad- 
ratic forms in /’ are considered under cases I.-LY. 


2 


I. Families of ternary quadratic forms containing no 
binary forms. 
3. First, let no form of the family be reducible to a binar 
form in the given field* /, not having modulus 2. The 
family may evidently be assumed to contain 


ad ae Chet DEe a) ee 


where the 7, are forms in € and &,. Since ap and 6 are not 
both zero, we may apply a transformation on €, and &,, and 


replace the second form by 2,4... Applying 

bl=E, 
to the latter, we reach £,€,—cé,’, c#0. Multiply & by e. 
The family now contains 


Bote Gee oe Deiear Gees ie 


The first is invariant under the transformation 


Etcé,, 6 =&,, & —6,+ 2ck,+c'é,. 


~ ft 


oi 


| 








* Evidently neither C nor /. 
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For c= —16, this replaces the second form by a similar one 
Jacking & €,. Adding a multiple of the first to eliminate €,£,, 
we get £°49@'+7%,'+s&,¢,. If s=0, the family contains 
an f,,- ence we reach 


(2) 9,= aa 5.55 » J.= Creech a,b + OsGy 0,65 (4,4 0). 
The determinant of xg,+ yg, is - 3A, where 
(3) A=a’+an’y—4a,a,cy’ + (a,—- 44,4,4,) y°; 


Its first minors are relatively prime, since the family contains 
no binary form, A is irreducible in / Its discriminant equals 


(4) 256a,°a,’— 27a, + 144a,a,a,’— 4a,*a, 
+ 16a,‘a,a,—1284,"a,"a, 
4, Within the field Z, let the transformation 
3 
(5) aie 2 dyn (¢=1, 2, 3), 
J= 


replace g, and g, by, respectively, 
(6) AQ, +HQ, «Q,+0Q, (Ko—KpH0), 
where 
(7) Q= 7-795, 9,=7,7,+ Ayn, +A,n, + 4,0, (4,40). 
Then the following twelve relations hold: 
(8) D, =0, D.=, D,,=—A, D=rA4+ pA, Dap, Dope 
(9) £,=0, £ =o, L,=—K«, H=xt+oA,, L=oA,, Hoos 
in which 


(10) D,= OR hy ht D,,.= 2d, ;dy.- d,d,,—d d 


9k 37? 
3 3 
(1 1) L.= d, d,, om a adi L,, = d, yy ir d,,d,, =r 2 ve ad Ay - 
= ss 


We proceed to express the d,,, d,, in terms of 
(12) d,,=d, d=, d,,=/f. 
Now d,,, d,,, d,, must be proportional to the determinants of 
their coefficients in D,,=0, £,,=03 viz., 
(13) ae de 3 2a,e°—2a,f*, a,= —e*— 2a,de—4a,df, 
a,=2d°+ ef + 4da,de+2a,df. 
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The «, are not all zero. Indeed, 
— a, (4a,’ f+ 2a,a,e) — 4,4,¢ 

is of the form (3) for 7+ 2a,f, y=e. Hence we have 

(14) d,,=p'G,, d,=p'a,, d,=p a, (e #0). 
Thus D,,=0 and L,,=0 give the useful identities 

(15) 2a,d—d, f—a,e=0; a,(e+2a,d)+a,(d+42a,e)+2a,a, /=9. 
By (6), o and w cannot both vanish. Hence 

(16) D,=a@—ef, Ho=detad’t+ae+af’ 
must not both vanish. Eliminating A, and <A, from (8) and 
(9), we get 

(7) oD,=E,, (D+ D,) =" (E,+ By). 
But by ph=D., c=, and (14), 

(18) pu =2a,d,,—4,d,,—4,d 


3° 22 32? 

@ 9) 2o.== (a, + 2t,0.,) d,, 3 (a, aE 2a,0, ) d,,+ 201 0,45 0 
Hence (17,) may be given the form 

(20) fi.d,,+ Ld,,+ Rd 


heat 222 332 
(21) f= D,(a,+ 2a,0,) —2L,0,, 
L,= D,(a,+ 2a,0,) + Ho,, &,=2D,a,a,+ Le,. 


Sh did 


= 0, 


We may replace (17,), which is quadratic in the d,,, by 
st (8) aE Dy) % LOS OG ae L) 
and hence obtain 


(22) S.d,,+ S,d,,+ S,d_+ S=0, 


1712 22 


S = 1,D,—D EL S,=2L,d—D,(e+ 2a,d), 


Sil? 


eS) ee — LH, f—D,(d+2a,e), Sx=- Le—2D,a, 
We thus have 
(24) S=(Ac-x«Kp) A,, 
(25) pS=L,(a,’- a,4,)—-D,(a,0,+0,0,7+0,4,7 +4,2,") = B. 


Since the determinants of the coefficients of £, and D, in 
the S, are the determinants (13) of the coefficients in D,, and 
L,,, the S, are not all zero, Likewise, the determinants in 
(21) are the corresponding functions of the a,, so that the 2, 


are not all zero. 
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We shall make use of the identities 

(26) id+h e+ Rk, f= 0, 

(27) Sd+Se+8,f= 0. 
To prove them, we insert the values of the &,, S,. In (27) 
the coefficient of , equals 2D,, that of D, equals -2H,. In 
(26) the coefficients of —H, and D, are the expressions (15). 
We note the further identities 

(28) ae-a,f=28,, a, f—ad=28,, ad—ae=28,. 


In (20) and (26), the &, are proportional to the deter- 
minants (33) of their coefficients. Denote by m the non- 
vanishing ratio of these determinants to the &,. Substitute 
the resulting values 


Jd,,=ed,,+ mh,, fd,,=dd,,—mkh, 
in the product of (22) by f. The coefficient of d,, is zero 


by (27). Hence 
m(h,S,- R,S,) =fS. 
Similarly, or directly by (26) and (27), we get 
m(R,S,— R,S,)=d8, m(R,S,—R,S8,) =eS. 
In R,S,— Lh,S,, we replace the 2, and S, by their values (21) 


2.3 


and (23), then apply (28), and finally replace the new S, by 
their values. Hence 3 


: (29) L,S,— £,8,= 4d Ik, 

(30) K= LY-a,E?D,—4a,a,E,D,—(a,—4a,a,a,) D,’. 
Here 2740 in view of the irreducibility of (3) and the 
assumption that “£, and D, are not both zero. Similarly, 
or directly from (29), S#0, HAO, and the relations in m, 
we get 

(31) RkS,—-R,S=4eK, BS - RS, =4/K. 

In particular, we deduce 
S=4mk, B=4mp’K, 
employing (25). The latter must be an identity in d, e, f. 


But in B and K the coefficients of f° are 4a,’ and a,’, 
respectively. Hence* 





* 'To indicate a direct proof of B=4K, we modify B by replacing a,a, by 
ZA,t,+ 543d, aa, by sa,a,+ha,a,, a2 by aai, then replace the second factor 
in each aja; by its values from (18). The resulting expression may “be -written 
so that the @; occur only in the combinations (28). Replacing the S; by their 
values (23), we find that the expression reduces to 4K, 
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(32) Ga4o2k, Bal. 
d,. € moe dn _ n-3 dy 8 
oy Gea gee d,,a a ee dye it 

















In the next developments we assume that d40. The fact 
that all indicated divisions by d can be performed exactly 
would indicate that the resulting formule hold alsu for the 


case d=(; direct proof may be readily supplied. Then by 
(33,), (33,); 

(oo een de (fd. +p.it,), d..—da.: (ed,,— pl.) 
Hence the fifth equations in (8) and (9) become 

(34) p'd*wA,=p'd,’D,+ p'd,6+ LK,, 

(35) p‘d’oA,=p'd,,E,+ p'd,,¢+4,2,7+ 4,R,’, 
where 

(36) d6=R,f-Rye, «= 2a,/h,—2a,eh,—dh,. 

Multiply (34) by —E#,, (35) by D,, and add. The 


products on the left cancel in view of the final equations 


(8), (9). Furthei, 
(37) De— L,5= R,S,- h,S,=4dK, 
by (23), (29). Hence we have 
(88) 4dKp'd,,=#,R,R,- D,(a,R,'+ a,R,') = U. 
Inserting the values (21), we obtain for U the value 
E¥a,0,— 4a,4,D,'’ E.a,4,—- 4,D,0,’ 
+ (E,—4a,a,D,’) (4,0, + a,0,'+ 2,0") D,« 


We replace the final factor by its value from B= 4 in (25). 
The terms in a,a, cancel, while the coefficient of «,’ equals K, 
given by (30). Hence 


(39) U=KV, Vea,/—4E7 + 16a,a,D,’. 
We find that V is a multiple of d. Hence 

(40) p’d,,=(4a,a,—4,") d’—2a,d’e — 8a,a,def—2a,a,df* 

— (2a,a,+ }) de’ — 3a,ef°—a,e’. 

While we do not employ them later, we give for completeness 
the expressions for (33°), the divisions being exact: 

(41) p'd,,=— 4a,d°+ (a,’— 4a,a,) d*e + 6a,def + a,de? 

+ 4a,a,e7 + daa,ef't qe + 40,7", 
VOL. XXXIX, xX 
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(42) p’d,,=2a,d°+ 3d’e + (a,’— 4a,a,) d*f+ 6a,de’ 
+ adef+ 4a,aef’+ (da,a,— eft 4a,'e. 
In view of (33), (12), (14), the determinant of (5) is 
p (0,2, +0,f,+0,f,). 


Inserting the values (21) of the R, and applying (25) and 
(32), we get 

(43) |d,|=-8Kp. 

Since we have determined the d,, and d,, in terms of the d,,, 
so as to satisfy all the relations which result from (8) and (9) 
by the elimination of d, uw, «, o and the A,, we may state the 

THEOREM. The various families of forms xgq,+y9,, defined 
by (2) and having irreducible determinants (3) in the field Ff, are 
transformed amongst themselves by precisely those transforma- 
tions (d,,) in Fin which the d,, are given by (12), (14), (40)—-(42), 
d,e, f being any elements such that the functions (16) do not 
both vanish. Thus d, e, f shall not be a set of values of &, &,; 
E, for which g, and g, both vanish. 


5. If g,=g,=0, we may set 


(44) = tnZ, t= tn’, c= tae 
where ¢, 7, € are elements of /, 40, and 
(45) °C + a,n°S' + a,n'+4,0'=0. 


If a,=0, then €=0, since the cubic factor is irreducible by (3). 
Then €& =&,=0, while €, is arbitrary. Let next a, 40. Except 
for the trivial case 7 =f =0, we may set C40, z=/¢6. The 
resulting quartic in z is seen to have the resolvent cubic 
given by (3) for y=—a,*. Hence the quartic has at most 
one root in the field #. If # is the field of the rational 
numbers, there is, in general, no root in #. But when F is 
a finite field, it follows,* from the irreducibility of (3), that 
the quartic has one and but one root r in the field. The 
solutions (44) are therefore &=ré,, &,=7°&,, &, arbitrary. 
Taking account of the parameter p, we have the 

CoROLLARY. When Ff as the GL| p"|, p>2, the number 
of valid transformations is always (p*"—p") (p"—1). 





* Dickson, Bulletin, Amer, Math. Soc., October, 1906, p. 5, and middle of p, 7. 
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6. In (24) and elsewhere, we used the value of Ac—«Ky. 
Eliminating d,, and d,, from (18) and (19), by (83'), and 
applying (15), we get 

pdu=R,a,—R,a,, p’do =2R,a,2,— R,(a,+ 20,4,). 
The second members are the products of D, and E, by 

(46) 24,4, — 4,4, —2a,a,° = 4daT;, 
where 

(47) T=2a,d*+ 8a,a,d’e + 4a,a,d*f 

+ (8a,’a,— 2a,’a,+ 4a,) de*+ 8a,def + (2a,7a,— 8a,a,*) df* 
+ (1-aa,) e+ 2a,a,2/+4+ a,a,ef?—2a,7f°. 
Hence we have 

(48) pe=4D,T, po =42,T. 

From the third equations in (8) and (9), we get 

(49) p'dN=—8- 29'd,,D,, —p'de=e + 20'd,,E,, 


12°- 8? 13 
where 6 and ¢ are given in (36). Hence 
pd (ro — kp) =4T (Dye - £8). 
Then, by (37), ; 

(50) p’(rAo — Ku) = 16TR. 

We readily prove that 7’ vanishes only when d=e=f=0. 
First, for d=0, — 4a,7 is of the form (3) for e=2a, f, y=—e, 
and hence vanishes only when e=f=0. Let next d#0. 
Then (46) is the determinant of the coefficients of f and e in 


relations (15). Hence if we multiply (15,) by 2a,a,, (15,) by 
&,, and add, we find that Z’=0 requires 


2 ee 
20,0,0, +, + 4a,0,0,= 0. 


This expression and (46) are functions analogous to —a, and 
—a, in (13), so that they vanish only when a4,=a,=0. ‘Then 
a,=0 by (15,). But the d, all vanish when d=e=/f=0. 

Another proof follows from the fact that Z, aside from 
a constant factor, equals the determinant of the triple algebra 
based on the field /’(7) defined by a root of (3). For instance, 
in the important case (see § 10) a,=0, a,=1, we find that (47) 
has the factor 


(51) 2d+2fi+a,er* (2°—4da~+a,=0). 
Y2 
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7. We proceed to determine the A,. We first modify the 
expressions (36). Applying (21), we get 
6= L,(a, f—a,e) + D,(a,d—a,e) + Dg, 
Sse 2Da,(4,f — a,c) “ 4D 0,4, (a,¢ =e a, ) + LB, 


where 


(52) g = 2a,a, f—a,d — 2a,0,¢. 
Applying (28) and then (23), we get 

(53) 6=D,G—4d8, «= L,G +4dy, 
where 


4 Le aS 
eS y = Da, (4a,a,—1)—4D,E,a,a 
We now determine A,, By (8) and (9), 

(to - Kp) A,=D,E,,— E_D,,=XE,- «D,. 


Ve multiply equations (49) by £, and D.,, respectively, and 
add. ‘The coefficients of 2p*d,, equals S by (23). ‘Thus, by (53), 


pd (Ak, -«D,)=2p'd,54+G8+4dW, 
W=Dy7+LEP. 
But (30) may be given the form 
(55) K=D,y+ £,8. 
Hence, by (23), 


mS hee B= h?-aD,E. 


3) 


D,W=D,K - BS. 


Inserting the value of D, from (10) and (14), and applying 
(32), we get 
4D,W=S8(J+ 4a,D,£,), 


where, by a direct factorization, 

(56) J=a,’—a,a,—4£,’= D,|8a, f (d+ 2a,e) —(e+ 2a,d)’}. 
Hence if D,#0, we obtain 

4W= S(8a,7f + 16a,a,ef + 4a,a, f?+ (4a,a,—1) e*}. 

If D,=0, we may compute £, WV similarly. Hence 

(57) p (Ao - ku) A,= SN, 

(58) N= (8a,a,—2a,*) d’—2a,de + 12a,df : 

+ (4a,a,— 3) e+ 16a,a,ef + 4a,a, f?. 

The determinant of V is —-2D, D being given by (4). 
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To determine A,, we multiply (34) by (49,), (85) by (49,). 
and add. We may omit the final terms of the multipliers (49), 
since the products by — 2, and D, led to (88). Applying (37), 
(53), we get 


(59) p'd*(\o — ku) A,= 4d Kp'd,,’+ GU + 4d, 
where U is given by (88) or (39), while 
(60) Le k,k,y + (a,h,+a,R,’) B. 
We proceed to factor Z. Applying (55) and (38), we get 


DG Ch ht. — BA): 
By (21) and (39), 


R,R,— BV =2D,'a,4, (4, + 2a,4,) + a,D,H, (16a,a,D,’ — 4H") 


2° 3 3 
+ D,E,(4,0,+ 4,0,'+ 2a,0,’+ 2a,0,')—-16a,a,D,'E'- EJ. 


The second member has the factor D, in view of (56). We 
may simplify the expression by replacing D,(a,a,+...) by its 
values from (25), giving B=4f its value trom (30). After 
cancellations, we obtain D, times the quantity in brackets in 
Cot meence lt), | 


(61) L=K|E,(a,0,'+4,0,’) + 2a,D,0,(a,+2a,a,) +4a,D,’E,}. 


saa Set J 


We may obtain (61) directly from (60) by inserting the values 
of f,, £,, then subtracting the first four terms of (61). We 
get the product of a,D,’H, by the expression (25). ‘The second 
member of (59) now has the factor 4dK. ‘The complementary 
factor is found to have the form d’M/, where 


(62) M={8a,a,+(4a,a,— a,’)"} d*+ (4a,’a,—16a,a,") dif 
+ (12a,—8a,a,a,+2a,’)d*e+(30a,a,— 16a,a,’a,+4a,*a, + da,”)d’e% 
+ (16a,’a,4,— 64a,'a,’) d’ef + (4a,°a,— 16a,a,a,’) d?f? 
+ (32a,"a,+ 4a,’a,—4a,) de*+ (40a,a,a,—9a,) def 
+ 4a,*a,def?— 8a,a,'df° 
+ (16a,’a,+ a,a,— 7%) & + (32a,a,’a,— 8a,a,) ef 
+ (32a,’a,'+16a,’a,a,—30,2,)e°/"+ (32a,a,4,'—12a,*)ef* + 16a,a,°7 * 
Hence we have 
(63) p (Ao — Kp) A,=4 EM, 
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Applying (24), (32), (50), (57), (63), we obtain the results: 
(64) A,=pN/47, A,=p'M/47, A,=p*/47, 


where N, T, M are ternary forms in d, e, f of degrees 2, 3, 4, 
given by (58), (47), (62). 


8. For use below, we consider the case a,=a,=0. Then, 
by (3), «*+a,7* is irreducible in F, so that # does not have 
modulus 38. Then D,=£,=0 requires d’=d-ef=-a,f*-/, 
so thatd=f=0. Now 


N=3 (8a,df—e"), M=3e (4a,d*— 8a,def— (e*/ 16) — 4a,7/°). 


Consider the transformations making N=0. ‘'To exclude the 
case D,= H,=0, we have merely to avoid the set d=e=/=0. 
‘The solutions in #’ of N=0 may be expressed by 


d=rt', f=rs'/8a,, e=rst (r#0). 
For these values, the second factor of M equals _ 
4, (a,0°+ ays’) (P—s*/8a,), 


and hence vanishes in F only when ¢=s=0. Hence, if N=0, 
then M=0 ¢f and only vf e=0. 
In particular, N= M=0 requires e=0,df=0. Then 
F'= 2a.d*—2a,"f*. 

If d=0, f#0, then 4,=a,h°, k=—p/2a,f. H d#40, f=0, 
then A,=[*/a,, /=p/2d. When F isa finite field, we may, 
in view of the first result, take a,=»v or v’, where v is a fixed 
not-cube. In view of the second result, we may replace a,=v* 
by A,=v'/a,=v. In a finite field of order p"=3m +1, the 
2(p"—1) families with a,=a,=0 are all equivalent. Hach 
family has exactly 3(p"—1) automorphs, given by d=e=0, 
#0, p=—2a,fw, where w'=1. | 


9. Any family (2) with a,=0 can be transformed into 
a family (7) with 4,40. If # does not have modulus 3, 
set d=0, e=f=1. Then 


M=(—3/16a,) (64a,'+ 16a,a,’+ a,) £0, 


by (3) for e=4a,,y=1. Also D,=—1, so that the transfor- 
mation is valid, If #has modulus 3, set f=0,d=e=1. Then 


M=a,(a,’—a,—a,'—a,+ 1) £0, 
by (3) for w=1—-a,, y=-1. In (7) with 4,40, we 
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multiply », by A,, », by A,’, and obtain a similar family 
with 4,=1. After a preliminary normalization of family 
(2), we have a,=1 for F arbitrary. 


10. Lemma. In the GF [p"], p>2, any family (2) is 
equivalent to a family with a,=0, a,=1. 

The ternary quadratic form WN, given by (58), was shown 
to be of non-vanishing determinant. Hence (Linear Groups, 
p- 48), V=0 has exactly p” sets of solutions d, e, f in the 
GI| p"|, p>2. By §5, there are p” sets d, e, f for which 

=H,=0. Hence these are valid transformations making 
N=0. Not all of them make M=0. For, if so, we may 
apply a preliminary normalization and set a,=a,=0. Then, by 
§ 8, there are p”’—1 sets d, e, f with D,, HE, not both zero, and 
making W=0, while only 2(p"—1) of them make also M=0. 
Hence we may transform the family (2) into a family (7) with 
A,=0, A,~A0. As at the end of § 9, we may make 4,=0, A,=1. 


11. THeorem. In the GF| p"|, p’=3m-+1, the various 
families (2) are all equivalent. 

In view of the remarks at the beginning of § 10, it suffices 
to. prove the theorem for the families with e,=0. Among 
them occur families with a,=a,=0, since there exist irre- 
ducible cubics w*+a,y* in the present field. To a definite 
family @ with a,=a,=0, we apply all transformations. which 
result in families with 4,=0. By §8, there are exactly 
p —1 sets d, e, f for which N=0, while D, and £, are not 
both zero. Further, p may have any value #0. Hence the 
total number. of valid transformations is (p—1) (p"—1).. 
But ¢ has exactly 3(p"—1) automorphs (§8). Hence ¢ is. 
conjugate to exactly 4(p”—1) families with 4,=0. But 
for a,=.0, y=1, (3)\18 of the form 


(65), a’ +be+a, (b=—4a,a,). 


The number. of irreducible. cubics. of this type is exactly* 
4 (p"—1), since p#3. Hence the theorem. follows.. 


12. The preceding theorem. holds also. in. the GF p"], 
p'=3m+2. We enlarge the field to GF| p™] by adjoming 
a root of an irreducible quadratic equation, for example, t’=—3. 
But a cubic (3) irreducible. in the GF p"] is irreducible also. 
in the GF p"}, since 


p—1 rey p*—1 at = pl ie : 
ESB Ge Sa he ake ade 


* Dickson, Bulletin, l.c, 
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Also p” is of the form 3m+1. Hence, by §11, any two 
families (2) are equivalent in the GF "|, each being 
reducible in the Gf'| p”"| to a fixed family with a,=a,=0. 
Hence they may be shown to be equivalent in the GF[ p”] 
by an argument* analogous to that used in proving that two 
transformations are equivalent in the G/| p*] if they have 
the same canonical form (in a higher field). 


13. For the remaining case, the G/[3"], we determine 
directly the automorphs of a family (2) with a,=0, a,=1. 
Then N=0 requires d’=ef, so that we set 


la Vel eG eee ee 

Set a=a,. We find that 
(66) M=ak,’, E,=7' (am' + mk’ + k*). 
By §5, Z, has a simple linear factor in the field, 


(67) L=k—om, 
where g is the unique solution in the field of 
(68) g+o+a=0. 


The complementary factor is 

(69) C=h+(14 0) (h’m+kimia + mo’). 
Set Z=r*7, Then, by (47), 

tr=hk'—ak’m+ak'm’?—akim'+ avkm’ t+ am’, 

Tn view of (68), we have the relation 

(70) T=(o0°+1)L'—oa°C* (mod 3), 
By (64), the condition for an automorph is 

M*=aT* (mod 3), 
Viz. fl’ O'= ar’. 
Since a’ = —(o°+ 1) a’, this may be written in the form 
at‘ +ae°(r+x)=0, x=oa0°C’, 

Since this function is of the same type as E,, we have 


@=oT, whence t=0°C’, 





* Linear Groups, p. 229, 
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Replacing + by the above value, we get 
oV=+(c+1)L* (mod 8), 


The upper sign is excluded since the resulting cubic is irre= 
ducible, being derived from a —axy’+ ay’, viz. (3), by the 
transformation, of determinant o-3, 


e=—o-skh+o3(o+1)m, y=—o-tk+a-3m, 
For the lower sign, the equation may be written 
(71) ak’=(o+ 0°)’ L’k. 


Now a is square, since (3) is irreducible (Bulletin, 1.c.). 
Hence, in addition to the solution k=0, m arbitrary 40, 
there are two values in the field for the ratio m/k, & having 
any value £0. for the GI'|[3"| the number of automorphs of 
a family (2), with a,=0, a,=1, ts exactly 3 (3"—1). 

The number of sets of solutions d, e, f of N=0, for which 
E#0 (here D,=0 when NV=0), has been shown to be 3*"—3”, 
Since p has 8"—1 values, the number of valid transformations 
is (3°"— 38") (3"—1). Hence each family with a,=0 is one of 
2 (3"— 3") conjugates. But (Bulletin, |.c.) the total number 
of irreducible cubics (65) in the Gf’[3"] is }.(3°°— 8"). Hence 
the families are all conjugate. 


II. Families of ternary quadratic forms containing binary 


Jorms all of which are trreducible in the field F, 
14. We may assume that the family contains 
Gi Ue.4 (ee 1 Ob. ce Gt de cee k., 
where v is a not-square in f. If 5=0, we apply 
(72) Ea 6, + pt, + 96,, €.=6). &,=&,, 
to the second, then add veo (é,’— vé,"), and obtain 
(a+dp + vec) E+ (ct+ep+de) &é,+ dé,é,+ €&,€,. 


The coefficients of &,° and €,&, can be made to vanish by 

choice of p, o, unless the determinant d’*—v“e’ vanishes. In the 

latter case, d=e=0, and &, isa factor. In the contrary case, 

é,is a factor. In either case our hypothesis is contradicted. 

Hence 640. Again applying (72), we may make d=e=0. 
Hence the family contains 


(73) iis Cas ap I= lee eet 28&,6, : 
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The determinant of #g,+ yg, equals —yQ, where 


(74) Q=ve'treyt sy’. 
Thus the family contains a single binary form if 
(75) D = r*— 4vs° 


is a not-square in /’; three binary forms if D is a square. 
The case D=0 is excluded, since then r=s=0. so. that g, 
is a reducible binary form, 


15. First, let D=d*. Then Q=0 for 
w=y(ed—r)/2v. 
The binary forms other than g, are therefore 
E24 2s6,£,+ (kd) /20] &- [8 (ed +n)} & 


the last three terms forming a perfect square. Let first s£ 0, 
so that d’#7*. A multiple of the form is 


[s,— (3 (td +r)} &,)— (3 ed +r)} &. 
For each sign, this must be irreducible in /. Hence 
t(r-—d), $(r4+d) 


must be not-squares in #, ‘Their product is vs’, a not-square. 
But for the field of all real numbers, and for every finite field, 
the product of two not-squares is a square. For these fields 
the present case is excluded. Next, if s=0, the binary forms 
are g,,9,, and &,"—v'ré,", so that v, r, v ‘7 must all be not- 
squares. Since the case D=square is excluded for finite fields 
(and for the field of all reals), we do not investigate it further. 


16. Let next D be a not-square* in F. Since g, is the 
only binary form in the family, it must be transformed into 
a multiple of itself if the family (73) is transformed into 
a family of the same type. ‘he transformation is therefore 
of the form 


(76) &=an,+n,, &=+0 Bn, +0n,, &=-¥0,- 


To the new form of g, we add a multiple of g, to eliminate 7,7? 
and get 
Q, = Plis= fin’ + 257,1, ) 


* This case does not arise when F is the field of all reals. 
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where 

(17) Rar|at+(B'/o)|F4aBs, Sats{a'+ (6'/e)}- (apr/0). 
Since the coefficients of Y, are homogeneous in a, 8, y, we 
may take y=1 without loss of generality. ‘The question is 
now the extent of the specialization possible for & and S, by 
choice of a and 8 in £. 

The answer is immediate when / is the GF p"], p"=4m-4+1, 
so that —1 isasquare. ‘The discriminant of fis then a square, 
—v ‘D, so that by a preliminary (above) transformation we 
may set 7=0. Applying now the above transformation with 
the upper signs, we have 


R=—4as, S=s(a’+v'8"). 
If s is a square, we take B=0, ’=s. If s isa not-square, 
we take a=0, 8’=vs". In each case, R=0, S=1. 
For the GF | p"|, p"=4m +1, each family is equivalent to 
(78) SES vE, Sear 285 


where v ts a particular not-square. 


17. We proceed to determine the automorphs of a family 
(73) in which* D is a not-square in the GF'[ p"|. We seek 
the solutions a, 8 of =r, S=s. Now 

cee 0) Ow). 

For the upper signs, we have a8=0. If B=0, then a=. 
iio Onthenit—7o-ve, S380. by ((1), whence r—s—0, 
contrary to D£0, 

For the lower signs, we have 


(79) 2rs=—v 'aBD. 

By (75), s40. IPfr=0, the conditions are 
a8=0, —1=a'+ B’v", 

and have just two sets of solutions in a finite field. 

Next, let 40. Eliminating 8 between (77,) and (79), 
and applying (75), we get 

[2a*D — (r?+ 4vs") =D’, a’ D=r" or 4vs’. 

Since D is a not-square, we obtain two sets of solutions a, 8 


in a finite field. Hence there are in all four automorphs with 
y=1. The number of transformations (76) with y=1 in the 


* The analysis applies to other cases as well. 


332 Dr. Dickson, On families of quadratic 
GF p"|, p>2, is 2(p"—1). Hence each family is one of 


$(p—1) conjugates. Fora given value £0 of D, there are 
p'+1 sets of solutions of (75), by Linear Groups, p. 46. 
Hence there are exactly }(p"—1) (p"+ 1) sets 7, s for which 
D is a not-square. 


THeoreM. Jn any GE'[p"|, p>2, the various families 
(73), in which all the binary forms are trreducible, are equi- 
valent. This case does not occur for the field of all real numbers. 


Hil. Families whose reducible binary forms are 
perfect squares. 


18. The family is assumed to contain 
ae ak + bE,’ + CS ecb dé, aa e& 53) 
but no form Z,L,, L,AL,. The case a=b=0 is excluded 


em By) 


by the second form if e=0, and for e#0 by 
cdé,* + e (SE cick dé, e, + e&,6,) = (cé, “e e&,) (dé, a ee, 


Hence we may set a=1. Completing the square in the &, 
terms, we obtain 


(80) Evy §: — 7, + 258, 6,. 
If r £0, we apply &,, =&,+7''s&, and get 
(81) E°, €,—7ré, (7 =not-square). 


If r=s=0, we reach &,-&,’, contrary to hypothesis. 
Finally, if *=0, s40, we multiply &, by s* and get 

($2) a bs + 26,6,- 

The families (81) and (82) are not equivalent in view 


of their determinants; neither contains a form L,L,4 L/%. 
We can alter 7 only by a square factor. 


1V. Families containing a form reducible to €&,. 
19. In the second form aé,’+..., let first a£0. Applying 


a transformation (72), we reach 
($3) oie EE; Lt ae eee Re sé," 
The determinant of 2vg,+ yg, equals y (rsy’— x’). 
(i) First, let rs be a not-square in #. Then &&, is the 


only form reducible to a binary one. It therefore suffices to 
consider transformations which multiply §&, by a constant. 
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Hence (83) is equivalent only to families, of like type, in which 
r and s have been interchanged or multiplied by square factors. 


(11) Next, let rs be a square £0. Then s=rt’. Multi- 
plying & by ¢*, we may set s=r in (83). The reducible 
forms are g, and 

> a 2rg, = See r fe ar ae 
Hence if » is a not-square, a transformation normalizing (83) 
with s=v must multiply € & by a constant, and thus can only 
alter 7 by a square factor. But if 7 is a square, we may set 7=1. 

(ii) Finally, let rs =0. As g,we may take 

é,, &,—&7, or €2—r&” (r=not-square). 


where » can be altered only by a square factor. 


20. Next, leta=0. If , is entirely absent, we have 
(84) E35 a> aoe 


In the contrary case, we may take 
EE, 66,4 08,6,+ c6,'+ dé,’ 
Applying €,=£, — c%,'+ s&,', we reach 
| Es EE, + 0E,E,+ (d+ 9b) 8," 
If 6=0, we multiply @, and obtain 
(85) ode lela Oaias 
If 640, we make d+sb=0, multiply €, and get 


ae fF pc ae 
Applying §=7,—7,, £,=",+%,, &=7,, we get 


2 


9, a ". 27,N- 
a special case of (83). 

The two families (85) are not equivalent, and neither is 
equivalent to a family (84), nor to one obtained in § 19, as 
shown by a consideration of the determinant and the greatest 
common divisor of its first minors. 

For a detailed summary for various fields, see § I- 
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SINGULAR LINES AND CURVES ON SURFACES. 
By A. B. Basset, M.A., F.R.S. 


il [HE object of the following paper is to discuss the 
theory of singular lines and singular plane curves 
on surfaces. Nodal, cuspidal, and triple lines and also nodal 
and cuspidal conics have been considered by various writers in 
connection with quartic surfaces; but a more general theory is 
necessary. J*or just as most compound singularities, which 
a cubic surface can possess, appear on such a surface in a special 
form; so various singularities, which a quartic surface can 
possess, are deficient in certain peculiarities which appear when 
the singularity occurs on a surface of higher degree. 

The tangent planes at any point on a multiple line are in 
general torsal* tangent planes, since they rotate or twist round 
the line as the point moves along it. It is, however, possible 
for one or more tangent planes to be fixed in space, and such 
lines usually possess certain peculiarities which necessitate a 
different mathematical treatment from that required when all 
the tangent planes are fixed. This is always the case with 
singular lines of the second order. 

When a determinate number of nodes and cusps move up 
to coincidence along a plane curve, the compound singularity 
thereby formed is called a singular point of the second order. 
Such singularities are of the tacnode. type, and any arbitrary 
line through the singular point has bitactic contact thereat ; 
also there is only one distinct tangent at the point. When 
a straight line lying in a surface is such that any plane section 
possesses a singular point of this character, where the line cuts 
the plane, the former is called a singular line of the second 
order. 'There are two distinct species of such lines. In the 
first species the tangent plane is ¢orsal; in the second it is 
fixed in space. 

Surfaces may also possess singular lines and curves of any 
order}; and the curves may either be plane or twisted. In 
the present paper I shall confine my attention to certain 


* Cayley calls a line which possesses a fixed tangent plane a torsal line. This is 
a singularly inappropriate definition, since the word torsal is derived from torst the 
perfect of ¢orquere to twist; whereas the essential feature of such a line is that 
the tangent plane is devoid of twisting. 

t+ To prevent mis-conception, I wish to state that I always call the surface 
(a, B, y, 6)"=0 a surface of the nth degree and not a surface of the nth order; 
and similarly for curves, 
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singular lines and plane curves of the second order; and shall 
also discusss the case of a triple line, that is to say, a line such 
that any plane section of the surface has a triple point where 
the line intersects it. 

References to my former papers on“Compound Singularities 
of Curves,” vol. XXXVII., p. 313; “ Singularities of Surfaces,” 
vol. XXXVIII., p. 63 and 159; and “ Multiple Points on Sur- 
faces,” vol. XXXIX., p. 1, will be respectively denoted by the 
letters 8.C., S.S., and M.P. 


Cuspidal Lines. 


2. The general equation of a surface having a cuspidal 
line of the first species is 


(Lay + MBS)? (a, 8)" *+ (2, OP iw) 700) a= Osan hie 


where P, Q, &, S are quarternary quantics of (a, 8, y, 5) of 
degree n—3. This equation when written out at full length is 


(Lay + M88)" (pa + pa ’B +..-p,_,8"*) +a" *0, 
+a™"(8V,+ V,) +...+ B” *w,+ 6" *w,+...w,=0.....(2). 


Cuspidal lines possess two kinds of singular poimts which 
occur (1) when the cusp changes into a tacnode, (ii) when there 
are cubic nodes on the line. I have shown* in §.8., §§ 43 
and 44 that there are points of the first species; but as (1) 
and (2) give the surface in a simplified form, I shall repeat the 
proof. Let the plane a=A8 cut AB in B’, then the equation 
of the section is 


8° (Lyy + M8) (prt PA... P,) 
“iO ib (Ata Dat Aoi beast hetne.sOcss cas Os 
which, for brevity, we shall write in the form 
A Bee Dire esert rer eneres rete ses te (4). 
3. The cuspidal line possesses n tacnodal points, and n—4 
cubic nodes, at which there is a cuspidal cubic cone. 
The condition for a tacnodal point is that 2, should be 
a factor of b, which requires that the eliminant of Q, and 


B should vanish. ‘This furnishes an equation of the 2" 
degree in 2X. 


* In this investigation the existence of the cubic nodes was overlooked. 
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The points where the cuspidal line cuts the planes 
(a, 8)"*=0 are cubic nodes on the line, and there are n—4 
of them. If A be one of these points p,=0, and the 
coefficient of a” * equated to zero gives 

Lip, By + %,= 0, 


which shows that AB is a cuspidal generator of the cone. 
A cuspidal line on a quartic surface has 4 tacnodal points, but 
no cubic nodes; hence on such a surface the line appears 
in an incomplete form. 


4. A cuspidal line of the second species possesses n—3 
tacnodal points and n—2 cubic nodes. 

If y be the fixed tangent plane, the equation of the 
surface must be of the form 


9" (a) By" t+ (B, Q, B, SI, 8)? =O serererees (5). 


Proceeding as in § 2, the first term of the equation corre= 
sponding to (3) must be of the form 


b™ yy” {Py *¥ pyr Te ‘Pn-aby 


and the condition for a cubic node is that this should vanish, 
which furnishes an equation of degree n-2 ind. The condition 
for a tacnodal point is that the coefficient of 5° in the expression 


rv tA" Vi +...W, 


should vanish, which furnishes an equation of degree n—3 in X. 
A quartic surface having a cuspidal line of this character 
possesses both species of singular points. 


Tacnodal Lines. 


5. The general equation of a surface having a tacnodal 
line of the first species is 


(Lay + MBS)" (a, 8)" *+ 2 (Lay + MBS) (F, G, ...%a, 8) 
+(P, Q; BS, Thy. 0} One (6), 


where 7, G, ... are binary quadrics of (y, 8), and P, Q, R, 
S, T’ are quaternary quantics of (a, 8, y, 6). Equation (6), 
when written out at full length, becomes 


(Lay + M88)" (pya*+ po" "8 +...p,_8") 
+2 (Lay + MB8) (a*“‘v, + a" °BV,+4...) 
$a wo (8 Wt Wal, Wem Oi ecetetet ei 
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Tacnodal lines possess four species of singular points, viz. 
(1) points where the tacnode changes into a rhamphoid cusp; 
(ii) points where the tacnodal tangent has quinquetatic contact 
with the surface; (iii) points which are the special kind of 
tacnodes formed by making the two tangents at a biflecnode 
coincide; (iv) points which are cubic nodes on the surface. 
The first and fourth species of singular points are the only 
ones which affect the class of the surface. 


6. Putting «=)8 in (7), the equation of the section by 
the plane B'CD is 


B"? (Ly + MB)*( prt + pr +..-p,,,) 
+28"*(Lndy + M8) (A"“*v, + A" °v, +...) 
BNA NW hoes) Hose O ceeteoebone ots (8), 
which, for brevity, we shall write in the form 
At OP BG ahd, 2 ORs firs Overiavss0(0)s 


(i) There are 2n—4 points where the tacnode changes into 


a rhamphoid cusp. 
The equation of a curve having a rhamphoid cusp at B’ is 


B"* (CO, + Q,)°+ B"'O,w,+ B"°w,+...w,=0...(10), 


where 2,=w,=(y, 6)*. The condition that (9) should be of 
this form is that Q, should be a factor of 4C— B*; and since 
the eliminant is of degree 2n —4 in X, there are 2n - 4 of such 
points. 


(ii) There are n points where the tacnodal tangent has 
quinquetactic contact with the curve. 

The condition is that 2, should be a factor of C, and the 
eliminant is of degree nin A. This singularity has been dis- 
cussed in S.C., § 4, (ii), and its point constituents are the same 
as those of an ordinary tacnode, but its line constituents are 
different. Its existence does not therefore affect the class of 
the surface. Let B’ be one of these singular points, and let 
B'E be any line drawn in the tangent plane at B’; then B’E 
has quinquetactic contact with the surface at B’; but since 
B'E has one degree of freedom, one or more positions must 
exist in which B’Z has sextactic contact with the surface. 
Accordingly, when the surface is a quintic, it must possess 
at least five lines lying in the suaface, which pass through 
the tacnodal line. 


VOL. XXXIX. ZL 
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(iii) There are n—2 points where the tacnode changes into 
the special one above mentioned. 

The condition is that Q, should be a factor of B, and the 
eliminant is of degree n—2 in 2X; also since the poimt con- 
stituents of the singularity are the same as those of an ordinary 
tacnode, it does not affect the class of the surface. 


(iv) There are n—4 points which are cubic nodes on the 
section, such that the nodal cone consists of a quadrie cone and 
a plane touching the latter along the line AB. 

Let A be one of these points, then p,=0 in (7); and the 
coefficient of a” * equated to zero furnishes the equation 


(Lp,By a5 2v,) 9 km 0, 


which is the cone in question. ‘The existence of these points 
affects the class of the surface; also they cannot occur on 
a quartic surface. 


7. A tacnodal line of the second kind possesses 2n—6 
rhamphoid cuspidal points, and n—2 cubte nodes. 
The equation of the surface is 


y (a, 3)" ?+ Qy a" *v, + a" “3 Vit...) 
+a" *w,+a"°(3W,+ W,)+...=0......(L1), 


and the theorem can be proved as before. 


fthamphoid Cuspidal Lines. 


8. The equation of a surface having a rhamphoid cuspidal 
line of the first kind is 


(Lay + MBS+Q,)° (a, B)""*+ (Lay+MB8) (a"*v, + «BV, +...) 
+(P, Q, B, ..Xy, 8)°=0....(12), 


where Q,=(y, 5)’, and P, Q, ... are quarternary quantics 
of (a, (3, Y 6). 

Rhamphoid cuspidal lines possess two kinds of singular 
points which affect the class of the surface, and occur (i) when 
the rhamphoid cusp changes into an oscnode, (ii) when there 
are cubic nodes on the surface. Points also exist where the 
cuspidal tangent has quinquetatic contact with the surface, but 
points of this character will not be considered since they do 
not affect the class of the surface. 


9. We must first find the equation of a plane curve of the 
n degree which has an osenode at A. 
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When the singularity is a rhamphoid cusp, the equation of 
the curve is 
a" (ay —u,)?+ a” yu, t au, +... 0.00. (13), 


where u,=((3, y)". If A is an osenode, the conic ay=u, must 
have sextactic contact with (13) at 4; hence eliminating a, 
(13) becomes 

n—4 


n-5 n—-6 Ci Samp ites aacll 
U, U,tU “U.+ yu, uU+...y° u,=9, 


which determines the 2n—5 ordinary points in which the 
conic cuts (13). ‘The required condition is therefore that 
y should be a factor of 

CUS a= Wh eee ty anpet Bone nes CAGE (14). 


It can also be shown that the conic has tritactic contact 
with the first polar of (13), hence all the necessary conditions 
are satisfied. Let 7, p, P be the coefficients of the highest 
powers of @ in u,, u,, u,3; and let S=ay—u,; then (13) may 
be put into the form 


a” *(S?+ y7v,) +a"? (pSB*+ yv,) +a" °u,+...u,=0...(15). 


10. ZLhere are n—A4 cubic nodes, and n points where the 
rhamphoid cusp changes into an oscnode, 
The equation of the section of (12) by the plane «=A/3 is 
B'*(B0,+ 0)", 14 BNO, AN oben) 
peavebe A We...) --...=0, 
where Q.=DAy+Mo. Writing this in the form 
B"(BQ,+ 2,)? (, Lae A,B" *O, + AB"? +.0= 0, 


it follows that the condition for an oscnodal point is that Q, 
should be a factor of A,—Q,A,, which furnishes an equation 
of the n” degree for determining ». ‘The cubic nodes are 
determined by the equation (A, 1)"°=0; and the equation of 
the cone is 

Pp LBy'=9, 


which shows that the cubic node is of the fifth species. 


11. We must now find the equation of a surface having 
a rhamphoid cuspidal line of the second kind, 
Consider the surface 
(ary + 2,)?(a, B)"*+ 9° (ao, + a" "Pw, +...) 
+ ry (a"“v,+ a” Bw,t...) +a" vw, 
+a" §(BW+ W,) .0. WH 0s 00 reseees (15), 
L2 
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where all the suffixed letters denote binary quantics of (y, 6). 
Putting a=, (15) becomes 


B**(APry +)? (ry 14+ BP 8g? (Ao, + Aw, +...) 
+ By (Ut Oy boee) Hee e Ocereeeeeeees Bh, 


and IL have shown* that this is one of the forms of a curve 
which has a rhamphoid cusp at B’. 


12. There are n—4 cubic nodes and n—3 oscnodal points 
on the line. 

Vhe cubic nodes are given by the roots of the equation 
(AX, 1)"*=0, whilst the condition for an oscnedal point is 
that y should be a factor of 

0,7 (A"v, + Aw, +...) FD, (Av, +00.) FAP w, $..0= 0, 


which furnishes an equation of degree n — 3 in 2X. 


13. The highest singular line of the second order and first 
species which a quartic surface cap possess is a tacnodal line; 
but when the line is of the second species, such a surface may 
possess a rhamphoid cuspidal and an oscnodal line. ‘The equa- 
tions of the surface in the two respective cases may be reduced 
to the forms 

(ay + 87)? + y (ayv, + yw, + w,) = 0-.0..++06(16), 


and = (ay + 8°)? +. 9° (Pa + Q3 + Ry + 88) =O... (17). 
The section of (17) by the plane a =A{3 is 
(ABy + 8)'+9°|{(Pa + Q) B+ Ry + 83} =0, 


and the condition that Bb’ should be a tacnode cusp is that 
rA=—Q/P. An oscnodal line of the second kind on a quartic 
has therefore one tacnode cuspidal point on it. It is not 
possible for a quartic to have a tacnode cuspidal line, since 
the conditions are that PAX + Q=0 for all values of A, which 
requires that P=(Q=0, in which case (17) becomes a cone. 


Triple Lines. 


14. The tangent planes at any point of a multiple line 
may be fixed or torsal; also two or more tangent planes 
may coincide aleng the whole length of the line. We thus 
obtain ten primary species of triple lines. 


I. Three distinct tangent planes; all of which are torsal. 





/ * Trinodal and Quadrinodal Quintics, vol. XXXVI., p. 109, equation (9). 
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II. Three distinct tangent planes; ene fixed and twe 
torsal, . 


Ill. Three distinct tangent planes; two fixed and one 
torsal. 

IV. Three distinct tangent planes; all three fixed. 

V. Two coincident fixed tangent planes; one distinct torsal 
plane, 

VI. Two coincident fixed tangent planes; one distinct 
fixed plane. 

VIi. Three coincident fixed tangent planes. 

VII. Two coincident torsal tangent planes; one distinct 
torsal plane. , . 

IX. Two coincident torsal tangent planes; one distinct 
fixed plane, 

X. Three coincident torsal tangent planes. 

Triple lines possess a variety of species of singular points, 
which we shall proceed to consider. ‘Thus when the line is of 
the first kind, points exist at which a pair of tangent planes 
coincide, so that the section of the surface through the point 


has a triple point of the second species thereat ; also in certain 
cases points exist which are quartic nodes on the triple line. 


I. A triple line of the first kind on a surface of the n™ degree 
has 4n—12 points at whieh two of the tangent planes coincide ; 
and 7n—24 points, such that any section through one of them 
has a triple point thereat, one of whose tangents osculates. its own 
branch. 

The equation of the surface is of the form 


(PQ, B, Sy, 8)*=0 we. ee eisy 


where P, Q, R, S are quarternary quantics of degree n— 3. 
Equation (18), when written out at full length, becomes 


a” *y +a" * (Bw, + w,)+...8" > W,+B"*W,+... W,=0...(19), 
and the equation of the section by the plane «=A§ is 
BP Are Aw, +... W,) 
+ B"* (A “w+ AV +... W,).+...= 0... (20), 
or AB"? + BB+. Osesersceeeeeeeees (21). 


The points at which a pair of tangent planes coincide will 
be called pinch points, and the condition for their existence is 
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that the discriminant of A should vanish; and since A is a 
binary cubic of (y, 6) whose coefficients are polynomials of » 
of degree n —8, the discriminant is of degree 4n — 12 in 2. 

If one of the tangents osculates its own branch, A and B 
must have a common factor; and since the eliminant is of 
degree 4(n—3)+3(n—4)=7n—24 in A, there are Tn—24 
of such points. 

Livery tangent plane touches the triple line at n—3 distinct 

oints. 
4 The condition that y should be a tangent plane at the 
point B’ where the plane a=A8 cuts AB, is that the coeffi- 
cient of 6*in A should vanish. ‘This furnishes an equation of 
degree n—3 in A, which shows that there are n—3 of such 
points. 


Il. When 2n—6 pinch points coincide in pairs, one of the 
tangent planes ¢s fixed in space, and the line becomes one of the 
second species. 

Let y be the fixed tangent plane, then A must be of the 
form 

A=y (00, + yt. W,) =A, (say). 

Now pinch points may arise in two ways. In the first 
place when the coefficient of 6 in A, vanishes, which gives 
m—3 pinch points; and secondly when the discriminant of 
A, vanishes, which furnishes 2n—6 more. Hence the total 
number of apparent pinch points is 3n—9, showing that 
2n—6 coincide in pairs. 

Ill. When all the pinch points coimcide in pairs, two, 
tangent planes are fixed in space. | 

In this case 

A=76 (A**%v, 4+... W,) = 784,’ 


Pinch points occur when the coefficient of y or 6 in 4,’ 
vanishes; hence there are altogether 2n—6 apparent pinch 
points, 

IV. When all the tangent planes are fixed in space, the 
triple line possesses n—3 quartic nodes. 

In this case 

A =ybdu, (”*v, +... W,) =750,A,, 
and a quartic node will occur whenever 4, vanishes. It will 
hereafter be shown that the pinch points coincide in quartettes 


at each quartic nodes. 
‘The equation of the surface may be written in the form 


dv, (a, 8)" °+ (P, Q, B, S, Thy, 6)*=0, 
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and the points where quartic nodes occur are given by the 
equation (a, 8)"*=0; hence if A isa quartic node, the nodal 
cone is of the ferm 

Bry dv, + v,= 0, 
which is the equation of a quartic cone having a triple 
generator of the first kind. 

V. When all the pinch points coincide in quartettes, two 
coincident tangent planes are fiuced in. space, and the third one is 
forsal; also the line possesses n—4 singular points, at which 
the triple potnt of the second kind changes to one possessing 
a pair of tacnedal branches and one distinct ordinary branch. 

The value of A is. of the form. 


ED. 


and the condition for a pinch point is-that the coefficient of § 
in B, should vanish, which shows that there are » —3 apparent 
pinch points. 

Equation (21) now becomes 


B By? + BB™*+...=0, 


and if the coefficient of 6 in B vanishes, y will be-a factor of 
B, and the point consists of a pair of tacnodal branches and 
one ordinary branch through it. Since Bis of degree n—4 
in A, there are n—4 of such points, and, like pinch points, 
they affect the class of the surface. A third species of singu- 
lar points occurs. when. B and B,, which is a linear function of 
(y, 5), have a common: factor, in which case the tangent to the 
ordinary branch osculates it; but as these points do not affect 
the class of the surface, they are comparatively unimportant.. 


VI. When two.coincident tangent planes.are fixed in space, 
and the distinct plane ts also fixed, the triple line possesses n—3' 
quartic nodes, and n—A4 of the points considered in V. 

For the equation. of the section by the plane a=A8 is 


(A**y; +206 W,) B" “yb + BB" *+...=0. 


VII. When three coincident tangent planes are fixed in 
space, the line possesses n—3 quartic nodes, and n—4 points 
consisting of a pair of tacnodal branches and. a coincident. 
ordinary branch*. 

The equation of the section-is 


A,B" y* + BB" *+...=0: 


* The theory of these points is given in 8.C., §§$3 to 6, 
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The first kind of points occur when 4,=0, and the second 
when y is a factor of B. The constituents of the latter point 
(on a plane curve) are three nodes and one cusp; and both 
kinds of points affect the class of the surface. 


15. Before discussing the remaining three species of triple 
lines, I shall explain another method for investigating the 
theory of pinch points, which will furnish a more rigorous 
proof of the coincidence of such points, Let A be the dis- 
criminant of (18), so that 


A= P'S?— 6PQRS + 4PR+4Q°S—3Q'R’...(21 A), 


then A=0 is a surface of degree 4n—12, and we shall first 
show that the pinch points occur where ABS intersects the 
surface A=0. Let 


P= Pat + Pott +.6P 


n—8 > 

with similar expressions for Q, &, S, where P,=(8, y, 6)" °3 
then if A be a pinch point and y’56=0 the equation of the 
tangent planes thereat, it follows from (18) that 


P=R,=8,=0. 


The term 4Q°S in (214) contains the highest power of @ 
which is the (4n—13)™, and shows that the surface A=90 
passes through A. 

In the next plane consider the line II. in which y=0 is the 
fixed tangent plane. ‘The values of P, Q, and #& remain 
unaltered, but S=Xy+ 7d, where 3, 7=(a, B, y, 5)**% 
Let 

Sao a *+o.0 +...0.,5 
T= ta" ‘+a? t..ut 


eee n—4) 


where o,, t= (8, y, 5)"; then the two terms in (214) 
which contain the highest powers of a are 


"4 Oe (yo, aa df.) ou ah Ay age 


putting y=d=0, this reduces to £3’a'"™, where & is a 
constant, which shows that the line AB touches the surface 
A=0 at A, and therefore two pinch points coincide, 
If however we had supposed that the tangent planes at A 
were yo, we should find that A=0 intersects but does not 
touch AB at A, so that A is an ordinary pinch point. 
Accordingly the discriminantal surface cuts 4 in 2n—6 points 
and touches it at n—8 points, which shows that there are 
2n—6 distinct pinch points and 2n—6 which coincide in 
pairs. 
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In the same way any other case may be treated. 

We shall now inquire what becomes of the pinch points 
in the case of line LV. Let Af be a binary quantic of (a, 8) 
of degree n—3; also let P, P’, &c. be quarternary quantics 
of degree n-—4. Then the equation of the surface may 
be written in the form | 


oy (Py + Q6) + 8976 (ALF + P'y + Q'8) 

+ 38° (Mg + B'y + S'S) + 8’ (Ry + 8d) =0, 
where yd (fy + g6)=0 are the three fixed tangent planes. 
Writing down the equation of the discriminantal surface, and 
then putting y=d=0, it will be found toreduce to—3 /’g’M'‘=0, 
which shows that the surface A has quadritactic contact with 


the line AB at the quartic nodes. ‘This shows that the pinch 
points coincide in quartettes at the quartic nodes. 


16. VIII. The remaining three species present many 
features in common with cuspidal lines of the first kind; and 
the equation of a surface having a line of the eighth 
species is 


(Lay + Mp8) (F, @, «Ya, By"* 
+ (P, Q, Jag. S, Thy, oy Sv lasek le pe (22), 


where Ff, G, ... are linear functions of (vy, 8), and P, Q,... are 
quarternary quantics of (4, 8, y, 6). Hquation (22) when 
written out at full length is of the form 


(Lay + MB3)*( Fa"? + Ga" *B +... 3") 
+a™™v,+a° (BV, + V,) +...+ B" wv, +...w, = 0...(23), 


Equation (23) shows that no surface of a lower degree 
than a sextic can possess a line of this species; for if n=5, 
(23) reduces to the form | 


(Lay + MB8)’v, + av,+ Bw, + w,=0...0000. (24), 


in which the distinct tangent plane is fixed in space, and the 
line therefore belongs to species IX. 
‘The section of (23) by the plane 4 =Aj3 is 


(Lary + MS)*( PA"? + GAS...) 3"? 


cP (Apter Ne Viactves) (St eae =O, 
which we shall write 


Auta Bee ty. Orr eee eo (28) 
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(a) The frst kind of singular point occurs when all the 
éangent planes coincide, and there are n—4 of them. 

The condition for these points is that A =kv,, where & is 
a constant, which furnishes an equation of degree n—4 in 2X. 


(6) There are n potnts at which the triple point of the second 
kind changes into one consisting of one pair of tacnodal branches 
and an ordinary branch passing through tt. 

The condition for these points is that v, should be a factor 
of B, which furnishes an equation of degree n in 2X, 


(c) There are 5n—24 points where the tangent to the 
ordinary branch osculates tt. 

The condition is that the eliminant of A and B should 
vanish, which furnishes an equation of degree 


n—4+4(n—5)=5n—24 in X. 
The points (a) and (4) alone affect the class of the surface. 


IX. When the distinct tangent plane is fixed in space, the 
equation of the surface is 


(Lay + MB0)"(py + 98) (4 By” 


+(P, Q, it, 8,2, 0) = rere (26), 
and the section by the plane a=AQ is 


(Lay + M68)? (py +98) (FA*? +...) BY? 
+ (A" y+ OV +...) BY 4+...= 0, 
or Ay. 8" + BBS = 05.0ceseseeee (27), 


(a) There are n-5 quartic nodes which are the intersections 
of the triple line and the planes (a, 8)"*=0. 

A quintic surface cannot possess these quartic nodes, and 
therefore the singularity occurs on such a surface in an incom- 
plete form. When x>5 the equation of the nodal cone is of 
the form 

Y (py + 98) B+v,=0. 
(b) There ts one pinch point, which occurs when LqX\ = Mp. 


(c) There are n points where the triple point of the second 
kind changes into one consisting of a pair of tacnodal branches. 
and one distinct ordinary branch. 


(d) There aren—A4 points where the tangent to. the ordinary 
branch osculates tt. 

These are found by equating the eliminant of w, and B 
to zero. 

Lhe points (a), (0), and (c) affect the class of the surface. 
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X. The equation of the surface is 
(Lay + M88)"(a, 3)" + (P, Q, BR, S, Thy, 8)"=0...(28), 
and the section by the plane a=) is 

(Lay + M8)*(FA**+...)8" 2+ (A" 0, 4+...) Bt +...= 0, 
or ABa 1 Ub ec —0, 

(a) There aren—6 quartic nodes, and the equation of the 
nodal cone ts of the form 

y°8 + v,= 0. 

A sextic is the surface of lowest degree which can possess 
this line, and since there are no quartic nodes the singularity 
occurs in an incomplete form. 

(6) There are n points at which the triple point of the third 
kind changes into one consisting of a pair of tacnodal branches 


and one coincident ordinary branch. 
Both these singular points affect the class of the surface. 


Nodal Curves. 


17. The equation of a surface of the n" degree which has 
a plane nodal curve of degree s is 


CRITE SURO) TAS S00 ek ree (29) 


@ n-8-1 8 n-28 
where V is a quarternary quantic of (a, 3, y, 5), and Q, u are 
ternary quantics of (3, y, 6) of the degrees indicated by the 
suffixes. We shall usually omit the suffix s in Q. 


18. The nodal curve possesses 2s(n—s—1) pinch points, 
which are the points of intersection of the curve and surface 
ive aa ee ay 


a OE ee, (30). 


Let B be one of the points of intersection of (30) and the 
nodal curve, and let u,_, be the portion of V,, which is 


n 


independent of a; then (30) may be replaced by 
u UMP UME iii ecte cece eis est (31). 


eve tea n-2° n- 2s 
Since 6=0 is any arbitrary section of the surface through 
B, we have to show that the section has a cusp at B; also 
since (31) has to pass through B which is a point on Q, 


it follows that when 6=0 
Uy 2 =p" + prey +. Pra” 
iar teal 11'| Cinta ok’ CRO fa ee 
Uno. —= gp +7 [Bey ais 
Q,=h, By +k, By’ +... 


Peete (39): 
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From these results it follows that the highest power of 
in the section of (29) by 6 is the (n—2)" and that its 
coefficient is (pat+gk,y)’, which shows that B is a pinch 
point. 


19. The plane @ intersects the surface in the nodal curve 
twice repeated, and in the curve a=0, u,_,,=0, which is 
called the restdual curve; and the latter curve intersects the 
nodal curve in s(w—2s) points. When the curve is of 
a higher order of singularity, these points are as a general 
rule multiple points on the singular curve, but when the latter 
is nodal the plane a is a tangent plane at these points; 
in other words, « is one of the two nodal tangent planes. 
To prove this, let B be one of the points in question; then 


V,g= Bu + Bru, tees 
Ui, =P Vp taney 
Uy s= i fe, a th I 

O = BO, +... 
where u,'=(a, 7, 6)", and v, = w, = 2, = (y, 8)", from which 
it follows that the coefficient of 3" ° in (29) is a (aw,’ + 2v,Q,). 
Nodal curves also possess flecnodal points; but these do 

not affect the class of the surface and will not be considered, 


Cuspidal Curves. 


20. When the singular curve is cuspidal, every point on it 
must be a pinch point, which requires that equation (30) should 
contain Q asa factor. Accordingly 


ue yu, « = 00's. eee 


n—s-1 n-2° n-28 
where Q'=([3, y, 6)" *. The right-hand side of (33) vanishes 
at every point on the cuspidal curve, hence the left-hand side 
of (33) must do so also. Now w,_,, vanishes at the points 
where the residual curve intersects the cuspidal curve, hence 
w,,, must also vanish at these points; accordingly 


Ue a Oa AO vn sine coe ee 
where o and w are undetermined ternary quantics of (3, y, 6). 
Substituting from (84) in (33), we obtain 
U4 + 2QU, 4.F, Wyo. + D0" 


n—28 6-1 n-28 8-1 ~ n-28— 


u =. 


and since Q has to be a factor of the left-hand side, we must 
have 


n—-2s—-1 “cil nan -28 


UU, 4 + Od soe eetera es eee 
where @ is another ternary quantic of ((3, y, 4,). 


n—38— 


Mr. Basset, Singular lines and curves on surfaces. 3849 


Substituting from (34) and (35) in (29) and writing 


OG Ash acnivetiustesarissss( 00), 
we obtain 


S*(u,_.,+ 20,_,,.,) + Sa’(¢,_ 


which is the equation of a surface having a plane cnspidal 
curve of degree s; but it can be easily verified that such 
a surface may be represented by the more general equation 


fp ese Rte ite SS ors hl | Pe Bee Uae Car). 


1—s—2 n-3 
where U, V, W are quarternary quantics of the degrees 
indicated by the suffixes. 

Some writers seem to have thought it possible that a sur- 
face possessing a cuspidal curve, plane or twisted, might be 
represented by an equation of the form S*V+ 2°V=0, where 
S and & are two surfaces whose intersections determine the 
cuspidal curve; but although the above equation undoubtedly 
does represent such a surface, equation (37) indicates that it is 
deficient in generality, since it does not appear possible to trans- 
form (37) so as to get rid of the second term. Omitting 
suffixes, (37) may be written in the form 


CSU nal et V0) —0c.s.00. (38), 


which shows that the surface UW = Va touches (37) along tts 
curve of intersection with the surface SV+4°V=0. 


- bsg fy ee 
6-2 SO ee, Wenn) + O U a 0, 


21. The surface possesses s(n—3) tacnodal points, which are 
_ the intersections of the surface W,_,=9 and the cusyidal curve. 
Let 5 be one of the points of intersection; then 


Sim FeRAM Jor aeoenne saat 7 oe (39), 
W,s= BW teeey 


and the coefficient of 3"*” in (87) is (Q,+ ac,)’, and that of 
3" * contains Q,+a0, as a factor, which shows that B is 
a tacnodal point. 


22. The surface possesses s(n —2s) cubie nodes, which are the 
points of intersection of the cuspidal and residual curves ; also 
the nodal cone possesses a cuspidal generator, which is the 
tangent to the cuspidal curve at the point. 

Let B be one of the points of intersection of the two curves; 
then S is given by (89), whilst the value of U,,,,, whose inter- 
section with the plane a is the residual curve, is 


< n-2s—1 
U..= 2 Uy teers 
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where u,=(a, y, 6)". The highest power of (3 in (37) is the 
(n—3)", and its coefficient equated to zero is the cuspidal 
cubic cone 

(ac, +Q,)'u, + 2a*(ac,+ Q,) v, + &w,= 0, 
which is the cone in question. 


Tacnodal Curves. 


23. We have shown in §21 that the tacnodal points 
on a cuspidal curve are its points of intersection with the 
_ surface W,_,=0; hence if the curve is tacnodal, W,_, must 
contain a as a factor, and the equation of a surface having 
such a curve is of the form 


8° U_,, + 20°SV, 


n—28 


+o W = 0... eran S0pe 


1-8-2 


24. There are 2s(n—s—2) points where the tacnode 
changes into a rhamphoid cusp; and they are the points 
of intersection of the tacnodal curve with the surface, 


Ve =U. We ic eee (41). 


n-8-2 1—28 
Let B be one of these points, then we must have 

Di gg= PB + BPO, F---thy guy 

Vie p= POR teeter 

We Bae 
where u, = v, = w, = (a, y, 6)". Equation (40) may now be 
written 
B"™ (pS + qo") + S°U"__,, + 20°SV", toa W' _=0...(42), 


where U', V’, W’ are the portions of U, V, W which do not 
contain the highest power of (. Writing o,=ac,+Q,, 
w,=(a, 3, 6)", (42) can be expressed in the form 


B"* (pBo, + pw, t+ 9a’) + B" °w,’o,'+ B"*o,@,+ B" wo, +...= 0; 
which shows that B is a rhamphoid cusp on any section passing 
through it. 


25. The s(n—2s) points where the tacnodal curve intersects 
the residual curve are cubic nodes, whose nodal cone consists of 
a quadric cone and a plane. 

If B be one of the points in question, the highest power of 
(3 is the (n—38)", and its coefficient equated to zero is 


(ac, + Q,) {(ac,+ 2,)u, + 2a7v,| =0, 
which is the cone in question. 
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BKhamphoid Cuspidal Curves. 


26. By pursuing a method similar to that employed 
in the case of a cuspidal curve, it can be shown that the 
equation of a surface possessing a rhamphoid euspidal curve is 


8°U__,,+ 20°SV,_, ta W,, = Oeeiscere (43), 


where 
em tga + Oo se cans coveee(44), 


When n=5, s=2 equation (43) fails, and the correct 
equation for a quintic surface which possesses a rhamphoid 
cuspidal conic will be found by a different method later on. 


27. The s(n—2s) points, where the residual curve intersects 
the singular curve, are cubic nodes of the fifth species. 

If B be one of these points, the highest power of £ is the 
(n—38)", and its coefficient equated to zero is 


(ao,+ 0, )'u,= 9, 
which consists of two coincident and one distinct plane. 


28. There are s(n— 5) osenodal points, which are the points 
of intersection of the residual curve and the rhamphoid cuspidat 
one. 

The value of S may be written in the form 


"Go, + Q,) + BP (alo, + ac, + Q,) 
+..=3° 0, +) ’w, +... (say), 
where w,=(a, y, 5)”. Putting 5=0, it can easily be shown 
that the conic 3w,+@,=0 has sextactic contact with the 


section at B, and tritactic contact with the section of the first 
polar by the plane 6=0; hence BS is an oscnode, 


29. The equation of a quintic surface having a tacnodal 
conic is 


S’U+ 28 Vai + Wa'=0...0.000 spacel aNp 
where U, V, W are planes and 
= OU eres eet tees vee re) } 


where w is another plane. ‘The rhamphoid cuspidal points are 
the intersections of the plane a with the quadric cone V?=UW 
hence if U,, V,, W, are the portions of these planes which are 
independent of «a, it follows that when the conic is rhamphoid 
cuspidal 
OC ae De a) cesar cstrereevces (47). 

Equations (45), (46), and (47) determine a quintic surface 

having a rhamphoid cuspidal conic. 
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Singular Twisted Quartic Curves. 


30. The theory of singular twisted curves appears to be 
of the same character. ‘The equation 


S?U+ 282V + DPW=0.......20000( 48); 


where 8, = are quadric surfaces, and U, V, W quarternary 
quantics of degree n — 4, represents a surface of the x degree 
having a nodal twisted quartic curve which is the intersection 
of Sand &. The surface has 8 (n—4) pinch points*, which 
are the intersections of the nodal curve and the surface 
V*=UW’;; for if B be one of these points of intersection, 


we must have 
U= pp s+ pe U teeey 
V = poB +B Veto 
W= 98+ BMW, +. 
S=Pv,+v,, 2=Buw,+w,, 
where the suffixed letters are ternary quantics of (a, y, 5)- 


From these equations it follows that the coefficient of B"~ 
in (48) is (pv,t+qw,)’, which shows that B is a pinch point. 


31. When the twisted quartic is cuspidal, the discrimi- 
nantal surface must contain the quartic, which requires that 


UV W=OS49SAsn ee (49), 


where ® and © are quantics of degree 2n—10, Now the 
quadric S cuts (48) in the residual curve S=0, W=0, and 
since S, =, and W vanish at the points where the residual 
curve cuts the singular quantiec, it follows that 


V=BW + BS tWeccsscerscevsse se (50¥s 


where B, $, w are quarternary quantics. But the quadric = 
cuts (48) in a second residual curve S=0, V=03 and at 
the points where this curve cuts the singular quartic, S, 3, and 
U vanish: if therefore the value of V from (50) be substituted 
in (49) the preceding condition requires that B=0. Hence 
(49) becomes 

(684 ¥3)’- VW= 8+ Wd...........(51), 


and consequently the condition that the left-hand side of (51) 
should be of the required form is that V or W should be of 
the form 6S+y3. Taking the latter hypothesis and substi- 
tuting in (48) we obtain the equation of the surface in the 


* This is a particular case of a more general theorem due to Salmon, Camb. and 
Dublin Math, Jour., vol. 11., p. 65; see also Quart, Jowr., Vol. XXXVIII., p. 165. 
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form 
MO + eSS VV 


n—4 n-6 


FSW = Ose en veseeee (52). 


32. We shall now show that :— 


There are 4 (n—6) tacnodal points which are the intersections 
of the surface W,_,=0 with the cuspidal quartic ; and 4(n—4) 
cubic nodes, at which there is a cuspidal cubic cone, which are 
the intersections of the surface U,_,=0 with the curve. 


n 


(1) Let B be one of the points of intersection of W,_, with 
the cuspidal quartic ; then 
Wi-o= Bae Wee ies Wy Tinos 
Vee Ot Va ches 


Pha CLP a ipa Be 


n—! 


Substituting these values in (52) it becomes 
ees ae ant (2 Ve Ort vy, a ct 2w," Be) +. 0, 
which shows that B is a tacnodal point. 


(ii) Let B be one of the points of intersection of U,_, with 
the cuspidal quartic; then we must add the term W,3"°% 
to W,,, and expunge the term 6"“*U, from U,_,, and (52) 
becomes | 

oe (v,’ U, a 2u,w," Ke u w,” W,) sO 0, 


which shows that B is a cubic node, at which there is 
a cuspidal cubic tangent cone. . 


Singular Twisted Cubic Curves. 


33. The theory of nodal curves, which are the partial 
intersections of two surfaces, has been discussed by Cayley*; 
but he has not given the number of pinch points or considered 
curves of a higher singularity. Salmonf has also, by a very 
obscure method, arrived at the conclusion that when the sur- 
face is a quartic, the number of pinch points is 4. Let wu, w’; 
v,v 5 wand w’ be quarternary quantics of degrees /, m, and n 
respectively; then Salmont has shown that the system of 
determinants 
Uy Vs W 
Ure Orga 








ec) 


* On a Singularity of Surfaces, Collected Papers, vol, V1., p. 123; and Quaré. 
Jour., vol. IX., p. 832. 

t+ Surfaces, 3rd edition, p. 487. 

t Ligher Algebra, 4th edition, p. 286. 


VOL, XXXIX,. AA 
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represents three surfaces having a common curve of intersection 
of degree mn+nl+lm. Hence if 
A=vw'—wv, p=wu—uw, v=uv' —vw...(54), 
the equation 
(U,V, W, U,V, W OA, By v) Ore one 
where U, V,... are quarternary quantics of proper degrees, 


represents a surface having a nodal twisted curve, which is 
the common curve of intersection of (53). 


34. To apply this to a cubic curve, all the quantities w, u’, 
&c. must be planes, and U, V, &c. must be quarternary 
quantics of degrees n—4. Also if A be a point on the cubic, 
the quadrics A, u,v must pass through JA, the condition for 
which may be satistied by taking 

, U= AU tu, U,- = hau, + Usenscsenasmemme (56), 
with similar expressions for v, v' ; w, w’. Hence 
rN=a {(kv,—v, ) w,— (kw, — w,') v5 + vw, -— w,0,' 
=ar,+A, (say), 
accordingly DV Ug bj Vo Vi Wy = Oaeececcscsstes RGF 
Let Oia. aie sates 


with similar expressions for V, W, &c.; then if these values 
be substituted in (55), the highest power of a will be a” ’, and 
its coefficient equated to zero gives 


cls ae Wi, Eps ie Wr) by,» v,)= 0.....(58), 


which by virtue of (57) is resolvable into two linear faetors. 
Hence (58) combined with (57) gives the nodal tangent planes 
at A. 

T’o find the number of pinch points, consider the deter- 
minantal surface 


TU, Wi, Vw 

nal One 1 (59) 
Vie CES Vian 
U,  U,) “t,' 8 


which is of degree 2n—6, and the first term of which is 
Aa" *, where A, is the value of A, when @,, V,... are 
substituted for U, V.... 

If A be a pinch point (58) must become a perfect square, 
the condition for which is the same as the condition that the 
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line (57) should touch the conic (58), where A,, u,, ¥, are 
regarded as ordinary trilinear coordinates of a point ; that is 
to say A,=0. Hence the determinantal surface passes through 
all the pinch points, and there are apparently 6 (n — 3) of them. 
But the points of intersection of the three planes u, v, and w 
is a conic node on A, and this point can be shown to be 
an ordinary point on the cubic curve. Tor if the tetrahedron 
of reference be changed by writing (8, y, 5) for (w, v, w), the 
coefficient of a’ in (55) becomes 


(U,, V,...Lyw, — dv, , du, — Bw,', Br, — yu, )’s 
which is not a perfect square. Hence the cubic curve 
intersects the surface A at a node and at 6n—20 ordinary 
points, which are the number of pineh points on the nodal 
curve. When the surface is a quartic, 62 — 20=4, which/agrees 
with Salmon’s result, 


35. These results are capable of generalization. For if 
the degrees of the coefficients in (55) are as follows:— 


U=s—2m-2n; U=s-2l- m— n; 

V=s—2n —-21 3; V'=s— 1—2m— n; 

W=s-2l —2m; W=s— 1— m—2n; 
equation (55) will represent a surface of degree s having 


a nodal twisted curve of degree mn+nl+lm. In the place 
of (56), we must write 


w=alu, tab TU, tose, 
w= hua’ +a tu,’ +eesy 
&c., and equation (57) will still hold good. Also, if 
A=VW-U", A’=V'W'—UU, &c....(59a), 
the determinantal equation (59) becomes 
GAD AO An lee 0 tant, 10), =, 00h ss =( 00), 
which is of degree 2(s—2—m-—n); and the degrees of 4, A’ 
are respectively equal to 2(s—2/—m—n) and 2s—2l—3m—3n, 
so that there are apparently 2 (mn-+nl+ lm) (s—l—m—n) 
pinch points. But the three points of intersection of the 
surfaces u, v, and ware nodes on (60) and are ordinary points 
on the nodal curve; hence the total number of pinch points is 
2 {s (mut ni + ln)—l(m+n)—m' (n+1)—n* (1+ m) — 4lmn}. 
These results hold good whenever it is possible to represent 


a surface having a nodal twisted curve by means of an equation 
such as (55). 


AA2 
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36. On a future occasion I hope to discuss the question of 
singular twisted curves on surfaces, but it may be worth while 
to show that if a quartic surface possesses a cuspidal twisted 
cubic, it is a developable surface whose edge of regression” is 
the cubic. 

The equation of the twisted cubic may be expressed by 
the equations 

U1 = U/W = 10] tac, , cas ences ee 


where u, v, w, ¢t are planes; whence 
A=vi-w, p=wu—ut, v=uw—v’......(62), 
and the determinantal quadric (59) may be written in the form 
Au'+(B+2B')uw+ Cvi+2A'ut 
+2C'uv— Bv—CrV4+ 2A'p=0.....006022-(63), 
where A, B,... are given by (59a). 

Now if the quartic possesses a cuspidal cubic curve, every 
point on it must be a pinch point, and the surface (63) must 
contain the curve. This requires that 

A= CSA ad 
; Protas 
B+2B'=0 
which lead to the equations V=U'=W=W’'=0, and give 
B=—V", B=—-VV’', so that V’'=—-2V. The equation 
of the quartic now becomes 


(wy — ut) = 4 (uw —v’) (vt — w’)...0000.-.(65). 
whieh is the discriminant of the equation 
ul? + 300" + Bw8 + t= 0......000000006( 66), 


The quartic (65) is therefore the envelope of the plane (66), 
where @ is a variable parameter, and is therefore a developable 
surface whose edge of regression is (61). If A is any point on 
the cubic, we may write 


M=atu,, vat, 
we=atw,, t=ati, 


and the coefficient of a’ in (65) is (u,—3v,+3w,—1,)’, which 
gives the cuspidal tangent plane at 4. 





* The Italians call an ordinary cusp ux regresso; a rhamphoid cusp wn regresso 
di seconda specie, and 80 on. 


Fledborough Hall, 
Holyport, 
Berks. 
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SOME MULTIPLE INTEGRALS. 
By G. H. Harpy, Trinity College, Cambridge. 


§1. [4 this paper I propose to investigate the values of 
certain multiple integrals which contain Bessel 
functions under the sign of integration. I shall, however, be 
concerned less with the general formule than with a number 
of interesting special cases contained in them. Incidentally 
I shall evaluate a number of simple integrals—the chief of 
these will be found in §3. The variety of integrals of this kind 
which have been evaluated by Weber, Sonine, Gegenbauer, 
Nielsen, and other writers is so great that I can hardly imagine 
this formula to be new: but I have never actually come across 
it or some of the deductions which I draw from it. 


The function a(x). 


§2. Let f.(x) be the function defined for all real* values 
of « and all positive values of a by the formula 


(1) ba (a) = free) & dt, 
so that, in particular, 
(2) b, (a) = avr e™. 


It is easy to see that y.(#) tends exponentially to zero as 
a tends to infinity, for any value of a. 
By putting 2/t=u, we obtain the formula 


(3) tha (0) a haa (2)- 


We may also notice that 


(4) fal(e) == 20, (0) =— 20°Y.. (0). 
If we put 
Pau CS pea 26 ly 

we see that 

(5) dop-t (VE) = 4fre-EMub-Adus 
and by means of the formulet 

Q2B+IEBE-2NE n/m f° eAtNE 
6) f etduP dy = fds 
0 aera Lr 


* The integral defines the function for all values of «, real or complex; but we 
shall be connected with real values only. 

T (6) is given by Dirichlet (Meyer's edition of his lectures, p. 289), and (7) by 
Kummer (Crelle’s Journal, bd, 17). 
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eth 20 (3+8) (°cos(2tVé) 
(7) I, cE uPld = f ost at 


we obtain the expressions in terms of this function of two 
other interesting integrals. ‘The function may be expressed 
in terms of Bessel functions without difficulty. Thus Kummer* 
proves the formula 


(8) Jee (E/ubdu=1(8)¢(1—-B, €)+T'(—8) &’p(1+8, §), 
a ss 
pratt 2.s.s+1 gs 
and this formula is eee to Sonine’s aes 
(9) fre-E/ udu 
igs reg Pt a 
= tae WIV 8)— Up (iE) 

= mEMeM+8)7i HT? (24 s/€), 
where #,’(@) is Hankel’s cylinder function defined? by the 
equation 


(10) A,"(w) = (¢/sinvz) {er', (@) — J_, (@)} 


l 


where  (s, €)=1 anes 





All of these formule are, of course, subject to certain restric- 
tions on the values of the constants involved. ‘Thus (8) and 
(9) require modification when # is an integer: in the most 
interesting case, that in which 8@=0, we have 


(11) Jere 16/4) (duu) = or [tJ (20) — Y,(20 VE}. 
The preceding formule also define the analytic continua- 


tion of w.(«) all over the plane of ~, but with this we are not 
at present concerned, We note that if a>—1 


(12) lim Ya (0) =40' fb (L-+a)}, 
while ifa<—1 

(13) ba (e) ~ 3P (- 3 (Il +a)ja™, 
as « approaches 0. Finally, if 4=—1, 

(14) Ww, (a) ~ — loge. 


A definite integral. 
§3. Consider the formula 
War! (o' + x?) = [Per Pe 2") edt, 


* 3.0 t Math. Ann., bd. 16, p. 44, t Nielsen, Handbuch, p. 17. 
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Multiply by aS, (2x) (> 9), 


and integrate from #=0 to w=. In virtue of the formula* 
(15) Joe /Pacrt 1S, (2,020) dic == kyurd2v+2e—wre?, 
we obtain 
(16) fPyal/(e+a°)} oS, (uc) de 
= by [2 e-( P(/) gat 2vt2¢ 
= dy'catevt3 i e—w*—{c? (1+?) /a} y—a—2v—-4 yy, 
(on putting ¢/f =u) 
= furor a4 foV(1 + 2), 
except when c= 0, in which case we obtain simply 
(17) f ¥o(@) ao” T,(2 00) das = 2p a eae ay 


So far, however, we have not considered in what circum- 
stances our procedure is justifiable. 
We have to justify the equation 


f, eA {2px} doc fre P lea" /Ppade 
= [pee le tadt [Pee Part 1, (2x) dae. 
Since, as w tends. to 0, 
aT, (2 war) ~ 





Vryyr2ltl 


yl 





the inner integration with respect to wis possible if and only 
if 2v+1>—1 or v>—1. If this condition is satisfied, and 
c>0, both repeated integrals are convergent; and it is not 
difficult to see that the two are equal. or this will certainly 
be the the case if the double integral 


fo free) Cte LF, (Qucr) dt doe 


i9 cy convergent. Now, if 0<a%<1, we have 
| Jy (2ux)|< Ka’, and, if #>1, we have J, (2pan) |< K]y/ary 
and it is easy to see that the integrals 


f eS f : oe —(c? +a?) /t?gage2v+ ft cf a, 

ie i e-?-(c* +2) /Ptagvt+odt das 
are convergent. Hence (16) holds if y>—1, 2.e. whenever 
the integral has a meaning. 


* Nielsen, J.c., p. 189. 
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It is almost equally easy to prove that (17) holds whenever 
the integral is convergent. The condition for this is 
y>—1l (@2-D, 
Qv+at+3>0 (a<—l). 
In particular, if a= 0, we obtain 
v¢2v+8 





<P b—a—4 fer/ (L+ #)}, 


(19) | e-2xgutl J (202) pies pw «6d (v +8) 
Q 


(18) | “eA utl J, (Qua) dx =" 
0 





: 2 fm (1+ pert 
On writing ay for 2% and 4 for wa the last formula becomes 


Pas. ee Jal (v + By= 9 (26) 
ay, 1 oo a6 Nc 
(20) | ae J, (by) dy = a ar Berk? 


which is a well known formula’. 


§4. There are a number of particular cases of the formule 
of §3 which are interesting. 

We may notice, in the first place, that W.(#) may be 
expressed in finite terms whenever a is an even integer, 
positive or negative. Tor, differentiating the formula 


fp e-P dt = & of (ar) 2% 
n times with respect to a*, we cies 
Qt) eP tet veel (d) ayo 
and, on putting 7/t=w, 
(22) [@e-w—(a"/u?)y2n—2y = L f(r) wo" {— (d/da’)" es 


and these two formule give the value of ~.(v) whenever a is 
an even integer, ‘The last formula agrees with the formulat 


(23) [Pew -(@*/u*)y2n—2du 
=W(n)a™e™| pag TE La (= ) +1 


2 20 2.4 20 
In particular ) 
(24) w, (a) = [Pe 2")? = 4 9/ (ar) e-2* (w@ + 4). 
It follows from what precedes that the integral (16) can be 
expressed in finite terms whenever a + 2y is an even integer, 


* Nielsen, /.c., p. 186 + Dirichlet- Meyer, p. 289. 
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positive or negative. Consider, for example, the case in which 
=v=0. We have then 


(25) [Pe Me+evJ (Quer) dex 


Cc i 
= Waits V(L +e’) } 


e-2e\(1-+n2) 


= oi ie te ene 
by (3) and (24), a formula which for c=0 reduces to 
e) fread, (2ma) dec =4 (1+ p*)-8, 


which is easily verified. 
§5. Ifin the formule (16), (17) we put y= —H, so that 
DEE RIO: (2m ©) 


Cos2ux 


V (mtr) ? 





we obtain 
(27) Jo palv(c'+@’)} cos2uadu=sV(m)ct*Y_as lev/(L+p’)}. 


and 
(28) [Ya (a) cos2uerde = eal 


the last of which may be verified immediately when «4=0. 


Other definite integrals which contain Wa(x). 


§6. (i) If we multiply the first formula of § 3 by x’ (v>—-1) 
and integrate from «=0 to v=, we obtain 


(29) [de V(c?+ x”) x’ da = [Pe (e/")tadt [° e-(@/")ardas 
= 40 {4 (1 we v)} ia e--t?—(c?/t?) att] (ft 
=30 (3 (1+ 7)} Pattt(¢). 


It is again easy to justify the inversion. If, however, c=0, 
we obtain 


(80) fia (a) ada =I {4 (1+ y)}T {1 +4 (a+y)}. 
This formula holds if 
y>-1 («=-1), 
atv+2>0 (a<—1), 
and is substantially equivalent to Nielsen’s formula* 


TE a oP 


362 Mr, Hardy, Some multiple integrals. 
(31) |? A," (txe) dé 


9Pe—s(vtl )art 





ee ad (PY EI) De pee 


(ii) From the equation 
W, {ax + (b/a)} = [P ef —laxt (bie) }?/Ptade, 
where a and 0 are positive, we deduce 
(32) [Ph {ast (d/o) da [Pe OP (2ab/) tadel © e—(a?a?/?)—-(0?/Pa") dag 
= (/m / 2a) [Pe P-Clab [tat = (4/ar [ 2a) Wasi (2 fad). 
By means of the formula 
SoS (ax + (6/«)} dae =(1/a) Io fV/(2'+ 406) dz, 
this equation may be reduced to 
(33) Je ba V (2° + 4a) dz = 3 V(77) ,,,12 V(ab)}, 
which is a particular case of (27). 
(iii) Consider the integral 
Jo Ya (ax) Pa(ba) ade (a, b6>0), 
which is the same as 
fe aoradoc [3° e-P—(a?ax?/t?) garde [ ew? —(0°a*/u?) ules 
= fre Ptedt [Pe Mubdu fr elC) +O lw)\agude, 
In the last integral put ~=tuw&. We obtain 
fPePeetotlde fy ey Bt dy ib e (BP +a*ut)a* av dar, 


and on inverting the order of the integrations again, we arrive 
at the formula 


(34) JP pa (ax) ba (ba) arde 
ode 


=f Til +g(atv)|P{1+3(8+ v)} i; (aaa) ern\(1 46a) EH) * 
The integral on the right-hand side is convergent if 
yv>—-l1,a+8+v>-3; 
the integral on the left if 
GQ) a2—1, P=—-T, V aah 
(11) oe co ore eels bb V > 
(Pe his 1b R+v>—2, 
(iv) a<—1, B<—-1, at+8t+v>—3; 
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and it is easy to prove (a) that the two sets of conditions are 
equivalent (4) that if they are satisfied the transformation is 
legitimate. 

A number of particular cases included in this formula are 
of interest. 


(a) Let a=@=0. Then the integral on the left-hand 
side reduces to 
s I (v+1) 
4 Ie 0 —2(atb)e aw — Ds . 
47 J € w da eae. ie 


Hence we obtain the formula 
(36) fe u’da es rel) 1 
(+ aa) (14 Fay PT Gy FP (ee 
This formula may be identified with one given by Cayley and 


Schlomilch*. For if we write & for x’, 2p for a’+ 0°, q for 
a*b*, and 2p — 1 for v, we obtain 


[ aoe Ly GMC eg aae aa 
(pede) ome ele p) ip V9)? 
= 2°? /a I (p) ] 


U(et+p) (p+vgyr- 
Now Schlomilcht gave the formula 


[oe Lau) ! 





at+BE+yE yt! V(b+9) (C+2 Vay Vy" 
If we differentiate with respect to a, write p—1 for g, and 
then put a=1, 8 =2p, y =9, we obtain the formula above. 


(6) Ifa=d, we obtain 


: “dae Ubi af za 
ae v+1) Ig ets te 
I iv+3 (4+) +2} 


_— tq-¥-1 
Hence 
(37) Jy a (aa) pp (ax) w'dec 


PEV+tDI TS v+tat2)jTisv+8+2)}C3v+a+8+3)} 
ee) 8a ea 8) 2) 





* Compendium, ii., p. 280. We He 
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The first type of multiple integral. 


§7. Let us return now to the formula (16) of §3. It is 
equally easy to evaluate an n-ple integral of which this 
formula is the simplest case. Multiplying the equation 


Wan (e+ 0 +...40,7) = [Pe Per 22") tade 
by we eitloy vatl,, ee tetl TT, (241). .oSy, (2p yy 


where every 7 >0, and integrating from 0 to » with respect 
to each variable, we obtain 


(88) fe fy (ct+ B2")} M1 fo", (2ua0)} deo 
= 2° TT” [Pe PUL Ep) (e7/t") gar 2nt+22u]e 


= 2 oat MnHl+IZy TT wb «on-2-28y [oV(1+ Sp’)}, 
if c>0, and 


(39) [Pa V( Sa?) TM {a’ SF, (2uc)} da 


Vit(a+1)+n+ 37} 
(1 4. Dye plete ’ 





— Pear AR ET 


if c=0. 
The first formula requires that every y>—1. The second 
integral is convergent if 

Ta? dx 


oe Sone 
is convergent—¢.e«. if every v>—1 and, in addition, 
a<2 (n+ dr). 
§8. Let us, for simplicity, take n=2. Slightly varying 


our notation, we obtain 
(40) fe se ba [P+ e+ y*)} Py’ ST, (Qua) J, (2v0) dxdy 


4 as dpPyrertipticthy o_ 95 96-6 {Cc (1 a p+ v’) & 
an 


(41) [Pfr ba Lv (2? + y’)} wettyet1T, (22) J, (2var) darcy 


ae pyo Lie (+5) bere 
PY (LE ptt Hato) tp +8 
In particular, if p=o¢=—1, we obtain 

(42) fo Pha (VW (C +27 + y’)} cos2ux cos2vy dedy 


=qrcrty a4 fov(lt+p'+y’)}, 
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(43) [Pe Wa {V(a* + 7") } cos2ua cos2vy daxdy 
F {3 (4+ 3)} 
(1+ w+ vialer8) 





=lq 
If, in addition, a= 0, we find 
(44) [Psp ePNe+#"+4") cos2uax cosvy dady 
aV(m) op fev(1 +o’ +°)} 
=2V(m) Pb fev(Lte+y)}/(L+m'+ vi 


__b 
ma (1+ p+ v*)a 


e—2e)(1+u?+y*) {c V(1 es Tid y’) + 4}. 
and 


00 o 3 
45 —N(e+4") cos Qua cos 2vy dedy =" —__ , 
(45) i; ix cos 2uce cos2vy dady corey 
poe oe py be slightly simplified by writing &, 7 for 
x, 2y: thus we deduce 
oO co ? 
46 e(@+7) cos ux cosvy dedy = —. —— . 
(46) fea tt LURE UE oe are rua 


§9. It is interesting to verify these results by a change to 
polar coordinates. ‘Transforming the integral (40), we obtain 


oO Ff} 


| ie J (e+ 7°) J, (2ur cos. 9) J, (2vr sin) 


But 
(47) | 4eur cos.d) J, (2vr sin #) (cos Het! (sin Z)etldG 


x (cos Pet! (sin Dot petet+3dr dG, 


Or (w+ v7) 2 





p+et+1) So+o-+1 {20 v(m 3 vy’) }. 


by a formula due to Sonine*. Hence we obtain 


Bev? 


aera | MeV +H) Tpson Be (uP vo de 


= LuPy7crteet2otoy 9 296-6 {e (1 ar b+ v’) te 
by (16). 





* Math. Ann., bd. 16, p. 36, 
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§10. The formule (42) (43) may be generalised as follows: 
Consider the integral 
(Pf Si (ak? + 2BEn + yn’) | eCue+2unlidédn, 
where ay—§*>0. Use the snbstitution 
E= xeosO+ysind, 
n=—esinO+ycosO, 
where cos2@:sin 20: 1::y—a:23:/{(y—4)'+ 40}. 
We obtain } 
Srna (WV ( Aa? + Cy") } CMe Nnidady 





4 PL) cog EX agg ANY 
= 740) fal A CSO ayn oe SATerO o : 
where A=tflaty—-vV[(y—a)'+48°]}, 
C=hlaty+v[(y—a)'+ 48], 


M=pcosO0—vsinO, N=p81n0 + veosO. 
Hence, in particular, 
Jensen, V(e? + ab? + 2BEn + yn’)} eCuet2umyidEdn 


2Mx oN 
=a [ [wivere + y)] eos + e087 dandy, 


z nee Pac ( rf (4+ a) 


But it is easy to verify that 


M fi N? a? 28 yp + yp? 
Ao ae ener 








and so 


(48) fr Jd, IW (e+ ab? + 2889 + yn’)} cos 2u£& cos 2vn dEdn 


st3 


Tce av’— 2Bvut+ype 
Vv (ay — 8’) Pass (2 J (+8 Oyo dp 
Similarly, we deduce 
(49) [re hs IV (a? + 28En + y7n')} eCuE+ nid Edy 
I Cuern I {3 (s+ 20 
V(ay— 8") {L + (av'— 28vm + yp") / (ay — 6) HO 
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In particular, if s=0, and we write 4a, 4y for &, , we obtain 
(50) [2 [2 e~Was*+2Raytyy?)+(uety)idrdy 
Qa av? —2Bvu+yp’?\-3 
saree ie mae aaa) ve 


§11. These formule are easily extended to the case of n 
variables. In fact, the equation 


(38’)  f, w{v(c?+ Sx’)} 0 cos 2ua dx 


Sh sna ONL + SH')], 
which we get from (38) by putting every v=—4, at once 
suggests the formula 

qs 


(51) [_ vIv(el+ ®eld =™ slo +5,)}5 
where ® denotes the quadratic form 
A, 0, boeet 20,00, +00, 


A its determinant |a,,|, and o, the result of writing mw fox 
x in the reciprocal form 


Gitte tape oo 


jie ai Waeag hss 
where a gle 0A 
pane 00; 


Similarly (49) and (50) suggest the formulz 
_ © 1_in 1 ! 
PSuxigy 2m Ulalnts+))} 
(52) [vivo Perit et 
eines tet 1) 
i VA (1 + Ge i 











(53) { eNB+Lpxigy 
— 


§12. Let us now give a proof of (51). Let 
sip bare Petr LE teery 
1 Leiter 
be a real orthogonal substitution, whose determinant is unity, 


and which reduces 2a,,7,x, to the form 24,€,’, so that A,, ... 


are the roots of the equation 
Ay—Ay Gy, re 


Be = 0. 
Cis 9 Ao» ry eee 


eer eeeceeeeOeeoeeeeeeon 
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Then the integral on the left-hand side of (51) becomes 
Job (E+ ZAG) cP? MEE 


= [delve Bey eminde 


aes aoe M 
rae Tr tone? / (142 a)h 


where M, — a 7% Sa Feet Balays 


Since E, = 1,0, + 1,0 +. + 0,,0 nd 
E=l,0,+ 1, Ws +.. +10 nd 


@eeeee speeeesevuseeeeseesestesaese 


the coefficient of mu, in = (J/*/A) is the same as that of «2, 
in S(#/A). But 3(&/A)=1, 2AE’=1 are reciprocals with 
respect to S€’=1, and Za,,a,a, aay La’ ,,,0,=1 are reciprocals 
with respect to Sx’=1: and the transformation which replaces 
2 DA’ by Zz’, 3a,,v,0, will therefore replace = (&7/A) by - 
Sd Hence an 


27 = 4, 


and so (51) is established. Similarly for (52) and (53). 


The second type of multiple integral. 
13. The integral 
(54) Jo Wa V (e+ 2") ade = 30 13 (14+ ¥) baa (9) 


is also the simplest case of an n-ple integral. In fact, if we 
multiply the equation 


hal V(O + a7 +...+ @,”)} = [Pe P(e+ex")/Ppadt 


by ~,","...@,’", and integrate from 0 to oo with respect to 
every x, we find, assuming every v>—1, that 


(55) [oda {v (e+ Sa’) | Made = 2° {3 (1+v)} Parntdr(c), 
unless c= 0, when we obtain 
(56) [Pha {/(Sa’)} Mada 
=2°"T ($ (@tn+14 2y)} OF {fs (14+ 7)}. 


The last formula requires only every y>—1, ifa>-1. If 
a<—1 it requires that 


J, he (322)! 
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be convergent, the conditions for which are easily written 
down (cf. §7). 
In particular let n=2. Then 


(57) forbs {(V(c + 2? + y*)} atty'dedy 
=40 {5 (1+ w)}P {S14 r)} daturote (c), 

(58) [ope {V(a? + y’)} aty'dady 
| =IT RUF WIPE LENT atutv+s)}. 
Transforming to polar coordinates and using the equations 

Pea V(ctt 08) retold = AP (1 + 4 (w+ ¥)} Poctuso2 (0) 

z : MisA+tp){C{s(l+y 
(i (cosi)" (iE aah ate al ri a 3 = ) ; 


we obtain another equally simple proof. 


Some formule in multiple series. 


§14. Cauchy and Fourier proved that, if f(r) is subject to 
certain restrictions, which have been more precisely analysed 
by subsequent writers, and 


(x) =,/(-) [ cosne f(r) dr, 
then FT (é) =,/(=) { cosra (7) dry 


and if a8 = 27 
Va {of (0) + 27 (na)} =V/B {39 (0) + 29 (n8)}. 
The form of the generalisation of this result to the case of two 
variables is obvious: it runs,* if 
(59) (ax, y) =< | | cosrx cossy f (7, s) drds, 
then a 


(59) f(a, y) =- [ [cos rz cossy (7, s) drds, 
and if a8 =a’ 8’ = 27 then ; 
(60) V/(aa’) Saf (ma, na) = /(88') USF (mB, nB’), 


* This also I believe to have been stated by Cauchy, but I am unable to give 
@ precise reference. 


VOL. XXXIX, BB 
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where 
Zz (m, n) =1LF (0, 0) + 22°F (0, 2) 
+323° 2 (m, 0) + SP SPL (m, n). 


It is evident that the relations between ¢ and / can also be 
written in the form 


(59a) gp (a, y)= a i et f(r, 8) drds, 


(59a’) F (2, y) ea ie het [be es el) 4 (r,s) drds. 
Now we have obtained the formula 
(61) fe few {/ (ak? + 28En + yn’) } euErntdEdn 
~U  e 
~ V(ay—8) [1 +4 f(a? — 206 +9) /(ay- BO? 
so that the functions | 


F(a, y) =, {Vv (ar'+ 2Bay +yy’)}, 


ane —t T {3 (s+3)} 

7w" Ad (ay — 8’) [1 +d {(ay’— 28 ya + yx’)/(ay— B’)} PO 
are related in the manner described above. We are thus led 
to anticipate the equation 


(62) Wp {V(aé? + 28En + yn’)} = 








lis (s+3)} 
8a V(ay — 8) 


{ | e(rEtn)idudv 

“ PR IVT Ma-ES are. oe 
aco J ao + 4 {(av*— 28rp + yn") / (wy — B%)} PO? 
or, writing x, ¥ for &, » and putting 2m, 2v again for p, v, 


63 bert Gis e(2uat2vy)id dv 
(63) be iP (ay — B+ av*— 284 yp’)?O™ 
21 


Bi Gao Me ee ae 


and, in particular, if s=0 


(64) FON 
yee (ay — B'+ av’ — 28vy + yp’)? 
2c 





= , e—2N(ax*+ 2pry+yy"), 
ay—8 
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ifg@=y=1, 8=0, we find 


e(2uat2vy)t 
eg fi: arte 1+ a * 4p v*) (1 + p?+ vie) EL 
27 


BUG he eee 
e(2uxt2vy)t 
= —2,)(a?+y? 
3) i eR a ee 


The last two formule may be verified by transformation to 
polar coordinates. Putting 


@=pcosd, v=psing, 
we obtain 


e(2uat2vy)a 
on dpdv - 
Jl aches ies 


1 ie ie cos2ua cos 2vy dudv 
a At eit ve) 
a poe: Z 3(2yp sing) d 
x3 if (ion a? j cos (2ap cos@) cos (2yp sing) do, 


dp 
=on{ J ep v(x + y’)} a rs 


by Sonine’s formula (47), ox 


a AS Se 
emete T {4 (s+3)} w, {Vv (x Ty )ty 
by another formula also due to Sonine*. 


§15. Cauchy’s theorem also leads us to anticipate the 
equation 


KID), [« / (am + 28mn + yn’) } 


ONE aa erie nie a aaa 
4/(ay— 8") [1+ 4«'*{ (an’—28mn+ym*)/(ay —B*)} OO ? 


where «x= 27, and a similar equation obtained by changing 
the sign of 8. From these we deduce 


(61) BBY, fea (m+ 28a + yn!)) = ee 


*-Le5 p. 60. 
BB2 
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The series on the right is convergent if s>—1, and all the 
y-functions on the left have a meaning under the same con- 
dition. We therefore suppose s>—1, and we can show that 
the equation is then, in fact, true as follows. 

We have 

Wp, {a /(am?+ ZBmn + yn’)} = fe? (am?+2pmntyn?)\"/C edt, 
which holds for all pairs of integral values of m and n, includ- 
ing m=0, x=0, provided s>—1; and it is easy to show that, 
if this condition is satisfied, 


(68) DB > E3 al (am? + 22nen i yn’)} 
os (Pe Mtdi 3° Se ee ee 


This last series may, in the notation of Krazer and Prym, 
be written* 





0, 0 
where z=«’/mt’ and ¢ denotes the quadratic form 
am’ + 28mn+ yn’. 
But 
10, 6 oie 1 0, 0 
(69) | 0. |: esa a5 9] | Tale 





where ® denotes the reciprocal form 
(ym? — 28mn + an*) / (uy — 8’). 
Hence 
(7 0) >a e pay 2 e—(am?+26inn+yn’) x2 /t? 


wet 


= Ke Vay — 8’) 


Hence we obtain the integral 


ie So e—(ym?—28mn+an?) Tt? /(ay—") K? 


wpe f e-Ppst2dt SSe-(ym?—2bmntan?) 2°t? |(ay—B?)x? 
Kw’ / (ay — 8°)” 
Finally, since 
IE e—t*{1-+(ym?—2Bmn+an?)n?/(ay—B?)x?} 4872 fg 
(ym? — 28mn 4+ an’) a 
2 


= AP ih (e+8)} j14 2" SS 





* Epstein, Wath. Annalen, bd. 56, p. 623. 
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we arrive at the equation 
(71) SE Se, fe (am? + 28m0n + yn*)} 
iis zen {L(g 4+ 2) 3°32, {1 m (ym? — eiusasE ft) a 
eV (ay — 6’) (ay — 8") « 
which is the equation (67) above. The series is convergent if 
s>-—t: and the inversion of the order of summation and 
integration is easily justified under this condition. 
In particular, for s=0, we obtain 


(72) DDe—2«[(am?+2Bmn+an?) 

ks W 
2° (wy — 8") 
Ifa=y=1, 8=0, «=ar, we find 


Ss |! " eee 
(ay — 8°) 


a’ T44 (548) } i 
a mtn) SS aa 
(7 ) V2y,fam V(r +n ).f 2 (a?+m'+n?) 10 3) ? 
(4) SSearlwert) == © yy : 


207 (a? +a? + n’)h 


§16. The equations of the preceding paragraph may be 
connected, in a way that is not without interest, with the 
general formule for the transformation of multiple zeta-. 
functions recently given by Epstein*. 

Let 


(75) x,(c) = BE, B2 yp, {em (am? + 2Bmn + yn’)}, 

and consider the integral 
f. x.(c) ede. 

Under certain conditions we shall have 

Px, (c) o "de= S23 [Py {em /(am? + 23mn + yn")} c’ “de. 
But if s>—1, v>0, or if s<—1, s+ v+1>0, we have, by (29),, 
fF wh, {om /(am? + 23mn + yn")} cde 

=] (4v) M{$(s+v+1)}/m (am? + 28mn +yn’)™. 

Also the series 


ay Jt : 


(am* + 23imn + yn’)? 


* Math. Annalen, l.c. 
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is convergent if y>2. Hence we have, under certain conditions, 
(76) Sry, (c) ode=40 (Gv) P fh (s+ut+ 1a Z(y). 

But, by (67), we have also, if s+ 1>0, 


_ 3 {3 (s+3)} ~ ym’ — 2Bmn + an® -}(s+8) 
x, (c)= SHITE Ree | es 


The integral 
co ji? Des 
F(ab) ee 
0 


is convergent if v<2,s+v+1>0: under these conditions it 
is equal to 


ee) é" qk ape Se ies) 
THE ao 
NA-p) Pe +s41)} 


ge dt 


=1f'" 
and aS I {3 (s+ 3) 
nd so 
4 yin? — 28mn + an? —}(s+3) = 
a) [teas | 
1 fCU-wPis@t+st+v} (— 7) 
; i iz (s + 3)} yur’ — 28mn a an® ry 
The series 


(ym* — 2/)3mn + an*)** 


is convergent if vy<0. And it is easy to show that if r<Q, 
v+s+1>0 (conditions which involve s+ 1>0), 


(7 2 q  x,(c)¢ ‘do 


aI‘ {5 (s+3)} > i+ nay m? —28mn + an ne yt 
Her=F) 8") =f (ay — 8°) c do 


= = Ti —4dv) Pr {($(v4+s4+1)} (ay— B07 (2 — 1). 


Thus the integral 
Jo x, (¢) de 
is, for some values of v, equal to 


al (av) {3g (vt+s4+1)} a2 (yr), 
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and for others equal to 
1 i. %\1/1—v) 
POMPE @+s+1))} (@y-BY!MZE -»). 


This result suggests the truth of the functional relation 
(79) TG) eZ (v7) = (48 — 7) P A — av) 22-9), 


which is, as a matter of fact, included in Eipstein’s general 
results. ‘l’o show that the two formule which represent 
the integral in different parts of the range of variation of v 
do represent the same analytic function would, however, lead 
us too far—nor would this be by any means the best way of 
establishing the truth of the functional relation, for which we 
must refer to Kipstein’s memoir. 


ON INFINITE SUMS AND: PRODUCTS: 
OF CARDINAL. NUMBERS. 


By Puitie EB. B. JoURDAIN. 


(PHS: paper: is occupied with a proof that a relation of 
inequality holds between certain infinite products and 
certain connected infinite sums of cardinal numbers. The 
theorems of Cantor* and K6nigt appear as special. cases. 
of my theorems, which were obtained by attempting to: give: 
the most general extension possible to. the- method: of proving 
inequalities introduced by Cantor. This method may be thus 
described. If we have two.aggregates Mf and N such that N 
is known to be similar to a part of Jf, and hence, by the 
Schréder-Bernstein theoremt, that 


m= ny 
where m and wn are the cardinal numbers of JZ and MW 
respectively, then, Cantor’s method of proving that. 

N> n, 


or that the equality is excluded, consists in the definition of an: 
element of JZ that is not included in any (1, 1) correspondence: 


* “Ueber eine elementare Frage der Mannigfaltigkeitslehre,” Jahresber. der 
Deutsch. Math.-Ver., Bd. i., 1892, pp. 75-78. 

+ “Zum, Kontinuum-Problem,” Verh. des iii. Internat. Muth. Kongresses ins 
Heidelberg in 190% [1905], pp. 144-147. 

t Ci. Quart. Jour. of Math., vol. XXXVIII., 1907, pp. 855-306. 
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¢ of N with a part of M. The definition of this element is, 
of course, given in terms of @*. 

Now, although Cantor’s argument did not require the 
multiplicative axiom,t—and perhaps his choice of the theorem 


22> a 
instead of (say) m'>at, 


as well as his preference§ for an independent definition of the 
operation of raising to a transfinite power to the method 
of connecting it with the conception of a transfinite product |} 
were dictated by a wish to avoid this axiom,—the conception 
of a transfinite product does, and consequently Kdonig’s 
theorem, which is based on a method of conclusion like 
Cantor’s, that 


lin, > = m, 

eat a era 
where m, <M 15 
and his deduction that 

So > ®; 

ytwo yte 


where y is any ordinal number, do also. This axiom, a case 
of which is necessary to make the conception of a transfinite 
product legitimate, and which, as Zermelo** has pointed out, 





* Cf. Russell, “The Principles of Mathematics,” yol. 1., Cambridge, 1902, 
pp. 866-368, and Quart. Jour. of Math., vol. XXXvIII, 1907, p. 359, on the 
difficulty to which this argument gives rise in some cases. 

+ For details as to this axiom, see Quart. Jour. ef Math., vol. XXXVIII., 1907, 

p. 360-366. ; : 

t Schonflies (“ Die Entwickelung der Lehre von der Punkt mannigfaltigkeiten, 

Leipzig, 1900, p. 26) proved the theorem "> m (m being transfinite) in a way simi- 


Jar to Cantov’s proof 2" > m, but by using, what is necessary, the above axiom. He 
silently assumed this axiom. 2 

* Math. Ann., Bd. XLVI., 1895, p. 487. 

+ The connection of Cantor’s definition of exponentiation with that of multi- 
plication, which was not painted out by Cantor, perhaps for the above reason, wag 
yemarked by Schonflies (op. cit., p. 9) and Whitehead (dmen. Jou. of Math., vol. 
XXIV., 1902, pp. 883-385; see Quart. Jour, of Math., vol xXXVIII., 1907, p. 864), 
without, however, noticing the need of the axiom. : 

$ Cantor did not succeed in avoiding it in his proof that every transfinite 
aggregate Nee N, terms at least (see Quart. Jour. of. Math., vol. XX XVIIL., 1907, 

. 360—361). 
PP Math. Ann., Bd. iiv., 1904, pp. 514-516. An equivalent of Zermelo’s axiom 
results from the (less general) axiom, necessary for infinite products to be non-zero, 
that a “multiplicative class” of the members of a class of mutually exclusive classes 
exists, by simply missing out the words ‘mutually exclusive’ (see Quart. Jour. of 
Math., vol. XXXvIttI., 1907, p. 864). Thus Zermelo’s remark that his axiom is 
equivalent to the former (less general) axiom is not correct, or, at least, is as yet 
unjustified, ore 
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is equivalent to the assumption that any aggregate can be 
well-ordered, is here assumed explicitly (¢I.). 
Atter developing at some mee (§ IL.) the proof that 


II m,= = m,, 
fs 


I prove (§§ III., LV.) 


tin ,, 
Y Y 

under suppositions very much more general than those 
of Kénig’s theorem; and, from this, 


(n+1)®>a.n, 
where n is finite, and hence 
b' >a, 


where © is any cardinal number (the generalised Cantor’s 
theorem), and also a generalisation of Kénig’s most im- 
portant result follow. ‘This last generalisation is: If ¢ is any 
Limes-number and € is an ordinal such that &; is the cardinal 
number of an aggregate which can be well-ordered in a series 
of type ¢, then 

NEED N, 


K+Q K+¢ 


where « is any ordinal number, 


ie 


If u is a class (or aggregate) of mutually exclusive classes 
M,, no M being null, while the cardinal number of J, 
is denoted by m,, the swum (8) of all these JZ,’s, or 


=m, (MM,eu), 

Y 
is defined* to be the cardinal number of the logical sumf of 2. 
{n particular, if these m,’s can be arranged in a well-ordered 
series of type a, we denote 8 by 


Dib ity. 
y <@ 


= pe is a simple generalisation of Cantor’s definition in Math. Ann., Bd. XLVI., 
1895 

+ b:°0 Quart. Jour. of Math., vol. XXXVIIt., 1907, p. 357. The logical sum of 
u is the class of a’s such that the complex of the propositions: w is a member of z, 
and: zis a member of wis true. If uw haséwo members JZ, and M,, the logical sum 
gf w is what Cantor called the “ Vereinigungsmenge” of MW, and J, (cf. also 
Schonflies, op. cit., p. 6). 
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Arising from the conception of a sum we get™ that of 
a product of these m,’s. We select any one element m, out 
of each J, and form the complex pw of all these m,’s. By 
selecting another element, say m,™, from M, instead of m,, we 
form a different «3 and we proceed so for all the other terms 
of the original «, so that each » contains one and only one, 
term of each JZ, The cardinal number p of the whole class 
of these w’s is defined as the product of the m,’s and denoted 


Mm, (Leu). 

% 
In particular, if the m,’s can form, as above, a well-ordered 
series of type a, then each uw has the form 


{11,5 12,5 ses, Jay eres CY <a), 


where each m, is some one of the terms of M/,, and g is. 
written 
TIEN. 
y<«4 
If all the ws are equal to m, this p becomes: 
‘exponentiated by’ a, or 
me, 


where a is the cardinal number of wu, or of any class which 
can be arranged in type a, as the case may be. 

The possibility, in general, of the selection referred to 
is here accepted as an axiom. ‘This axiom enters, in some 
one of its forms, whenever we need to make a selection of an 
infinity of terms from some class, when no law or rule which 
we can exactly describe in a finite number of terms exists 
which governs this selection. Thus, an arbitrary choice of 
an infinity of members (say, in succession, 


for the purpose of proving that any aggregate can be well- 
ordered, requires this axiom, as also do certain statements 
of the Heine-Borel theoremf, and the theory of the product of 
an infinity of ordinal types§. 


* Cantor, loc. cit., p. 485; Schonflies, op. cit, pp. 7, 9; Whitehead, Joe. cit., 
pp. 884-385; and Kénig, loc. cit., p. 144. Each p is an element of what Cantor 
called (when there are two My’s) the “ Verbindungsmenge” of the J/y’s. 

+ As in my paper in Math. Ann., Bd. Lx., 1905, p. 468. I did not then fully 
realise that a transfinite process of selection required an axiom which could be 
expressed otherwise than by the assumption that we could conceive a transfinite 
process, more or less analogous to our usual finite one. 

ft See my paper in the Mess. of Math., vol. Xxxvi., August, 1906, pp. 64-65. 

§ See my paper “‘l'he Multiplication of an Infinity of Ordinal Types,” Jess. of 
Math., vol. XXXVI., May, 1906, pp. 18-16. 
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LE 
To prove that 
mr? = a,— 
a necessary preliminay to proving that 
Wea. 


that is, to prove that there is a part of the (A4/J/)* considered 
which is similar to the A considered, we take one of the 
elements (~) of the (A/J/) and manufacture, by putting 
for each m in turnt of mw another m’ (also another element 
of 1), while keeping all the other elements of w the same, an 
aggregate of elements of (A/ J) similar to A. 

On the other hand, to prove that 


Om, =m=,, 

Y Y 
we take an element yu of P, P being the aggregate of cardinal 
number {Im, which we consider, each term of w being one 


y 
of the elements of one of the JZ’s. Select a particular term 
of w, and, keeping all the other terms of « constant, vary this 
element through the whole of the J to which it belongs; and 
do this, in turn, for every term of w. By this means, if, by 
not counting the w with which we start, we avoid getting the 
same term twice over, we get 


z (ut, — 1) 


elements of P; which eacatlt becomes au if every my 18 
transfinitef. 

It is advantageous to modify slightly this process as 
follows. To each M, adjoin an element m, and form the 





* Cantor’s notation (loc. cit., p. 487; Schonflies, op. cit, p. 8) for the 
* Belegungsmenge” of A with 1, whose edinal number is m‘. 

t+ These words are not meant to imply that «can be well-or der ed; the meaning 
is quite obvious. 

t Konig’s theorem (stated, not proved, in a note on Joe. cit., pp. 144—145) that 


1 my> 2 my 
y<o ~— Yy<w 
if, and only if, II my is transfinite, results from the relation 
y<w 
Tl my=> 2 (my-1), 
y<w ~~ y<w 
which is equivalent to the relation 
p+ No = 28; 


and pP+N,=H if, and only if, p is transfinite. 
The number my—1 is alway ys unique, though subtraction is not, in general, 
unique when the numbers are transfinite. 
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complex y,; for each m, in w,, in turn, substitute the various 
elements in turn of the MZ to which that particular m, is 
adjoined. In this way we get an aggregate similar to S 
contained in a P’, which is like P except that there is an extra 
element w,, each « has one term more, and each J has one 
term (m,) more. Thus 9’, the cardinal number of P’ is 


O (m,+ 1), 
Y 


and we have 
(1) pe 
If every m, is 1,* and there are a J/’s, (1) gives 
Pe Barb 


the first stage of Cantor’s theorem; while, if every MM is, 
transfinite so that 
mM, + l=m,,. 
we have 
y =p, and hence p=, 


we have the first stage of a generalised Kénig’s theorem— 
Kénig’s theorem applying to the case of the product and sum 
being 
TI m, and = m, 
yY <@ yY <a 
respectively. 

In this case, then, we obtain the relation between p and $ 
from the relation p’=¢#, which latter always holds. But the 
most general relation between p and ¢ is obtained by an easy 
generalisation of that result of Kénig’s referred to in the 
preceding notef. ‘This generalisation is 


pas 
if, and only if, g 1s such that 


(2) , pra=y, 


there being a factors in p (and summands in sg). 

If we admit the multiplicative axiom, which implies that 
any transfinite cardinal number is an Aleph, we know? that 
(2) holds when, and only when p =a. 


* Note that, in this case, ) is finite, and 8 is not. 
+ We also have 84> p, in generalisation of Kinig’s §No > p. 


ft See Phil. Mag., Jan., 1904, pp. 72-74. 
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Iil. 


We will now suppose a definite (1, 1) correspondence 
p established between S and a part of P’, and will enquire 
under what conditions an element belonging to P’, but corres- 
ponding to no element of S, can be defined. 

For this purpose, consider an element mm,” (also an element 
of M,) of S, and let the element pu of P’ correspond to it, so 
that 

w= p (m,). 
In p™ seek out the term which is an element of M,, or the 
adjoined element m,”, ‘This term is not, in general, either 
my) or my”) unless each M, has only one element, when 
it must be one of the two mentioned. But if this is the case, 
by choosing, instead of m,, the adjoined element m,‘” of JZ, 
and choosing m, instead of m,, and doing this for all the 
M,’s, we get a uw) of P’ corresponding to no element of S; 
and hence, since every m, reduces to 1, we get Cantor’s 
theorem 
24> 4. 


But further, if all the m,’s are finite so that 
my, +1>m,, 


and we admit the multiplicative axiom, we can find, by this 
axiom, an element of P’ corresponding to no element of S, 
and hence can assert 


(3) p >s. 
If every m,=n (a finite cardinal number) (3) becomes 
(4) (n+1)%>a_n, 


From this inequality, we can deduce the most general form* 
of Cantor’s theorem. Let & be any cardinal number greater 
than 1, we have, putting n=1, 


Aces Leo 


IV. 


Consider, now, the case of every J, being transfinite, 
so that 
m,+1l=m,, 


* Of course, if we admit the multiplicative axiom, a.n=a, and (1) results from 
Cantor’s theorem ; but the more general method here adopted may be not without 
interest. 
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and the above method no longer applies, owing to the fact 
that, in the @ between S and a part of P’, with which we 
start all the g-correlates of the elements of JZ in S, that is to 
say, all the w’s in which each term m, is chosen, in all possible 
ways, from the aggregate {J/,, m,}, form a class in which 
we cannot say, in general, that there is an element of 
{MZ,, m,} not used in this correlation. In this case, if there 
is another J/; such that 
Me > MN, 


we can conclude that not all the elements of {J/;c, m;,“} are 
used up, in the place marked by mz, in the ¢-correlates of I, 

If, then, every MZ, in S has such an aggregate J/;*, of 
greater cardinal number, belonging to it, we can select, 
by means of the multiplicative axiom, an element out of each 
M;, and construct a mw out of these elements, so that this yu, 
although a member of P’, corresponds to no member of S in 
the @ considered. Hence, if all the J/,’s are transfinite, then 
af, and only vf, for each MM, there is, by a (1, 1) correspondence 
of all the JZ’s with a part of themselves, a I; such that 


M: > mM,, 


can we assert that 
Tm, > Sa. 
Y Y 
In particular, these conditions are fulfilled if the m’s are 
Alephs of which there is no greatest. ‘Then they may 
be arranged in a well-ordered series, with no last term, 
of cardinal numbers which increase in magnitude, for example 


s; N, N; SO N; eI N; POY ® mas (y¥< gy 
KTY 


K K+L K+2 K+y Kt+w 


where € is a Limes-number and « any ordinal number. 
Then we have 
TN X§>2 N=, 
Y¥<O Kty  ¥<O Kt+y K+ 
and, supposing Sz to be the cardinal number of an aggregate 
which can be well-ordered in type ¢ and remarking that 
sh, > i ®; 


k+¢ y<¢ Kt+y 


* If we admit the multiplicative axiom, every m is an Aleph, and the above 
condition is fulfilled if the product is determined by y <¢%, where % is a Limes- 
number. ‘Then, also, there is no infinite series of m’s, say {m,}, such that m,.,<m; 
ee it sae be of some interest to see that these properties of the m's are not used 
in the text, 
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we get the theorem that 


(5) NNED> N, 
K+¢ K+¢ 
where € and & are specified as above; and this includes 
K6nig’s theorem (C=, £=0) as a particular case. 
From (5) we conclude in just the way that Konig did 
in his special case, that, since 


(28e) Se = oe" Be — OSs, 
we cannot have 
aRr= yy, 
K+¢ 
where €is any Limes-number of the (2 + £)" number-class. 
August 10th, 1907. 


[Note added Sepiember 30th, 1907. The above paper was 
sent to the editors of the Mathematische Annalen, and was by 
them referred to Prof. Zermelo for a report on it. Zermelo 
stated that my theorems were cases of a still further generali- 
sation of Kénig’s theorem given by him in No. 33 of a paper 
“ Grundlagen der Mengenlehre,” which is shortly to appear in 
the Mathematische Annalen, and consequently my paper was 
not printed there. However, I cannot think this paper 
superfluous, since the method of generalisation of Kénig’s 
theorem does not seem to me wholly without interest, both in 
itself, and as an example of how practically the same result 
(for, as I will show, my theorems, when we drop the 
restriction of the class of the m’s being the same for both the 
IJ and the &, which is essential in Konig’s theorem, merge 
into Zermelo’s theorem) was obtained by two people inde- 
pendently. 

Zermelo’s theorem is: If, for every y in the sum and 
product considered, 

Neots 
then Tm, > =m. 
Y 1 
It is not assumed that the class of m’s can be well-ordered, 
nor that the m’s are transfinite. 
I proved the two theorems: 


(1) Ifevery J, is finite, then (§ IIT.) 
N(m,+1)> am,, 
Y Y 
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(2) If every JM, is transfinite, and if to each member 
M,, of the class of all the J/’s considered corresponds a member 
M: of the same class such that 


mM: > My, 


then Tm, > =my. 
y i 


Now, in my generalisation of Kénig’s theorem, I kept the 
restriction that the m’s under the 1 should always be the same 
class as those under the =; but, if we drop this restriction, 
and combine (2) with (1), we get Zermelo’s generalisation. 

It should be remarked that I also did not require (§ LV.) 
a well-ordering of the M,’s; but I mentioned that, if we 
admit the multiplicative axiom, in general (a case of which 
we must when we speak of a product of an infinity of cardinal 
numbers), every m is an Aleph, and the factors and summands 
can form well-ordered series. ‘Thus it is easy to see that 
much (if not all) of the apparent generality of a theorem 
on infinite products gained from not assuming that an aggre- 
gate can be well-ordered, is illusory. | 
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